BILINEAR FACTORIZATION OF ALGEBRAS
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ABSTRACT. We study the (so-called bilinear) factorization problem answered by a weak wreath product
(of monads and, more specifically, of algebras over a commutative ring) in the works by Street and
by Caenepeel and De Groot. A bilinear factorization of a monad R turns out to be given by monad
morphisms A — R < B inducing a split epimorphism of B-A bimodules B ® A — R. We prove a
biequivalence between the bicategory of weak distributive laws and an appropriately defined bicategory
of bilinear factorization structures. As an illustration of the theory, we collect some examples of algebras
over commutative rings which admit a bilinear factorization; i.e. which arise as weak wreath products.

INTRODUCTION

A distributive law (in a bicategory) consists of two monads A and B together with a 2-cell A B — B A
which is compatible with the monad structures, see [2].

A distributive law A ® B — B ® A is known to be equivalent to a monad structure on the composite
B ® A such that the multiplication commutes with the actions by B on the left and by A on the right.
The monad B ® A is known as a wreath product, a twisted product, or a smash product of A and B.

Given a monad R, one may ask under what conditions it is isomorphic to a wreath product of A and
B. This question is known as a (strict) factorization problem and the answer is this. A monad R is
isomorphic to a wreath product of A and B if and only if there are monad morphisms A — R <+ B such
that composing B ® A — R ® R with the multiplication R ® R — R yields an isomorphism B ® A = R.
In the particular bicategory of spans this and related questions were studied in [I4]. In the monoidal
category (i.e. one object bicategory) of modules over a commutative ring; and also in its opposite, such
questions were investigated in [7], see also [I0] and [19].

In the papers [§] and [I7], the notion of distributive law was generalized by weakening the compatibility
conditions with the units of the monads. A so defined weak distributive law A @ B — B ® A also induces
an associative multiplication on B ® A but it fails to be unital. However, there is a canonical idempotent
on B® A. Whenever it splits, the corresponding retract is a monad, known as the weak wreath product
or weak smash product of A and B, see [I7] and [§].

The aim of this paper is to study the factorization problem answered by a weak wreath product. In the
particular bicategory of spans, this problem has already been studied in [4]. In the paper [9] addressing
questions of similar motivation, a more general notion of weak crossed product monad was considered.
Such weak crossed products are not induced by weak distributive laws but by more general 1-cells in
an extended bicategory of monads introduced in [3]. The factorization problem corresponding to weak
crossed products is fully described in [9].

We use the term strict factorization in the same sense as in [14]. Motivated by it, when we want to stress
the difference from the weak generalizations, we refer to Beck’s distributive laws as strict distributive laws
and to their induced wreath products as strict wreath products.

We start Section [Il by recalling from [I7] the notion of weak distributive law and the corresponding
construction of weak wreath product. We show that a monad R is isomorphic to a weak wreath product
of some monads A and B if and only if there are monad morphisms (with trivial 1-cell parts) A — R + B
such that composing B® A — R ® R with the multiplication R ® R — R yields a split epimorphism of
B-A bimodules B ® A — R. What is more, in Theorem for any bicategory in which idempotent
2-cells split, we prove a biequivalence of the bicategory of weak distributive laws and an appropriately
defined bicategory of bilinear factorization structures. This extends [4, Theorem 3.12].

Section [2]is devoted to collecting examples of algebras over commutative rings which admit a bilinear
factorization.
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The algebra homomorphisms A — R < B in a bilinear factorization structure are not injective in
general. In Paragraph 2] we show, however, that if R admits any bilinear factorization then it admits
also a bilinear factorization with injective algebra homomorphisms A — R < B. In general the latter
factorization is still non-strict and we characterize those cases when it happens to be strict.

In Paragraph we consider an algebra A and an element e of it such that ea = eae for all a € A (so
that eA is an algebra with unit €). Assuming that there is a strict distributive law eA ® B — B ® eA,
we extend it to a weak distributive law A ® B — B ® A. The corresponding weak wreath product is
isomorphic to the strict wreath product of eA and Bj; hence it admits a strict factorization in terms of
them.

The Ore extension of an algebra B over a commutative ring k is the wreath product of B with
the algebra k[X] of polynomials of a formal variable X, see [7, Example 2.11 (1)]. In Paragraph 23
generalizing Ore extensions, we construct a weak wreath product of B with k[X], that we regard as a
weak Ore extension of B (although it turns out to be isomorphic in a nontrivial way to a strict Ore
extension of an appropriate subalgebra B)

For any commutative ring k, there is a bicategory Bim of k-algebras, their bimodules and bimodule
maps. In Paragraph 2] we consider strict distributive laws in Bim. Taking a 0-cell (i.e. k-algebra) R
which admits a separable Frobenius structure, we show that any distributive law over R induces a weak
distributive law over k. The corresponding weak wreath product is isomorphic to the R-module tensor
product. We also present a morphism between these (weak) distributive laws over the respective objects
R and k. The examples in Paragraph and Paragraph belong to this class of examples.

In Paragraph we start with a finite collection of strict distributive laws A; ® B; — B; ® A; and
construct a weak distributive law (B;4;) ® (©;B;) — (B;B;) ® (8;A;). The corresponding weak wreath
product is isomorphic to the direct sum of the wreath product algebras B; ® A;.

In Paragraph 2.6l we take a weak bialgebra H and an H-module algebra A. We show that their smash
product is a weak wreath product.

In Paragraph 2.7 we present explicitly a bilinear factorization of the three dimensional noncommutative
algebra of 2 x 2 upper triangle matrices with entries in a field k whose characteristic is different from 2,
in terms of two copies of the commutative algebra k @ k. This example does not belong to any of the
previously discussed classes.
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1. WEAK WREATH PRODUCTS AND BILINEAR FACTORIZATIONS

The aim of this section is to prove an equivalence between weak wreath product monads on one hand,
and monads admitting a bilinear factorization on the other. As a first step to that, under the assumption
that an appropriate idempotent 2-cell splits, in Theorems and [[.§ we show that a monad (in an
arbitrary bicategory) admits a bilinear factorization if and only if it is isomorphic to a weak wreath
product monad. Certainly, if we stopped at this point then it would not be necessary to work in a
bicategory: a monoidal hom category singled out by one object would suffice. But we aim at more. As
the main result of the section, for a bicategory K in which idempotent 2-cells split, in Theorem we
prove the biequivalence of the bicategory of bilinear factorizations of monads, and the bicategory of weak
distributive laws in IC. Remarkably, in this way the same bicategory of weak distributive laws occurs that
was introduced (in a dual form) in [5] on different grounds.

Concerning examples, as long as we are interested only in objects (i.e. weak wreath product monads),
the bicategorical formulation plays no role. It becomes important if we are interested also in morphisms
between weak wreath product monads, possibly over different base objects. An example of this kind is
presented in Example [2.4]

Throughout this section we work in a bicategory K, whose coherence isomorphisms will be omitted in
our notation. The horizontal composition is denoted by ® and the vertical composition is denoted by



BILINEAR FACTORIZATION OF ALGEBRAS 3

juxtaposition. Our motivating example is the one-object bicategory (i.e. monoidal category) of modules
over a commutative ring (where ® is the module tensor product).

1.1. Weak distributive laws. Let (A, pa,n4) and (B, pup,np) be (associative and unital) monads in
K on the same object, with multiplications g4, pp and units n4, np. Following [8, Theorem 3.2] and [I7],
Definition 2.1], a 2-cell ¥ : A® B — B ® A is said to be a weak distributive law of A over B if the
following diagrams commute. (Throughout, in the labels of diagrams we omit indices A and B of 1 and
& since they can be uniquely determined from the domains and codomains of the respective arrows.)

1) AeAeB 22 AsB A©B@ B2 AwB BoAl2 BoAw B
A®w¢ W®B¢ n®B®A¢ ¢B®w
AQB®A v B® A® B v AQB®A BoB®A
W@Ai B®@¢ W®A¢ ¢M®A

Lemma 1.2. [I7, Proposition 2.2] The third diagram in () is equivalent to the following two diagrams.

(2) n®B A®n

B——M = A®B A A® B
B®n®n\L n®n®A\L

B®R AR B V7 A B® A T
B®\II\L ‘I’®A\L

Proof. The following diagram shows that commutativity of the third diagram in () implies commutativity
of the first diagram in (2I),

B9  BeAli® poAasB %L BeBoA
n®BL LW®B®A
A®B%§@A®B®A H®A
4 e
B®A8®A®UB®A®A B®up Bo A

\\—////

where the region on the right commutes by the third diagram in ([Il). Commutativity of the second
diagram in (2)) is verified symmetrically. Conversely, if both diagrams in (&) commute then so does

(3) B®A neBea ARB®A
W;n@)A
B®A®B®AB ved TR A
B®A®n % o

BeBoA A Y BoAg A

B®Bau| HEH | Bou

B A®B B®B®A B® A

BQW

1.3. Weak wreath product. Define y: B A B A— B® A as

BoA®Bo A% _ peBeAc A Be A

It follows from the first two diagrams in () that p is an associative multiplication. From now on, we
consider B ® A as an associative monad with the multiplication g — possibly without a unit. (In fact,
B ® A can be seen to possess a preunit g ® n4 in the sense discussed in [§].)
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Proposition 1.4. (See [I7, Proposition 2.3].) For any weak distributive law ¥ : A®Q B — B® A, define
V:B® A—B® A by

Bn@n®A

(4) B®A B®A®B®A—>B®A.

Then WV is an idempotent endomorphism of monads (without unit), and of B-A bimodules. Moreover,
VU =V,

Proof. Note that ¥ stands in the diagonal of the diagram (B]). Hence it has the equivalent forms

(5) U = (Bous) (V@A) (na®Be A)

(6) = (up®A)(BRV)(B® A®nB).

Since the expression (H]) is evidently a right A-module map and (@) is a left B-module map, this proves
the bilinearity of ¥, i.e.

(7) (hp@ A)(B@V)=V(up®A) and (B pa)(¥® A) = V(B pa).

By commutativity of

\4

A®B B® A

nYA®B n®BRA

A AoB2% AoBw®A

u®B TRA
M BRARA
B®u

A® B B® A

and (B]), we obtain W = W. This implies

2

(8) Up=V(up@pa)(BOUA) = (up@pua)(BV®A)(BoV®A) =p,

=2 - ..
hence also ¥~ = . Moreover, by commutativity of

AR B A—221900 Ao Ao Bo AP A B A0 A 2Y A0 Be A
\L‘P@A@A J(\I/@)A

woBsA @M BoA® A AP2YBoAs A

lB®u®A lB’@u
A@BOA———>BOASA——>Bo A

and (B]), we obtain (B ® pa)(¥ ® A)(A®¥) = (B® pa)(¥ ® A). This implies that
pBO®ARV) = (up @ A)(BRB®@pus)(BOURA)(BRART) = 4.
Combining it with the symmetrical counterpart, we conclude that
(9) (T 2 T) =
From (@) and (8) we get that ¥ is multiplicative with respect to . 0

1.5. Splitting idempotents. Assume that the idempotent 2-cell ¥ associated in Proposition [4] to a
weak distributive law W splits. That is, there is a (unique up-to isomorphism) 1-cell B @y A and 2-cells
T:B®A > B®yAand:: By A - B® A such that m = B®gy A and v = U. Since VU is a
morphism of B-A bimodules, there is a unique B-A bimodule structure on B ®g A such that both 7 and
¢ are morphisms of B-A bimodules (i.e. B ®y A is a B-A bimodule retract of B ® A).
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Theorem 1.6. (See [I7, Theorem 2.4].) Let ¥ : A® B — B® A be a weak distributive law in a bicategory
KC, such that the associated idempotent 2-cell U splits. Then there is a retract monad (B Qg A, py) of
(B® A, u) which is unital. Moreover, the 2-cells

B =n(B®mna): B— By A, a:=1np®A): A— By A

are homomorphisms of unital monads such that g (8 ® o) : B® A — B ®y A is equal to w; and the
left B- and right A-actions on B ®@g A can be written as pg (8 @ (B @y A)) and py((B @y A) ® «),
respectively.

Proof. Equip B ®¢ A with the multiplication

po = ((BowA)©(BoyA) >BoAeBoA—">BoA—">BoyA).

By @), 7 = po(r @ m) and by @), pu(c ® ) = tpg. Since ¢ is a (split) monomorphism and 7 is a (split)
epimorphism, any of these equalities implies associativity of py. It is also unital with ny := 7(np ® na)
since

1o (B @y A) @ m)(B &y A) ®np @ na)r 2 rp(Bo A®ns @na) B ¥ =,
and symmetrically on the other side. Unitality of 3 is evident. We have (Bup = U(B ® n4)up and by
@) and @), tpw (B R L) = w(B @ na ® B®na). Hence multiplicativity of 3 follows by commutativity of

B®B Peneh BoAgB- 224988 poisBeA
= |
© B®W BRU®A
" BeBo Al BeoBoA- 2P poBoAwA
iu@A @ LA iu@u
B—B®A — B®A.
B®n N7

That « is an algebra homomorphism follows by symmetry. Finally,

(8 (Boy A)Bor) 2 BonmeBod) D (1pe A)(BoT) = (us o A)(B o ur)

so that pg(f ® (B @y A)) = m(up ® A)(B ® 1) as stated, and symmetrically for the right A-action.
Therefore,

(B a) =1(up © A)BB)(Bons o A) L a¥ = .

The situation in the above theorem motivates the following notion.

1.7. Bilinear factorization structures. In an arbitrary bicategory K, consider unital monads (A4, pa,
na), (B,up,np) and (R, ur,nr) on the same object k. Let a« : A — R < B : 8 be 2-cells which are
compatible with the monad structures in the sense of the diagrams

—k

R

i.e. @ and f be morphisms of (unital) monads. (They are monad morphisms with trivial 1-cell parts in
the sense of [15].) Regarding R as a left B-module via ur(8 ® R) : B® R — R and a right A-module
via ur(R® ) : R® A — R,

A0 A RerRLY BeB

N A l

A R B
« B

k

Bln

bl

H%

(10) WZ:(B®A@>R®R*#>R)

is a homomorphism of B-A bimodules. If m has a B-A bimodule section ¢, then we call the datum
(00 A— R+ B:p,.: R— B®A) a bilinear factorization structure on R or, shortly, a bilinear
factorization of R.
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By Theorem [[.6, any weak distributive law ¥ : A ® B — B ® A for which the idempotent 2-cell ¥
splits, determines a bilinear factorization structure (¢ : A - By A+ B:5,1: By A—- B®A). We
turn to proving the converse.

Theorem 1.8. For a bilinear factorization structure («: A — R+ B : 3,0.: R — B®A) in an arbitrary
bicategory IC,

U= (A49B"22 ReR—">R—>BxA)

is a weak distributive law of A over B such that the corresponding idempotent 2-cell ¥ splits. Moreover,
R is isomorphic to the corresponding unital monad B ®y A.

Proof. The assumption that ¢ is a morphism of B-A bimodules means the equalities
(11) wr(R® o) = (B pa)®A)  and  pr(B® R) = (up ® A)(B® ).

Compatibility of ¥ with the multiplication of A (i.e. the first diagram in () follows by commutativity
of

ARA®B reb A®B
ARa®p a®p
ARR®R COROR RoRoR L RoR

A®p
A®R
AR R®pu Iz

(%)
A®B®A*>A®R®RT>A®R

ARBR W
a®BRA a®R®R a®R\L
RoRo A o Ro R Re R—" R
HRA \Lp@R n
RoA—" _RoR .
LA (IIII)
BRARKA B® A.
Bou

The top region commutes by the multiplicativity of « and the region labelled by (*) commutes since ¢ is
a section of 7 (occurring at the bottom of this region). It follows by symmetrical considerations that ¥
renders commutative also the second diagram in (Il). As for the third one concerns, in the diagram

BoA % 4o B A Ro R AL ReoaA—22 . BeAgA
B®al R®R®ai iR@a [(hmn)) iB@u
R®R noRen R®R®RZEReR—>R—" >BeA
\—//
the region on the left commutes by the unitality of . Commutativity of this diagram yields the equality
(12) (B® pa)(¥® A)(na® B A) = .

Symmetrically,
(Lp @ A)(BR V) (B A®ng) =17

which proves that ¥ renders commutative the third diagram in (), so that ¥ is a weak distributive law.

By (B), the expression on the left hand side of (I2)) is ¥ which clearly splits. The corresponding 1-cell
B @y A is defined (uniquely up-to isomorphism) via some splitting of it as 7y : B® A - By A
and 1y : By A - B® A. By uniqueness up-to isomorphism of the splitting of an idempotent 2-cell,
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(@) implies that B ®¢ A and R are isomorphic l-cells in K via the mutually inverse isomorphisms
gt : R— B®gy Aand mig : By A — R.
Composing both equal paths in

BeRoRoA L% peReRoR " RoR
B®M®A\L iR®#®R J{u
BoRoA— 2" _poRror— " R
B®L®Al @D J/L
BoB®A®A B® A,

g
by B® a® 8 &® A on the right, we obtain

(13) r(T@m) = (1 @ pa)(BR ¥ ® A),

hence multiplicativity of 7 (and ¢). Since vy is multiplicative by (), so is 7ey. Finally,

gy = TLyTy (B @ n4) =z (N ®na) = pr(NR @ NR) = NR-
O

We close this section by proving that the constructions in Theorem and Theorem [[.§ can be
regarded as the object maps of a biequivalence between appropriately defined bicategories.

The bicategory of mized weak distributive laws was studied in [5]. Taking the dual notion, we obtain
the following.

1.9. The bicategory of weak distributive laws. The 0-cells of the bicategory WdI(K) are weak
distributive laws ¥ : A ® B — B ® A in the bicategory K. The 1-cells between them consist of monad
morphisms (in the sense of [I5]) £: A/’®@V - V® Aand (: B'®V — V ® B with a common 1-cell V
such that the following diagram commutes.

(14) AoBov i veveB 2 veaeB—VeAcB

\1}’®Vl iva

BAQRQV —BoVe®A—V@®B®A——V®B®A
B'®¢ (®A Vew

The 2-cells are those 2-cells w : V' — V'’ in K which are monad transformations (in the sense of [I5])
(V,€) = (V&) and (V,¢) — (V’,(’). Horizontal and vertical compositions are induced by those in K.

1.10. The bicategory of bilinear factorization structures. The 0-cells of the bicategory Bf(K)
are the bilinear factorization structures (o : A - R < B : 5,0 : R = B ® A) in the bicategory K.
The 1-cells between them are triples of monad morphisms (in the sense of [I5]) £ : A/ @V — V ® A,
(:B'®@V =>V®Band p: R @V —V ® R with a common 1-cell V' such that the following diagrams
commute.

(15) AoV rav Bav i rev
VoA >V®OR VoB— V&R
VRa Vep

The 2-cells are those 2-cells w : V' — V'’ in K which are monad transformations (in the sense of [I5])
(V, &) = (V', &), (V,¢) = (V',{') and (V,0) — (V', ¢'). Horizontal and vertical compositions are induced
by those in K.

1.11. A pseudofunctor F : Bf(K) — WdI(K). The pseudofunctor F' takes a bilinear factorization
structure (a : A - R + B : 5,1 : R — B ® A) to the corresponding weak distributive law ¥ :=
twr(la® B): A® B— B® A in Theorem [[L8 Tt takes a 1-cell (£, ¢, o) to (£,¢). On the 2-cells F acts as
the identity map.
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The only non-trivial point to see is that (£, () is indeed a 1-cell in WdI(K) by commutativity of the
following diagram.

A’®B’®VL®<>A/®V’®B £eb Ve A® B
d@ﬁ’@\/i @ \Lo/@\/@ﬁ @ \LV®a®ﬂ
RRQV —R VIR VRR®R

R'®o o®R
#/®V¢ \LV@/—L
R®V ¢ V®R

L'®V¢ %’ J{V@L

BAQRQV —BVRA—VRBRA—VRBRA
B'®¢ (®A Vv

The middle region commutes since g is a monad morphism. The bottom region commutes by commuta-
tivity of

Bodeov i@ perev L2 pav

B’®§¢ @3 iR’@g

, B'Vea ,

B oV®A RV ®R e

<®A$ @@ i/g@R

VRBA—VRRRR—V®R
VRBR«a Veu

which, in light of ([I0), means (V @ 7)(( ® A)(B' ® &) = o(r' @ V).

Theorem 1.12. If idempotent 2-cells in a bicategory K split, then the pseudofunctor F : Bf (K) — WdI(K)
in Paragraph .11l is a biequivalence.

Proof. First of all, F' is surjective on the objects. In order to see that, take a weak distributive law
U: A® B — B® A and evaluate F on the associated bilinear factorization structure (ov: A — B®y A +
B:f,t: By A— B® A) in Theorem [[L6l The resulting weak distributive law occurs in the top-right
path of

A@B %P po A9 BoA—""" . (Bog A)® (B oy A)
\L/L\p

v BRU®A B®@ Bog A

Bo AL poBoA®A ren B® A.

k////

Thus by commutativity of this diagram, it is equal to .

Next we show that F induces an equivalence of the hom categories. The induced functor of the
hom categories is also surjective on the objects. In order to see that, take a l-cell (£ : A/ @V —
Ve A(: B @V = V®B)in WAdI(K) from the image under F of a bilinear factorization structure
(¢:A— R+ B:83,0.: R— B®A) to the image of (o' : A" = R' < B': §/,// : R — B’ ® A’); that is,
from the weak distributive law ¥ := tur(a ® ) to V' := /up (o/ @ B'). We show that together with

0= RV Bpoaev i peved 2 veBed 22 VeR)
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they constitute a 1-cell in Bf(KC). Unitality of ¢ follows by commutativity of

Ven

\%4 VR
=
Ven®n
@ V®\Ijl V®r
— > A B V—ARVB—V®ARKB—V®B®A
n'@n’' @V A'®¢ ¢xB’ Vew
n’®vl J{xp’@@v @@ V®wl i)

V®R.

R’®VWB’@A’@VB/—QQEB’®V®AWV®B®AT®W>V®R7

The triangular region commutes by the unitality of the monad morphisms £ and ¢ and the bottom left
square commutes by W' (na @np/) = ' pr (&’ @Y (na @np) = pr (Nr @np) = ¢'nr. Multiplicativity
of p is checked on page The regions marked by (m) on page [[0] commute since & and ¢ are monad
morphisms. This proves that g is a monad morphism.

The first diagram in (&) commutes by commutativity of

ARV < VoA Vee VoR
L, VoA®n ()
A'@n' eV
’ / / /
) l‘lﬂ@v @@ M
RV —B A QV —B VRA—VRBRA V ®R.
SRV B'®¢ (®A Ver

The triangular region at the top left commutes by the unitality of . The regions marked by (*) commute
by
V(A®ng) a U(ng ® A) @ wtr(np ® A) @ La.
The second diagram in (IH]) commutes by symmetrical considerations.
The functor induced by F' between the hom categories acts on the morphisms as the identity map,
hence it is evidently faithful. Tt is also full since any 2-cell w : (§,¢) — (&,¢') in WAI(K) is a 2-cell
(&,¢,0) — (&, 0) in Bf(K) by commutativity of

RoV - Beodey 2% Beved-LveBsd > VeR

R’®wi lB’@A’@w \LB’@&)@A lw@B@A iw@R
RoV —= B @AV —=B oV @A—V' @B®A——V'®R.
SV’ B'®¢ ¢'®A V'®r
The regions in the middle commute since w is a 2-cell in WdI(K). O

Remark 1.13. For an arbitrary bicategory I — not necessarily with split idempotents —, the pseudo-
functor F in Paragraph [[TTlinduces a biequivalence between Bf(K) and the full subbicategory of WdI(K)
whose 0-cells are those weak distributive laws ¥ for which the idempotent 2-cell ¥ splits. It induces in
particular a biequivalence between the bicategory of distributive laws in I (as a full subbicategory of
WdI(K)) and the bicategory of strict factorization structures (as a full subbicategory of Bf(K)), cf. [14].



R'QVenT

roor! b A
ReoRoVIN peopoaev 222% popeovea frece ReoVeBeA ReVeR
/B 'QA'QV JRVRR
’ ’ ’ ’ Bodebal / ’ / B'@A'®(®A / ’ B'®A'QVeT ’ i
BARBRARQV —B ARB VA BoA®VeBRA B oA VR
B '@V A @V BV VeA B'®EQBRA B'®¢DR
B'®QB'®A’®. B'QVRART
B'® B ® A’®A/®V—>B’®B’ ARVeA @@ BVRAXBRA——DB VRARXBRKA—=B VAR
B'@B'®E(ERA B'VRURA (®A®B®A (RARR
/ BeCRARA B'oVeTeA 8BeA%T
3% @) BeB'epeV(m) B QB QVRARA—B QVRBRARXRA—-B QVRBRA®RA V®B®A®B®A*>V®B®A®R
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1.14. Morphisms with trivial underlying 1-cells. For the algebraists, particularly interesting are
those 1-cells in Bf(K) and WdI(K) whose 1-cell part is trivial — these are algebra homomorphisms in the
usual sense. Such 1-cells form a subcategory of the respective horizontal category.

In Bf(K), this means monad morphisms ¢ : R* — R which restrict to monad morphisms § : A’ — A
and ¢ : B’ — B, i.e. for which pa’ = af and o' = (.

The corresponding 1-cells in WdI(K) are pairs of monad morphisms £ : A’ — A and ¢ : B’ — B such
that ¥ (¢ @ )V = ¥(£ ® ().

2. EXAMPLES: BILINEAR FACTORIZATIONS OF ALGEBRAS

The aim of this section is to apply the results in the previous section to the particular monoidal
category — i.e. one-object bicategory — of modules over a commutative ring. (Clearly, in this bicategory
idempotent 2-cells split.) More precisely, we collect here some examples of associative and unital algebras
over a commutative ring k£ which admit a bilinear factorization. Some of these algebras admit a strict
factorization as well but the most interesting ones are those which do not.

2.1. Bilinear factorization via subalgebras. The algebra homomorphisms o : A — R + B : (3,
occurring in a bilinear factorization of an algebra R, are not injective in general. In this paragraph we
show however that, for any bilinear factorization structure («: A - R+ B: [3,.: R — B ® A), there is
another bilinear factorization of R with injective homomorphisms & : A— R+ B: B . We give sufficient
and necessary conditions for the latter factorization to be strict.

Consider a weak distributive law ¥ : A ® B — B ® A, with corresponding algebra homomorphisms
a:A— B®y A<+ B: [ obtained by the corestrictions of V(A®n): A — B® A<+ B:V¥(n® B),
cf. Theorem Put A := Im(a) € B®g A D Im(f) =: B. Then « factorizes through an epimorphism
A — A and a monomorphism & : A — B®g A of algebras. Similarly, 3 factorizes through an epimorphism
B — B and a monomorphism 3 : B — B @y A of algebras. By Theorem [0l : : BQgy A - B®R Ais a
B-A-bimodule section of py (8 ® «), so that

i=(BeyA—>B®A BoA)

is a B-A-bimodule section of gy (3 ® @&). Therefore (&: A — B®y A+ B:,i: By A— B®A)is a
bilinear factorization of B ®y A via subalgebras.

By Theorem [[8 there is a weak distributive law W := iy (& ® §) such that B @y A is isomorphic to
B ®y¢ A. The weak distributive law VU is a strict distributive law if and only if both unitality conditions
U(A®7) =7® A and ¥(7® B) = B®1 hold. They amount to commutativity of the following diagrams.
(16)

A2 AeB— Y BwA B—" _AeB— Y -~BwA
yn®B®A®N yn®B®A®N
n®A (A® B)®? B®n (A® B)®?
ywe? w2
®2 ®2 ®2 ®2

2.2. Extension of a distributive law. Let A be an (associative and unital) algebra over a commutative
ring k; and let e € A such that ea = eae for all a € A (so that in particular e = e¢). Then eA is a
subalgebra of A though with a different unit element e.

Assume that @ : eA® B — B ® eA is a distributive law. It induces an algebra structure on B ® eA
with unit 1 ® e and multiplication ()’ ® ea’)(b® ea) = b/P(ea’ ® b)ea = b'P(ea’ ® b)a. The maps

a:A— B®eA, a—1®ea and B:B— B®eA, b—b®e
are clearly algebra homomorphisms inducing the B-A bimodule map
T:B®A— B®eA, b®a— b ea.

Since 7 possesses a B-A bimodule section ¢ : b ® ea — b ® ea, the datum (a: A - BQeA <+ B: [,¢:
B®eA — B® A) is a bilinear factorization structure. Hence by Theorem [[[§ there is a weak distributive



12 GABRIELLA BOHM AND JOSE GOMEZ-TORRECILLAS

law
V:A®B > B®A, a®@b— Plea®b)
such that the weak wreath product algebra B ®y A is isomorphic the the strict wreath product B ®¢ eA.
By the above considerations, for any element e of A satisfying ea = eae for all a € A, and for any
algebra B, there is a weak distributive law

AR B — B®A, a®b—b®ea

such that the corresponding weak wreath product is the tensor product algebra B®@eA with the factorwise
multiplication. If B is the trivial k-algebra k, this gives a weak distributive law

A2 ARk - k@ AXA, a v ea
and the corresponding weak wreath product algebra eA.

2.3. Weak Ore extension. Recall (e.g. from [I1]) that a quasi-derivation on an (associative and unital)
algebra B over a commutative ring k, consists of a (unital) algebra homomorphism ¢ : B — B and a
k-module map 0 : B — B such that

(b)) = a(b)s(b) + (b)Y, for b,b’ € B.
Associated to any quasi-derivation, there is an Ore extension B[X,0,d] of B. As a k-module it is the

tensor product of B with the algebra k[X] of polynomials in a formal variable X, equipped with the
B-k[X] bilinear associative and unital multiplication determined by
1eX)bel)=cb) @ X +4i0b)®1, for b € B.

Clearly, the Ore extension is a wreath product of B and k[X] with respect to a distributive law defined
iteratively, see [7, Example 2.11 (1)]. The following characterization can be found e.g. in [11l Section
1.2]. An algebra T is an Ore extension of B if and only if the following hold.

e T has a subalgebra isomorphic to B;

e there is an element X of 7" such that the powers of X are linearly independent over B and they

span T as a left B-module;

e XBC BX + B.
In what follows, we generalize the notion of a quasi-derivation on B and the corresponding construction
of Ore extension of B. The resulting algebra B[X, o, d] will be a weak wreath product of B with k[X].
However, we also show that it is a proper Ore extension of the image of B in B[X, 0, d].

Let B be an (associative and unital) algebra over a commutative ring k, and let p and ¢ be elements
of B such that

pP’=p, ¢*=0, pg=gq, qp=0, and pbp=>bp, forallbe B.

Then by a (p, q)-quasi-derivation we mean a couple of k-linear maps o, : B — B such that the following
identities hold for all b,b" € B:

o(bb) = o (b)o(b'), o(1) =o(p) =p, a(q) =0,
5(bb") = (D)8 (b") + 5(b)b'p, (1) = d(p) = g, d(g) = 0.

So that a (1, 0)-quasi-derivation coincides with the classical notion of quasi-derivation recalled above. For
example, if B is the algebra of 2 x 2 upper triangle matrices of entries in k, we may take

(10 (01 a b\ (a0 6ab._0a
P=\oo) 27{oo0o) “Loc)T\0o0) 0c¢) " \o o)
In terms of a (p, ¢)-quasi-derivation (o, §) on an algebra B, define a k-module map ¥ : Bok[X| — k[X|®B
iteratively as

U(1®b) =bgoX+bp®1,
V(X ®b) = 0(b)g® X+ (0(b) +(b)g) ® X +3(b)p ® 1,
(X" @)= X"®0(b)X + V(X" ®6(0D)),
for n > 1 and b € B. By induction in n and m, one easily checks the following properties for all b,b’ € B
and n,m > 0.
o U(X"®bp) ="¥(X"®Db)and ¥(X" ® bg) = 0;
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e WU(X"®1)=VY(1®b)X",
e (Bapu)(VkX)KX]@U)(X"® X™®b) =¥ (X" ),
e (UREKXNBRV)(TRB)(X"®@baV)=U(X"RDbV).
That is, ¥ is a weak distributive law and we may regard the corresponding weak wreath product B®g k[ X]
as a weak Ore extension of B.
Note however, that ¥ renders commutative both diagrams in (I6). Hence B ®y k[X] is a strict wreath

product of the subalgebras B = {b(¢® X +p®1) | b € B} and k[X], the latter having the set of powers
{(P(X@1)"=U(X"®1)[n >0} as a k-basis. In fact, by the characterization of Ore extensions recalled
above, the weak Ore extension B ®g k[X] is isomorphic to an Ore extension of B.

2.4. Distributive laws over separable Frobenius algebras. An (associative and unital) algebra
R over a commutative ring k is said to possess a Frobenius structure if it is a finitely generated and
projective k-module and there is an isomorphism of (say) left R-modules from R to R:= Hom(R, k). A
more categorical characterization is this. Any k-algebra R can be regarded as an R-k bimodule; that
is, a l-cell & — R in the bicategory Bim of k-algebras, bimodules and bimodule maps. It possesses
a right adjoint, the k-R bimodule (i.e. 1l-cell R — k) R. Whenever R is a finitely generated and
projective k-module, the 1-cell R : k — R possesses also a left adjoint R:R—k (with right R-action
@ 1 = p(r—)). A Frobenius structure is then an isomorphism between the right adjoint R : R — k
and the left adjoint R: R — k. In technical terms, a Frobenius structure is given by an element ¥ € R
(called a Frobenius functional) and an element ZZ €; ® fi € R® R (called a Frobenius basis) such that
Yo v(re) fi =1 = >, e(fir), for all r € R. Note that a Frobenius algebra R possesses a canonical
(Frobenius) coalgebra structure with R-bilinear comultiplication r +— Y. re;® fi = Y. ¢;® f;r and counit
. For more on Frobenius algebras we refer e.g. to [I] and [16].

A separable structure on a k-algebra R is an R-bilinear section of the multiplication map R ® R — R.
Categorically, this means a section of the counit of the adjunction R 4 R: R — k.

Finally, a separable Frobenius structure on R is a Frobenius structure (¢, . e; ® f;) such that the
multiplication R ® R — R is split by the R-bilinear comultiplication r — ). re; ® f; = >, e; ® fir. In
other words, a Frobenius structure (¢, . e; ® f;) such that ) . e;f; = 1r. Categorically, the counit of
the adjunction R 4 R : R — k is split by the unit of the adjunction R~¥R-4R:k—R.

For a separable Frobenius algebra R, a right R-module M and a left R-module N, the canonical
epimorphism

m:M®,N—M®grN, MmQLn—mQeOrn
is split by
L:M®rN— M®,N, m®Rnr—>Zm.ei®kfi.n,
naturally in M and N. Thus the image of ¢ is isomorphic to M ®r N.

Let R be a k-algebra. A monad A on R in Bim is given by a k-algebra homomorphism 7 : R — A.
(Then 7 induces an R-bimodule structure on A; 7 serves as the R-bilinear unit morphism; and the R-
bilinear multiplication i : A ® g A — A is the projection of the multiplication p : A ®; A — A of the
k-algebra A.) A distributive law in Bim over R is an R-bimodule map ® : A®r B — B @ A which is
compatible with the units and the multiplications of both R-rings A and B.

Then ® induces on B ®p A the structure of a monad in Bim over R — that is, an algebra structure
(0 @rad')(b®r a) = P(a’ @ b)a and an algebra homomorphism 7 ®g 77: R — B ®p A. Moreover,

a:=NMQrA:A—- BQrA+ B:Bern=:p3

are monad morphisms — that is, algebra homomorphisms which are compatible with the homomorphisms
7. Composing f Q@ a: BRr A — B®r A®, B®r A with the multiplication induced by ® on B®p A
we re-obtain the canonical epimorphism 7 : B ®; A — B ®p A.

Whenever R is a separable Frobenius algebra, m possesses a B-A bimodule section ¢ above. That is
tosay, (0: A—> BRrA+ B:3,.: BQr A — B®y A) is a bilinear factorization structure. Hence by
Theorem [[.§] there is a weak distributive law of the k-algebra A over B. Explicitly, it comes out as

(17) A@LB—">A@rB—2>BorA—->Ba, A
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with corresponding idempotent
B®kAL>B®RA%-B®kA.

Hence the resulting weak wreath product is isomorphic to the algebra B ® g A with the multiplication
induced by ®.

There is a 1-cell in the bicategory Wdl(Bim) from the distributive law ® (on the object R) to the
weak distributive law (7)) (on the object k) as follows. It is given by the k-R bimodule R and the k-R
bimodule maps

A®rR— R®rA, a®,r— 1®rgan(r) and B®pR— R®pr B, b r— 1@z bi(r).

The induced functor R ® g (—) from the category of left R-modules to the category of k-modules lifts
to an isomorphism, from the category of left modules over the wreath product R-ring corresponding to
®, to the category of left modules over the weak wreath product k-algebra corresponding to the weak
distributive law (7).

2.5. The direct sum of weak distributive laws. Assume that we have a finite collection ®; :
A; ® B; — B; ® A; of distributive laws between algebras over a commutative ring k. Consider the direct
sum algebras A := @;A; (with multiplication aiag = 0jja;a; and unit Y . 14,) and B := ®;B;. It is
straightforward to see that

(18) A®B:@i7j(Ai®Bj) _>@i,j(Bj®Ai) =B®A, ai®bj |—>5i,j<l>i(ai®bi)

is a weak distributive law.

We claim that it is of the type in Paragraph [Z4l Let R be the algebra @;k with minimal orthogonal
idempotents p;. Clearly, R is a separable Frobenius algebra via the Frobenius functional v : R — k,
pi — 1 and the separable Frobenius basis >, p; ® p; € R ® R. Thus we conclude that A ®p B is
isomorphic to ®;(A4; ® B;) and B ®pg A is isomorphic to @;(B; ® A;). An R-distributive law is given by

@,
A®r B=&,(A; ®B,) LS ®i(B; ® A;) = B®g A.
Applying to it the construction in Paragraph [Z4] we re-obtain the weak distributive law (Ig]).

2.6. Smash product with a weak bialgebra. Weak bialgebras are generalizations of bialgebras, see
[12] and [6]. A weak bialgebra over a commutative ring & is a k-module H carrying both an (associative
and unital) k-algebra structure (u,7n) and a (coassociative and counital) k-coalgebra structure (d,¢).
The comultiplication is required to be multiplicative — equivalently, the multiplication is required to be
comultiplicative. However, multiplicativity of the counit, unitality of the comultiplication and unitality
of the counit are replaced by the weaker axioms

g(aby)e(bac) = e(abe) = e(abs)e(bic), for all a,b,c € H,
CLenIeil)= 6@1) =Q1e41))6(1) 1),

where the usual Sweedler-Heynemann index convention is used for the components of the comultiplication,
with implicit summation understood. In particular, we write 6(1) = 1; ® 1o = 11/ ® 1 — possibly with
primed indices if several copies occur.

The category of (say) right modules of a weak bialgebra over & is monoidal though not with the same
monoidal structure as the category of k-modules. Indeed, if M and N are right H-modules, then there
is a diagonal action (m ® n) < h := m < hy ® n — hy on the k-module tensor product M ® N but it
fails to be unital. A unital H-module is obtained by taking the k-module retract

MRXN:={m+~=1,®n+1y|me M,ne N}.
This defines a monoidal product X with monoidal unit
{A(h) :=e(hly)ls | h€ H},
with H-action T1(h) — b’ := T1(F(h)h') = e(hly)e(lah'11)1y = e(hh'11)12 = TI(AR'). With respect to
this monoidal structure the forgetful functor from the category of right H-modules to the category of

k-modules is both monoidal and opmonoidal (hence preserves algebras and coalgebras) but it is not strict
monoidal.
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A right module algebra of a weak bialgebra H is a monoid in the category of right H-modules. That
is, a k-algebra A equipped with an (associative and unital) right H-action such that

(a = h1)(a' ~— hy) =aa’ ~—h  and 1+ h=1+T1I(h),
for all a,a’ € A and h € H. For any right H-module algebra A, there is a weak distributive law
UV:AQH — H®A, a®@h hi®a+ ho.
It is multiplicative in A by the H-linearity of the multiplication in A:
(Hou) (Y@ A)(ART)(d ®@a®@h) = h®(a — hy)(a~ h3)
= m®@da)—hy=Y(u®@H)d ®a®h).
Multiplicativity in H follows by multiplicativity of the comultiplication in H:
(p@ A (A V) (Y@ H)(a®@h®h') =hih] @ a+— hohly = (hh'); ® a — (hh')2 = V(A Q@ p)(a @ h @ k).
In order to check the weak unitality condition, note that for all a € A,
Lhi®a—1lo=1®(la) —1la=11 0 (1 = 1la)(a—135) =11 @ (1 — 1al1/)(a — 1o/) = 11 ® (1 — 13)a.
Also, for all h € H,
0(hly)® 1o =h1l1 @ holo ® 13 = hyly @ holaly ® 15 = (k1)1 @ (hl)al; ® 1o = hy ® holy & 1o,
hence h1y ® 13 = hie(haly) ® 15. With these identities at hand,
(Hou) (Vo A)neH A)(h®a) = h®(1+ hy)a=h @(1+T(h))a
hie(haly) ® (1 <= 1g)a = hl; ® a — 19
= RA)HV)(HA2n)(hea).

The weak wreath product corresponding to ¥ is known as a weak smash product, see [13].
In the rest of this paragraph we show that the weak distributive law ¥ above is of the kind discussed
in Paragraph 241 Let us introduce a further map M: H — H, h +— 11e(hls). It is easy to see that for
any h,h/ € H,
Ay =em) =)
( ) == 11 & |_|(h)12 and 6|_|(h> = 11H(h) (29 12;
P00 - A = D) amd AR = FCRA) = TR
M(h) 1 (R") = TI(A)TI(A);

A(h () = 1(N(h) 11 (7)) = 11e(N(h) 11 (A')12) = T1(h)1 1T (A")1e(M(h)2 11 (h)2) = M(h) 11 (R)
and symmetrically, T1(AFI(A')) = FI(h)T(R).
Note that T1(H) possesses a separable Frobenius structure (cf. [I8]) with Frobenius functional given
by the restriction of € and Frobenius basis T(12) ® T(11) = 12 ® T(11) (where the equality follows by
1 ®ﬁ(12) =11 ® 8(1211/)12/ =1 ®€(12)13 =1 ® 12):

Loe(M(11)7(R)) = e(11TT(R)12 = e(TI(h)1)TI(h)2 = TI(h) = TN T(h) = e(M(h)12)M(11).

Hence also the opposite algebra R := F(H )P has a separable Frobenius structure with the same Frobenius
functional £ and Frobenius basis M(1;) ® 1o. Moreover,

AARAR) = NORT(RY)) = DR 1 (k) = 1R 11 (k) = N(A) 11(h) = OT(A") NT(R).

That is, the restriction of M yields an algebra homomorphism R — H. There is an algebra homomorphism
R — A, r+— 1+ r as well. They induce R-actions on A and H. By I = I we conclude that, for all
he H 1 +Ti(h) =1+ h=1+M(h) and thus

a — M(h) = (al) = MN(h) = (a = 11)(1 — M(h)12) = a(l — M(h)) = a(1l = T1(h)).
Consequently,
U(a(l —TI(h"))®@h) = U(a — M(K)@h) = hi®a — M(h")he = (MR )h)1®@a +— (M(K')h)2 = U(a@M(R')h).
This means that ¥ projects to an R-distributive law

ARr H — H®p A, a®@prh+— hi ®pra+— hs.
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It is evidently a morphism of right R-modules. It is also a morphism of left R-modules as
hl X ((1 — ﬁ(h’))a) — hg = h,l X a +— ﬁ(h/)hg = Hﬁ(h/)hl X a — hg,

where the last equality follows by M(1;)® 1o =M(11) ® 1o = 1; ® 15, and 15 ®T1(11) being a separability
element for R:

hi @ T )ha

Lihy @ TI(R")13he = MT(11)hy @ TI(R ) 120y
M(M1(11)T(R))hy @ 1ahg = MT(R") MT(11)hy ® 1ohg = MM(R")hy & ha.

Multiplicativity in both arguments is obvious. Unitality follows by
1, ®ra+— 15 =1, ®Ra/—ﬁ(12) =1, ®r (1 ’—ﬁ(lg))a: 11[7(12) Rra=1R®gra
and
h1®R1’—h2:h1®R1;ﬁ(h2):hlﬂ(hg)(@Rl:h@Rl.

Applying the construction in Paragraph 2.4] to this R-distributive law, it yields a weak distributive law
A H— H® A,
a® h— h1 Hﬁ(ll) ® (]. — ﬁ(lg))(a — hg) = hl I (11) X a — hzﬁ(lg)

Since M(11) ® 15 = 17 ® 1o = 1; ® M(1g), this is equal to V.

2.7. 2x2 = 3. In this paragraph we present a bilinear factorization of the algebra T of 2 x 2 upper triangle
matrices over a field &k of characteristic different from 2, in terms of two copies of the group algebra kZs
of the order 2 cyclic group. So the attitudinizing title refers to the vector space dimensions: we obtain
a 3 dimensional non-commutative algebra as a weak wreath product of two 2 dimensional commutative
algebras. Note that starting from 2 dimensional algebras A and B, none of the constructions in the
previous examples of the section would result in a 3 dimensional weak wreath product algebra. Hence

the current example does not belong to any of the previously discussed classes.
A k-linear basis of T is given by

=(30) e (h ) (00

These basis elements satisfy ab=a +b— 1 and ba = —(a 4+ b+ 1). Denote the second order generator of
the cyclic group Zs by ¢ and consider the following algebra homomorphisms.

a:kZo — T, g—a and B :kZy — T, g b.

In terms of o and 3, we put

1= (Kl @ kZy 22T T 51T,
with values
T(1®1) =1, T1®g) =a, m(g®1) =0, m(g®g)=ba=—(a+b+1).
It is straightforward to check that 7 has a section ¢ : T' — kZqy ® kZo with values

1

L(l)z1(3~1®1—1®g—g®1—g®g),
1

L(a)zZ(—1®1+3-1®g—g®1—g®g),

1
L(b):i(—1®1—1®g+3~g®1—g®g),

which is a homomorphism of kZs-bimodules, with respect to the action induced by 8 on the first factor
and the action induced by « on the second factor. This shows that 7" has a bilinear factorization in terms
of the algebra homomorphisms « and 3.

By Theorem [[.8 there is a corresponding weak distributive law

Vo= (k2o @kl ~2T QT — o T — s 7y ® ks ),
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with values

1
\I/(1®1):1(3-1@1—1@9—9@1—g®g),
1
\I/(1®g)=Z(—1®1—1®g+3~g®1—g®g)7
1
\I/(g®1):Z(—1®1+3-1®g—g®1—g®g),

1
\Il(g®g):Z(—5-1®1+3~1®g+3'g®1—g®g),

such that kZs Qg kZo = T.

[
[2

3
4
[5
[6

[7

[19
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