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Abstract

We consider the nonlinear oscillator equation # + |z|* 'z = p(t) for a > 3 and non-periodic
forcing p. For any solution x which is unbounded in the (z,#)-phase plane it is shown that,
for € > 0 small enough, there is a solution x® which is bounded in the phase plane and such
that the actions of #° and x remain close on a time interval of length ¢2; further precise
information is available on the location of the zeros of z°. In addition, it is possible to take
the bounded solution z¢ from a fixed countable family of such solutions.
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1 Introduction and statement of main results

In the 1960’s Littlewood [13, 14] posed the problem to investigate boundedness properties of the
solutions to differential equations of the form

T+ g(z) = p(t), (1.1)
where z = xz(t) is scalar-valued, p is a given bounded forcing, and ¢ has superlinear growth:
g(x)/r — oo as |x| — oo. One issue of particular interest was to decide whether all solutions
would have to be bounded in the (z,Z)-phase plane, no matter what the initial data x(0) = x
and #(0) = vy were. As opposed to its harmless appearance this question turned out to be
quite intricate, with the results obtained so far being closely tied to the regularity and periodicity
hypotheses imposed on p. For instance Littlewood himself could prove: (i) in [13, Thm. 1] that
given g with some additional properties there is a (non-periodic) bounded function p such that (1.1)
admits at least one unbounded solution, and (ii) in [14] that there are g and a periodic function p
such that (1.1) has at least one unbounded solution. See also [11] and [16] for some corrections.
The result mentioned in (i) was later refined for g(x) = 23 (cf. [12, Section 1.3] and the references
therein) to also provide growth rates of the energy of an unbounded solution. A further related
reference is [20], where for given g it was shown that there is a bounded and arbitrarily small
forcing p such that ‘most’ initial data (in a topological sense) will lead to an unbounded motion.

Concerning bounded solutions, the first complete positive answer was obtained in [17] for g(z) =
22 and p piecewise continuous and periodic by using KAM theory after suitably transforming the
system for large energies. This result underwent many generalizations and extensions leading to a
wealth of work over the years, by far too many to be reviewed here. If p € L*°(R) is not necessarily
periodic, then [21] yields the existence of infinitely many bounded solutions by using variational
methods.

If we summarize the preceding discussion and specialize to
i + [o° " = p(t) (1.2)

for a« > 3 and non-periodic p, then there may co-exist bounded and unbounded solutions. In view
of the above it is therefore important to obtain a more refined understanding of the underlying
structure and the role of the bounded solutions for the overall dynamics. To state our first main
theorem, for a given solution z = z(t) we let

2 (t)*, (1.3)

Et) = %x’(t)Q i

and furthermore we write E(t) = E(t; z) if the solution z is to be emphasized. The homogeneous
problem # + |z|* 'z = 0 has a global center at the origin and the action ¢ = f'YE y dx represents

the area enclosed by the periodic orbit vz of energy F = Ty + ﬁ |z|**! for y = 2. Due to the
_a+3
homogeneity of the problem it is found that ¢ = kE20+D with a certain constant k& > 0, cf. (7.9)

below. For the forcing function we need to assume that p € C$(R), i.e., p has continuous and
bounded derivatives up to the sixth order.



Theorem 1.1 Suppose that o > 3 and p € CE(R). Then there exist a function * = £*(p) > 0
of p > 0 (also depending upon « and HpHcg(R)) and constants ay, Ay, Ay, A3, Ay > 0 (depending
upon « and HpHcg(R)) such that the following holds. Let x = x(t) be a solution of (1.2) such that
limsup, . E(t;x) = oo and infi>y, E(t;x) < p for some tg € R. Then for every e €]0,e*] there
are a solution x° = xz*(t) of (1.2) and a time t. > to so that

_ 2(atl) _ 2(a+tl)

aje” ot < E(t;2°) < Aje a1 for teR (1.4)

and
|0°(t) — o(t)] < Ay east for 0<t—t. < Az (1.5)

Furthermore, the sets of zeros of ° and x in {0 <t —t. < A3e=2} can be labelled as {t5 :n € T}
and {t, : n € I} such that
[t; —tn| < Age forall nel.

The proof is elaborated in Section 8, with an extended outline being given in Section 2; here
we shall restrict ourselves to some comments. The starting point is an unbounded solution z of
(1.2), in the most general sense that limsup,_, . F(t;z) = oo; the condition infy>,, E(t;x) < p for

some ty € R should be viewed as a quantitative statement measuring which ¢ are allowed. Then,
. . . . _2(etl)
for € > 0 small enough, there is a solution 2, bounded in the phase plane with energy ~ &~ a-1

such that the actions ¢° of 2° and p of x stay close on a time interval of length £~2; further precise
information is available on the location of the zeros of x°. In fact the proof will show that the
bounded solution x° can be taken from a fixed countable family B of bounded solutions, which
therefore plays a key role for the dynamics, since every unbounded solution has to remain close not
only to the set B, but to an individual member of this set, for a long time before it can escape. This
also highlights a difference of the result as compared to standard averaging or adiabatic invariant
techniques [1, 4]; see Section 10 for some more remarks.

As is to be expected the difficulties in the proof of Theorem 1.1 are due to the fact that p is non-
periodic. After some transformations (1.2) can be written as a system generated by a Hamiltonian

function of the form
H(¢7I7T> - WOIa + R(¢7]7T)7

which is 2m-periodic in the ‘time variable’ 7, but non-periodic in the ‘angular variable’ ¢. If it were
not for the latter, then KAM theory could be applied (provided that R is sufficiently regular). For
R non-periodic in ¢ we have to rely on our second main result, whose proof in turn will be based
on precise quantitative refinements of the theory of non-periodic twist maps [5, 6, 7] in the case of
small twist at infinity; see Section 2 for more details. To state the theorem consider R? x (R/27Z)
with coordinates (¢, I; 7). Let G be an open and connected subset such that

R x [I,00[x(R/27Z) C G C Rx]0, 00[x (R/27Z) (1.6)

for some I, > 0. We shall consider a Hamiltonian function H : G — R given by
H(op,I;7) =wol®+ R(o, I;7), (1.7)
where wg > 0 and a €]0, 1[. For the remainder term R we assume that R € C*°(G) and it satisfies

|R| + |05R| + 1|01 R| + |03, R| + 1103, R| + I’|0},R| < CoI®, 1> I, (1.8)



for some constant Cy > 0 and some b € R such that b < a —1. (Here the class C*°(G) is composed
by those continuous functions having derivatives w.r. to ¢ and I up to the second order such
that all these derivatives are continuous in (¢, I;7). Also notice that functions defined on G are
27-periodic in 7.) The Hamiltonian system associated to H is

¢ =0rH = awyI* '+ O1R, I' = —0sH = —04R. (1.9)

Theorem 1.2 There ezist a function €* = *(p) > 0 of p > 0 (also depending upon wy, a, b, Cy,
I.) and constants ay, Ay, Aa, A3 > 0 (depending upon wy, a, b, Cy, I.) so that the following holds.
Let (¢, 1) be a solution of (1.9) defined on |1y, 00[ and satisfying limsup,_,. I(7) = oo as well as
inf, >, [(1) < p. Then for every ¢ €]0,e*| there are a solution (¢, 1¢) of (1.9) defined on R and a
time 1. > 19 so that

are e < IF(r) < Aje e for TER (1.10)

and
|o° (1) — o(7)| + |I°(7) — I(7)| < Ase for 0<7—7.< A3 s_l%a, (1.11)

where 0 = min{2 — a, —b} > 0.

This result is verified in Section 4. It is reminiscent of a Nekhoroshev type statement under finite
differentiability assumptions (as in [2]); again see Section 10 for some more comments.

2 QOutline of the proof

The proof of Theorem 1.2 is based on a result (Theorem 3.2) on certain twist maps (0,7) — (¢',1")
with non-periodic ‘angular variable’. For large r these maps have the form

0 =0+ T% +Ri(0,7), ' =r+Ra0,7r),

where a > 0 and R, R, are remainder terms which are assumed to be small in a suitable sense.
Although there is little danger of confusion let us point out that here # and " denote the iterates
rather than derivatives. If § were a periodic variable and R, Ry were sufficiently regular, then all
large orbits would be known to be bounded, by Moser’s invariant curve theorem. For non-periodic
0, it still can be shown that there is a large number of bounded orbits, and every unbounded orbit
has to stay close to a bounded orbit for many iteration steps. It should be noticed that concerning
regularity we only need to assume that R, Ry € C!'. Therefore Theorem 3.2 gives something
new even in the periodic case: Although then the existence of the bounded orbits follows from
the Poincaré-Birkhoff theorem or from Aubry-Mather theory, a fact that is not contained in the
standard theory is that every unbounded orbit has to stay close to some bounded orbit for many
iterations. In the case where # is non-periodic, the bounded orbits are obtained via a variational
method using a generating function of the map. To show that unbounded orbits remain near
bounded ones for many steps we use the fact that the bounded orbits that we constructed lie in
horizontal strips of the form

S.={(0,r) eR*: 7V <r <Te 1/}

for some fixed ' > 0. Also & — 0 ~ ¢ — 0 as € — 0 on the bounded orbits due to the small twist
at infinity, which means that the orbits only can make very small steps in their f-variable. In



addition r acts as an adiabatic invariant for the map, in that ' —r — 0 as r — oo. Hence given an
unbounded orbit (6,,,r,) it has to enter into some S, and then it gets close to the corresponding
bounded orbit (65, 7%) which is contained in S.. By a kind of ‘abstract’ averaging method we are

then able to improve to T = O(e™*) for a suitable g > 0 on the mere continuous dependence,
which would predict that only 7= O(1) for the time for which

05 — 0, + |5 — 1| < Ce for ng<n<ng+T
is verified, with a certain ng € N.

Regarding the proof of Theorem 1.1, we need to check that the equation (1.2) could be fit into
the abstract framework from Theorem 1.2. First (1.2) is transformed to action-angle variables (6, o)
as in [17]. The next step is to change the time and angle variable in the associated Hamiltonian
function H(0, o;t), taking 7 = 6 as the new time, ¢ = ¢ as the new angle, and I = H as the new
action. This trick leads to a new Hamiltonian function H(¢, I; 7); it was pioneered in [10] and has
found many applications since. Then H may be written as

H(p, I;7) = wol® + R(¢, I; 7), (2.1)

where wy > 0 and a € [%, 1[. The remainder term R is non-periodic in ¢, 2r-periodic in 7, and
such that (1.8) holds for a certain constant b < 0. Here we encounter the problem that the key
assumption b < a—1 from Theorem 1.2 will not be satisfied for any o > 3. To remedy this problem
we can perform three further canonical transformations on (2.1) using Theorem 6.7. For that the
first thing to notice is that in fact R has the special structure

R(¢,I;7) = f(¢)g(1)I" + R(¢, I;7),

where f € C}(R), g is continuous, 27-periodic, and has zero average, and R satisfies (1.8), with b
being replaced by some smaller ¢. Each such transformation preserves this special structure of H
and improves the power b to b — (1 — a). Then after three steps we arrive at b — 3(1 —a) < a — 1,
so that Theorem 1.2 applies to the Hamiltonian system resulting from the last step. If we finally
undo all the transformations and use Theorem 1.2, we can complete the proof of Theorem 1.1. For
the transformation result (Theorem 6.7) we follow along the lines of earlier work for Hamiltonian
functions that are periodic in ¢; see [3, 9, 15] for instance. However, one always has to keep track
of the differences arising through the non-periodicity of the system in ¢.

3 Unbounded orbits close to bounded orbits

Consider the plane R? with coordinates (6, r) and a one-to-one map ® of class C*,
®:D—RY ®0,r)=(01),

where D C Rx]0, 00[ is open and contains a half-plane {r > r,} for some r, > 0. By an orbit of
® we understand a maximal solution of the difference equation

<0n+17 T1’L+1> — ¢(91’L7 TTL)7 (01% Tn) S D

Typical orbits are defined for indices in some I = {n € Z : a < n < b}, where —oo < a < b < 0.
An orbit is said to be complete, if I = Z. We recall that throughout this paper the notion ‘bounded’
for an orbit will only refer to its r-component, i.e., a bounded orbit satisfies sup,,c; 7, < 00, whereas
it is called unbounded in the case that sup,,c; r, = oc.

Next we introduce an assumption on the existence of complete orbits.
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Assumption 3.1 (EXC) There are numbers r* > r. and I' > 1 such that for every i > r* there

exists a complete orbit (0,,,7,), ., of ® satisfying

w<r, <Tu foral neZ.

These orbits are bounded and they can coexist with unbounded orbits. We would like to show
that the orbits produced by assumption (EXC) play an important role in the dynamics. To this
end we need to impose some additional conditions on the map ®. Assume that it can be expressed

as
O =0+7T,r), r=r+mR(6r),

for functions 7, R : D — R. In addition, there should exists constants o, > 0 and a, A, K, M > 0
so that

a
— < < .
ro T<0’T) — ra’ (3 1)
IR0, 7)] < % (3.2)
oT oT OR OR M

il el g il < =

00 (0,7)] + ‘ or (9,7")‘ + ‘ 00 (0’T>‘ + ’ or (Q’T)‘ — o’ (3.3)

holds for r > r,.

Theorem 3.2 Let the previously stated hypotheses be satisfied. Then there exists a number e* > 0
(depending upon r*, r., a, o, A, K, and M) such that the following holds. Let (0,,7,) be an
orbit of ® so that

nel

infr, <e Ve <Te™V* < supr, (3.4)
nel nel

for some € €]0,e*[. Then there is a complete orbit (05,75), ., of ® satisfying

n''n

a
ﬁagegﬂ—ezgfle and 5’1/Q§TZ§F€’1/Q for n ez,

and furthermore there is an integer N € I such that
05 — 0, + |75 — 10| <2°T2(A+ K)e for N<n<N+T,
provided that T is an integer so that

—0/04‘

In2
T< ——
—20M

In particular, the set {N,N +1,...,N + T} is contained in I.

The above statement is designed for future applications and this explains its purely quantitative
nature. To look at it from a more qualitative perspective, let us assume for illustration that
(0,71),50 is an unbounded orbit. Then € can be made arbitrarily small and the orbit will remain
close to a bounded orbit (65,75),,c, for a long period of time.

Before we go on to the proof we need three preliminary results. The first lemma shows that
horizontal lines {r = ¢} are mapped by ® to explicit curves {r’ = ¢(0')}, if ¢ is large enough.



Lemma 3.3 Assume that ¢ > r, is such that

Mc™ < (3.5)

N —

Then there exists a function 1 € C*(R) such that
©({(0,0) : 0 € R}) ={(0,4(0)) : 0 € R}.

Proof: The function 6 — 6 + 7(6,c) has derivative 1 + 97 (,¢c) > 1 — Mc? > 1/2, as a
consequence of (3.3) and (3.5). Therefore this function is an increasing diffeomorphism of the real
line and we can consider its inverse, denoted by 6 = x(#'). Then defining

(') = c+R(x(#),0), (3.6)
we obtain the claim. O

The second lemma will describe the behavior of ®~! near infinity. For this purpose we introduce

the functions
K
fi (T’) =T + _Ta

and fix a number s, > 7, such that
fi(s) >0 and f_(s.)>0.

Then both functions are positive and increasing on [s., 00[. Given (¢',7") = ®(0,r), we deduce
from (3.2) that

fo(r) <" < fa(r);
in what follows this observation will be employed several times without further mention. Also
notice that, in view of (3.6), the function ¢ appearing in the previous lemma satisfies

fo(c) <y(@) < fi(c) for O €R. (3.7)

Lemma 3.4 Assume that for some (0,7) € D the point (¢',r") = ®(0,r) satisfies v’ > fi(c) for
some ¢ > s,. Moreover, let f_(c) > fi(s«) and (3.5) hold. Then r > c.

Proof: The set D_ = DN {r < ¢} is connected and hence also ®(D_) is connected. Since ® is
one-to-one, the set ®(D_) has to be contained in one of the components of the complement of the
curve {r' =1(#")}. Given a point on the line {r = s}, its iterate (7,r7) = ®(0, s,) satisfies

= s £ R(9,5.) < fi(s.) < f-(c) < ().

Here we have used (3.7). This estimate shows that ®(D_) has to be contained in the ‘lower’
component {(¢',7") : " < (¢')}. Finally we invoke the assumption " > f,(c) and (3.7) to
conclude that 7" > (#"). This shows that (6,r) cannot belong to D_. O

The third lemma is useful to translate certain arguments using connectedness to a discrete
setting. It is based on the notion of an e-connected set. Following [19] we consider a metric space
(A,d) and € > 0. We say that the space is e-connected if given a.,a* € A there are finitely many
points ag = ax,as, ..., ay_1,a, = a* such that d(a;,a;41) <efor j=0,...,n— 1L
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Lemma 3.5 Let (X, | - ||) be a normed space and suppose that A C X is e-connected for some
e > 0. Let F,Cy,Cy C X be such that Cy # Cy are connected components of X \ F satisfying
ANCy #0 and ANCy # 0. Then there exist x € A and y € F such that ||z — y|| < /2.

Proof: By assumption there are ap € AN CY, a1 € ANCy, and ay,...,a, € A verifying
laj1 —aj]] < efor j =0,...,n. Let L C X denote the polygonal line connecting ag — a; —

. — Qpy1. Since ag € Ch and a,yq € Oy, one of the segments a;, — ap.1 of L must intersect
F in a point y. Then y = Aagy1 + (1 — A)ag for some A € [0,1] yields |lax — y|| < Ae and
|lag+1 —y|| < (1 —A)e. Thus depending on whether A € [0,1/2] or A € [1/2,1] one can take x = a
Or & = Q1. O

Proof of Theorem 3.2: We fix ¢* > 0 so small that the following conditions hold for any
e €]0,e*[:

1 «
eV > 55_1/‘1 >, 22P(A4 K)e's <1, (3.8)

1 1 1 1

gt > f+(— 5_1/"‘), A T (— 8_1/a> > fi(s,), 2°Me7/*< = (3.9)
2 2 2 2

Then the first relation in (3.8) allows to use assumption (EXC) with 4 = e/, Let (65,7%), ., be

a complete orbit of ® satisfying

eV <pe <Te V™ for nelZ. (3.10)
From (3.1) it is easy to deduce that

%agegﬂ—e; < Ae for nez. (3.11)

The assumption (3.4) on the given orbit (6,,7,),; can be used to find ng,n; € I such that

—1/a -1/

Tng < € <Te < Ty -

From now on we assume that ng < ny, the other case being similar. Define

ne =max{n € Z:ng <n<mny,r, <5’1/°‘}.

Then ng < ny < Ny, 1, < €Y% and 7, > e~/ for ny < n < n;. We are going to apply Lemma

3.4 with (0,7) = (0,,,75,) and ¢ = S &7/, In fact, we have ry,,41 > e /%, and all of the other
required conditions are satisfied due to (3.9). Hence the conclusion of Lemma 3.4 ensures that
1 -1/«
Try = 5 € .
Next we define a piecewise linear function ¢° : R — R by the assignment ¢°(65) = r5. Since
(3.11) implies that the points {6 : n € Z} form a partition of the real axis, this function ¢° is
well-defined and continuous. Let F C R? be the polygonal line joining the complete orbit, i.e.,
the graph of ¢°. Then F C S = {(0,7) € R? : e7¥/* < r < Te"V/*} by (3.10). Furthermore define
Ci={(0,r) eR?:r < ¢°(0)} as well as Cy = {(0,7) € R? : r > ¢°(0)}. Finally let A= {(0,,,7,) :
n =ny,...,n1}. To apply Lemma 3.5 to X = R? and the norm ||z|| = |x1| + |z2|, notice first that
(0rysTny) € ANCy and (0,,,7,) € AN Co; this is due to the fact that Rx] — oo,e~¥/*[C C; and
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Rx]Te~!/* oo[C Cy. For showing that A is d-connected with § = 2%(A 4 K)e, we observe that
Ty > %5_1/0‘ for n = ny,...,n;. Then, from (3.1) and (3.2),

01— On| + |t — 0] <6 for n=mng,...,ny —1,
which means that A is J-connected. Hence we can apply Lemma 3.5 to obtain N € {ng,...,n;}
and (0,r) € F such that
o 6] +Ir — 1l < 5.
Since N € {ng,...,ny}, in particular
ry > %51/0‘. (3.12)

By definition of F we may write = A0, ., + (1 — A6, and r = Ay + (1 — A)rg, for some
A € [0,1] and m € Z. From (3.11), (3.2), and (3.10) we have

1051 = Ol + [y — ] S (A+ K)e.
As a consequence,
10— 0| + Ir — ol = M0y — Ol + [ — ml) S (A+ K)e,

and therefore

On = Ol +lrv =1l < On =01 10 = 00| + |ry — 7|+ |r — 1y
J

< g+ (A+K)e=2"""+1)(A+ K)e
< 29HY(A 4 K)e (3.13)
for those N € {ng,...,n1} and m € Z. Now consider the shifted complete orbit (Hn,rn)nez =

(Ot Trtm— ) e of ®. Then (3.13) says that
On — 05| + [ryv — 75| < 2°7Y (A + K)e. (3.14)
Denote T, = 2§M e/ as well as L = 1+2°Me?/®. Then for each integer k such that 0 < k < T},
105 1k — Onskl + |P5yx — vkl < 2971 (A + K) Le, (3.15)
1

N > §s‘l/a. (3.16)

To establish this claim, we make some auxiliary observations. Assume first that (6,7), (0, R) € D
are such that r, R > %5*1/0‘. In particular, then r, R > r, holds due to the second relation in (3.8).
If (0',r") =®(0,r) and (0, R') = ®(O, R), then by the mean-value theorem and (3.3),

< (1+2"M5”/“> [|@—9| +IR—1|]. (3.17)

Next we assert that L™ < 2. In fact, from In(1+ z) < x for z > 0 it follows that

T.InL < T,2°Me/* =1n2.



For the actual proof of (3.15) and (3.16), we proceed by (finite) induction on k. For k = 0 this is
just (3.14) and (3.12). Now suppose that (3.15) and (3.16) hold for some k with k+ 1 < 7. Then
rn+k > 271 and from (3.10) we see that 75, > 27!/ also. Hence (3.17) and (3.15) yield

05 ctn = Ol + Feis = v < (14 27M7) |05 = Onval + 75y — v

< 2TY A+ K)LM e,

Thus in particular by (3.10), due to L*! < LT+ < 2, and by the third relation in (3.8),
Pe RE -1/« @ I _ a
PN 2 P — PRarer — P | 2 7Y% =292 (A 4 K)e > 2 e,

which completes the inductive argument and hence the proof of the theorem. a

4 From the Hamiltonian to the discrete system

Throughout this section it will be assumed that the assumptions of Theorem 1.2 are satisfied.
Also, all quantities that depend only upon wy, a, b, Cy, or I, will be called a constant.

We are going to consider the Poincaré map ¢ associated to the periodic system (1.9). For
(¢, In) € R? such that (¢g, In; 0) € G let 7 — (¢(7; o, Io), I(T; ¢po, Iy)) denote the solution of (1.9)
satisfying ¢(0) = ¢¢ and 1(0) = Ip. From now on the coordinates (6, r) used in the previous section
should be identified with (¢, Iy). Consider the map

®: D — R Do, Ly) = (¢(2m; do, L), I(27; ¢, 1)),

where D C R? is composed by those initial data (¢g, Iy) leading to solutions that are defined on
the whole interval [0, 27]. Notice that D is open but not necessarily connected. In order to check
that ® fits into the general framework set up in Section 3, we first need to establish that some
half-plane {Iy > I..} is contained in D. This is a consequence of the following result.

Lemma 4.1 There exists a constant I, > I, such that for every ¢g € R and Iy > I,, the solution

(@(7), I(7)) = (&(7; ¢, Lo), (T ¢, Lo))
to (1.9) with initial data (po, Io) exists on [0,27] and satisfies

% <I(r)<4ly for Te€l0,27]. (4.1)

Proof: Denote [0, 79[C [0, 27] the maximal half-open subinterval such that /4 < I(7) < 41, for
7 € [0,79[. Then
(I107DY = (1 =) 71 = —(1 — b) T *(94R)

implies that |(1'7°)'| < (1 —b)Cy on [0, 7[. Thus for 7 € [0, 7],

TN 1-b
(5()) < IV 2n(1— BYCy < I(7)P < 170+ 20(1 — b)Cy < (205)1 7Y, (4.2)

provided that we take I, large enough. Therefore we must have 79 = 27 and Iy/4 < I(1) < 41,
for 7 € [0, 27]. O
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Remarks 4.2 (a) It is no loss of generality to assume that [,./4 > I, is verified, so that (1.8) is
at our disposal for 7 € [0, 27].

(b) In the preceding proof it is not necessary to suppose that b < a — 1, it only matters that
a €]0,1[ and b < 1. This observation will be useful in Section 7.

Given a solution (¢(7; ¢o, Io), I(T; ¢o, Ip)) of (1.9) defined on an interval J, the discrete ®-orbit
(¢n, I,) is well-defined for each n € J N 27Z, where

G = ¢(2n7; ¢, ly) and I, = I(2n7; ¢o, lo).
Assuming that J N27Z # () and inf,,c jroxz In > L., the above lemma yields that

1

— inf I, <infI(r) < I(t) <4 I,. 4.

1 e S 2T S oI <4 sp I 3
This inequality will be employed several times. It implies in particular that bounded and complete
®-orbits correspond to bounded solutions of the Hamiltonian system defined on the whole real
line.

Furthermore we need to know that if two orbits (¢, I,) and (¢n, 1)) are close to each other,

then the corresponding solutions (¢(7),I(7)) and (¢(7),I(7)) are also close. This can be made
precise using the following elementary stability result.

~

Lemma 4.3 There is a constant Cyar, > 0 such that if 7o € R and if (¢, 1) and (¢, I) are solutions
to (1.9) so that I(19) > L. as well as I(19) > L., then

6(7) = S + 1(7) = 1) < s (J6r0) = ) + |Er) = Fm))  (4)
for every T € |19, 79 + 27].

Proof: Given a general ODE system i = X (7,z) for # € U C R4, if 2, = x1(7) and 25 = 25(7)
are solutions, then
[21(7) = as(7)] < X7 a1 (1) — w2 (70))|

by Gronwall’s lemma, where L is a Lipschitz constant for the vector field X (7,-). In our case
x=(¢,I)and X = (0;H,—0,H ), which is defined on the region U = {I > I,../4}, since I, > 41,
by definition. Hence to estimate the Lipschitz constant on U we must obtain a bound on the
second derivatives of H. From (1.8) it follows that

O H =05,R=0(1"), 03,H=0,R=0(1""), 0}H=uwa(a—1)I""+0;H=0(I"").

Therefore due to b < 0 and a — 2 < 0 these expressions are bounded on U. It remains to observe
that as a consequence of I(7y) > I,. and I(79) > I.. the corresponding solutions cannot leave U
for T € [19, 79 + 27|, in view of Lemma 4.1. 0

Remark 4.4 In the preceding proof it is sufficient to assume that a €]0, 1] and b < 0.

The theorem on the differentiability with respect to initial conditions implies that ® € C*(D;R?).
In addition, by uniqueness we know that & is one-to-one. Define

T (¢o, lo) = ¢(2m; ¢o, Iy) — ¢ and  R(¢o, Io) = 1(27; ¢o, Iy) — Io.

11



Lemma 4.5 The Poincaré map satisfies the conditions (3.1), (3.2), and (3.3) for I > .. and
appropriate constants a, A, K, M, and with

a=1—a and o =max{2—a,—b}.
Proof: Since b < a, we can select v, > v; > 0 such that
I < awgI®t — CoI’ ™t < awgl® + CoI’t < 4107t
for all I € R so that I > I,,/4. Thus from the first relation in (1.9), (1.8), and (4.1),
AT < o I(7) T < awel (7)* T = Col (1) < ¢ (1) < awol (1) 4 Col (7)1
< pI(r)T <A
whenever [y > I, and 7 € [0, 27]; also recall that a < 1. Thus integration over 7 € [0, 27 yields
2y 4TS <y — o < 2w dt L0 (4.5)

provided that Iy > I,,.. This yields (3.1) due to 7 (¢, In) = ¢1 — ¢p and a =1 —a > 0.
Concerning (3.2), a similar reasoning and b < a — 1 < 0 leads to

1'(7)] < Col(r) < Cod ™18 < Cot 3,
Then integration over 7 € [0, 27] leads to
|1, — Iy| < 27Cod ™15,

which is (32) in view of R(qb(), I()) = Il - I().

Next we turn to (3.3). Notice that the partial derivatives appearing in this condition are just
the entries of the 2 x 2-matrix D®(¢g, Iy) — Eo, where Fy € R?*? denotes the identity matrix.
Defining

96 () 99 (r 2 ala — Vwel*2 + 0%,
@@):(‘9“’0() 810(;> - A(T):< R ala—Dwpl*?+0 R)7

o) le]
87)10(7') 8—110(7 — 83)4)]% — QiIR

where ¢(7) = &(7; ¢o, Lo), I(T) = I(7; b0, Ip), and R = R(¢p(7),I1(7);T), the variational equations
associated to (1.9) are just ¥ = A(7)V. Furthermore, we have ¥(0) = Ey and ¥ (27) = D®(¢o, Ip).
From (1.8) and (4.1) we obtain in some matrix norm

JAMD| < CUI + 182+ 1272+ 1) < oI — 157 for 7 €0,2n]

and a suitable constant C' > 1 that could be computed explicitly. Since o > 0 by assumption we
have I;? < 1, so that in particular || A(7)|| < C for 7 € [0, 27]. Therefore

1) < 1O+ [ ¥ < (i [ v )

in conjunction with Gronwall’s lemma yields ||[¥(7)|| < C for 7 € [0,27] and a new constant C'.
Hence

U (1) — Eqf| < / |A(s)W(s)]|ds < CI,° for 7 €[0,2n]
0

and a certain C is found. Recalling that W(27) = D®(¢o, Iy), we obtain (3.3). O
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Lemma 4.6 There exist constants r* > r, > L. and I' > 1 such that the condition (EXC) is
satisfied for the Poincaré map.

The proof of this result uses a variational technique and is independent of the rest of the
discussion. For this reason we postpone it to the next section (Section 5).

The application of Theorem 3.2 to the Poincaré map ® leads to the following result.

Theorem 4.7 Under the hypotheses of Theorem 1.2 there exist constants €., a1, Ay, Az, Az > 0
and I' > 1 such that if (¢, 1) is a solution of (1.9) defined on some interval J C R and

1 .
L. <inf I(7) < e < 4Te T < sup I(7)
TEJ 4 reJ
for some ¢ €)0,¢,|, then there are a solution (¢°,I%) of (1.9) defined on R and a time 7. € J so

that ) )
aje e < [5(1) < Aje e for TER

and

|o% (1) — o(T)| + |I°(7) — I(7)| < Aye for 0<7—7.< Aye T,

where 0 = min{2 — a, —b} > 0 is from Lemma 4.5.

Proof: After a time translation 7 +— 7 — 79 we can assume that J N 27Z # (). The discrete orbit
(@(2nm), 1(2n7)), c jronz Satisfies (3.4) with ' = [, in view of (4.3). Using Lemmas 4.5 and 4.6
it is therefore possible to apply Theorem 3.2 to the Poincaré map. Hence the conclusion of the
theorem is a consequence of Lemma 4.3. O

Theorem 1.2, as stated in the introduction, can now be obtained as a corollary to the previous
result.

Proof of Theorem 1.2: We take J = |1y, 00[ and choose the constants e,, ay, Ay, Ag, A3 > 0 and
I>1 according to Theorem 4.7. Given p > 0 and an unbounded solution (¢, I), as described in
Theorem 1.2, we fix e* = £*(p) > 0 such that e* < e, and 1 (¢*)"/* > max{p, [.}. Then (¢,I)
satisfies the assumptions of Theorem 4.7 for any e €]0, £*[. O

5 The generating function of a sublinear Hamiltonian

In this section we complete the proof of Theorem 1.2 by showing that assumption (EXC) is verified
for the Poincaré map ® of (1.9), as was asserted in Lemma 4.6. To prove the existence of the
desired complete and bounded orbits we will employ the formalism of generating functions and |7,
Thm. 2.3].

Let us first recall the notion of a generating function for a C'-map

0, =F@0,r), rn=G0,r),

defined on a region {(6,r) € R? : r > r.}; see [1, 18]. It must be assumed that the map is
area-preserving and has twist, i.e., df; A dry = df A dr and

Ja
—% 0,7r) <0 for r>r,.
-
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The set
Q={(0,0)) € R? . F0,r,) >0, > F(0,+00)} (5.1)

is open and connected, and we can solve globally the implicit function problem
0, =F(0,r), (0,0,) €.

In other words, we can find a unique C'-function R : Q — R, r = R(6,6,), with the property that
6, = F(0,R(0,6,)) for all (0,0,) € Q. Differentiating this relation yields

OpF + (0,F)(9R) =0 and (3,F)(0p,R) = 1. (5.2)

Furthermore, we have r, < R(6,60;) < +oo by definition for (0,6,) € 2. The differential form
ridf; — rdf is closed, and so we can find a function S = 5(0, r) of class C! and defined in {r > r,}
such that dS = r1df; — rdf; here it is essential that we are working on a simply connected set.
Also notice that this differential form r,df; — rdf is only of class C° and the notion of closed form
has to be understood in a generalized sense. The generating function is defined as

S:Q—-R, S5(0,0,)=-5(0,R(0,6,)),
and a straightforward computation using (5.2) then shows that

oS oS
%(9,91) = R(@,Gl) and 8—91<0,91) = —G(e, R(Q,el))

Let us assume now that (6,),., C R is such that (6,,0,41) € Q and

0S oS

_(em 0n+1) + (9_91(

50 0p-1,0,) =0 for neZ.

Defining r,, = R(0,,0,.1), we have r, > r, as well as 0,,,1 = F(0,,, R(0,,0,41)) = F(0,,7,). In
addition,

oS oS
T'n+1 = R(Qn—i-la 0n+2) = %(en—i—la 9n+2) = _8_61(9117 en—i-l) = G(9n7 R(9n> 9n+l)) = G(9n7 rn)

for n € Z. Therefore (0,,7,),,c;, is a complete orbit of the original map lying in {r > r,}.

This method will be applied to the map ® from the previous section. We continue to use the
variables (¢q, Iy) and notice that ® : (¢g, ly) — (¢1,[1) defined on {Iy > I..} is area-preserving.
This is due to the Liouville’s Theorem for Hamiltonian flows. The next result ensures that ® has
a twist. We continue to apply the convention on constants as introduced in the previous section.

Lemma 5.1 There exists f** > I.. such that

0 1
a—Z(T; b0, ly) < ) a(l — a)onIg_2 (5.3)

for T €0,2n], o € R, and Iy > I.,.

14



Proof: Let us start by observing that

] .
lim (75 ¢0, 1o)
Ip—o0 IQ

=1 (5.4)

uniformly in 7 € [0,27] and ¢y € R. This is a direct consequence of the inequalities in (4.2).

Defining 5 o1
§i(T) = 3Z(T ¢, Iy) and 52(7):8—]0

we have & (0) =0, &(0) = 1, and the variational system

(T; QSO? -[0>7

g = (@BR)&+ ( —a(l = a)woI*? + a%,R) &)
fé = _(83@3) &1 — (a;IR) &2,

is satisfied. In the new variables z; = I2~%¢; and x5 = &, this reads as z,(0) = 0, 2»(0) = 1, and
= (@ R)w+ (—a(l - awy (11)2 + (G} R) 1) (5.5)
ahy = —(05,R)I§ %1 — (03 R) 2. O (5.6)

This means that the vector z = (x, z5) is the solution to the initial-value problem
' = A(7; ¢, In)z, x(0) = (0,1)", (5.7)

where A(T; ¢, Iy) € R**? is the coefficient matrix associated to (5.5), (5.6). To study the behavior
of A as Iy — oo, notice first that for this we may suppose that Iy > I,.. Then the bounds from
Lemma 4.1 apply, which in conjunction with (1.8) yield

105, R(A(7), 1(7); 7)| + 055 R(&(7), I(7); ) 5% + 07, R(S(7), I(7); 7) [ g ~°
< Col (7)) 4+ Col ()" I§ 2 + Col ()" 2 I~

<co(Rt+ 2+ 1) =0

as Iy — oo uniformly in 7 € [0,27] and ¢y € R. Hence (5.4) implies that

_— s 1 [0 —a(l — a)wy
Am AT 00, lo) = Ao(r) = | 0

uniformly in 7 € [0, 27] and ¢ € R. Thus the uniform limiting problem of (5.7) as Iy — oo is
' = Ao(r)x, z(0)=(0,1), (5.8)

whose solution z is given by s 1(7) = —a(l —a)wor and x4 2(7) = 1. To verify the convergence
of the solutions we use (5.7) and (5.8) to write

2(T) — Too(T /A s G0, Lo) (2(0) — 2o(0)) do
/0 (A(0: 60 Is) — Ass(0)) 20o(0) do
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for 7 € [0, 27]. Taking norms and applying Gronwall’s lemma, we get
|2(7) — 2o (T)] < 277 €T A5 b0, Lo) — Ascll g

for 7 € [0, 27], where v = ||z ]|, and C' > 0 is a bound on || A(-; ¢, Io)|| - Therefore the preceding
observation on the convergence of the matrices yields

lim sup sup |z(7) — z(7)| =0,
lo—00 r¢[0,27] po€R

which reads as

99
A1y

2 —=(7; ¢, Iy) + a(l — a)woT

lim sup sup ( 75 ¢o, Lo) — 1‘) =0

lo—o0 7¢(0,27] po€R

‘+)afo

when transformed back to the variables &;, &. Thus if I « = L is large enough, then the conclusion
of the lemma holds. O

Taking 7 = 27 in (5.3), we have shown that

) 99

ol 810(% o, Io) < —ma(l —a)welf 2 <0

=7 (0, lo) =

for oo € Rand I, > f**, so that Iy +— ¢1(¢o, Ip) is invertible on [f**, oo[ for every fixed ¢y € R. Since
a <1, (4.5) implies that limz, . ¢1(do, Io) = ¢o, and hence the inverse function ¢1 — Io(¢o, ¢1) is
defined on |y, ¢1 (o, Ls)]. As a consequence, the generating function S = S(¢g, ¢1) is defined on

Q= {(¢0. 1) ER: ¢1(¢o, L) > d1 > o}

see (5.1). To compute S, notice first that

$(60, 1) — / " Lir)dr

satisfies dS = I, dpy — Io dgy, where
L(r) = ¢'(")I(7) = H(¢(7), I(7); 7)

and (o(7), 1(1)) = (¢(7: do, Io), (7 o, Iy)). To establish this claim, observe that S is well-defined
and of class C!' on {Iy > I,.} C D; recall Lemma 4.1. Moreover, using (1.9),

a5 2 g oI ¢ oI
e I+ - H —H—|d
D60 /o 500 T T30~ 0 gy i ) 07
2 q 96,
- /0 d7<a¢0 [> dr="hzg -~
oS [T d 09 L 0
al, /0 dr(é)]ol)dT L5

which is precisely the meaning of dS = I, dp; — I dpy due to dp, = (a¢1)d¢0 + (a¢1)dlo. The
generating function

S(¢o, ¢1) = —S(¢o, Io(¢o, $1))
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belongs to C''(€). According to the discussion at the beginning of this section, we will produce
sequences (¢n),,c; C R such that (¢, ¢pny1) € Q and

oS 05
A \Wny@Pn . \Wn-1, n:O fi € 7. 5.9
8¢0(¢ ¢+1)+8¢1(¢ 1, On) or n (5.9)
This will be achieved by an application of [7, Thm. 2.3], or more precisely by a slight improvement
of the result, as contained in [8, Exercise 19]. For this, we need to check that € contains a strip

of the type {0 < ¢1 — ¢g < 0.}, and for each § €]0, d,[ sufficiently small the generating function
satisfies

a(0)(¢1 — ¢o) " < S(do, $1) < @(6)(p1 — o) " (5.10)
on {0 < ¢1 — ¢ < 0}, where kK = ;%= > 0 and @ > o > 0 are such that
. a(d)
Jim ) = !

Notice that if at this point we were to use [7, Thm. 2.3] rather than [8, Exercise 19], we would
have to include the further hypothesis that x > 1, which means that a > 1/2.
To begin with, we define 6, = 21y, 4%~ (I1,,)*!, where 4, > 0 is from (4.5). If 0 < ¢ — ¢y < 0,
are fixed, then ) )
$1(¢0, Luw) > o+ 2mm 477 (L) = Go + 0. > ¢1 > o

by (4.5), and therefore {0 < ¢1 — @9 < 0.} C Q. To verify (5.10) on {0 < ¢1 — ¢y < 0}, we first
rewrite the Lagrange function L, using (1.9) and (1.7), as

L=¢'I—H=(a—1)wel*+I(0/R) — R.

Then |I(0;R) — R| < CI° < CI} by (1.8) and Lemma 4.1, and furthermore
I =15+ a/ I1°7Y(s)I'(s) ds
0

leads to ¢ = I¢ + O(1§"*7!) in a similar fashion. Therefore we get
L= (a— Dwol§ + O(1})
for 7 € [0,27], ¢p € R, and Iy > I,.. From (5.4) and b < a we thus deduce that

lim L(7)

I()—>OO [g

=(a— 1wy
uniformly in 7 € [0, 27] and ¢y € R, from where it follows that also

lim S(¢o, Io)

Ip—o0 ]8 B 27T(a B 1)w0

uniformly in 7 € [0, 27] and ¢o € R. On the other hand, if Iy = I(¢g, ¢1), then due to (1.9), (5.4),
and (1.8),

. 1 27 1 21
(bl a—fbo = Ta—1 / (bl dr = a—1 / (awOIail + aIR) dr — 27TGWO
]0 Io 0 Io 0
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as ¢ — ¢o — 0; notice that ¢; — ¢pg — 0 enforces [y — oo, for instance by (4.5). Therefore

¢l_¢0

a—1
[0

(61 — ¢0)"S(do, 1) = —< )Klo_ag(gbo, Iy) — —(2mawy)" 2m(a — 1)wy

as ¢1 — ¢o — 0. Then the estimate (5.10) is a direct consequence, for suitable functions @(J) >
a(d) > 0 of § €]0,0.[ sufficiently small. Now let us fix .. €]0,6,] such that (5.10) holds for
d €]0, d..], and furthermore

a(d) < 2% a(9)
is verified for ¢ €]0, d,.]. Then, according to [8, Exercise 19], there is a constant o,, > 1 such that
(5.9) has a solution (¢9), ., C R such that

o 20< ¢~ <S5 for neZ, (5.11)

provided that § €]0, d,.). Defining IS = Io(¢%, ¢2.,), this generates a family (¢?, [g)nEZ of complete
orbits of @ for 0 €]0, d..]. Here (4.5) reads as

2my 4T (1) < gy = < 2 4 (1)

so that u < I8 < Ty for n € Z and § €0, 6,.] by (5.11), where

a—1, -1 1
1= (M) T—a and T = (% 42(17a) 0_3*) l—a;
0 71

notice that I' is independent of ¢, whereas . = p(d) — oo for 6 — 0, as it is needed. This completes
the verification of assumption (EXC) for . Now that we have checked that the condition (EXC)
holds, it is important to notice that r* does only depend upon wy, a, b, Cy, and I,; actually we

can take
B 24971

5**

Going back to the proof of convergence of (¢1 — ¢0)"S(¢o, ¢1), one observes that also d,. can be
obtained in terms of the admissible parameters.

*

6 Transformation of the Hamiltonian

After introducing suitable action-angle variables and thereafter exchanging angle and time, the
Hamiltonian associated to the Littlewood boundedness problem has not only the form H = wyl*+
R, but a special structure that can be exploited further: here

H(¢,1;7) = wol” + f(#)g(T)I" + R(¢, I;7)

where wg >0,a < 1,b< 1, Hch;}(R) < 00, and g : R — R is 27-periodic, continuous, even or odd,
and has zero mean-value.

We shall prove the transformation theorem in Section 6.2, whereas Section 6.1 introduces a
convenient function class framework (inspired by [3]) and some auxiliary results needed for its
proof.
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6.1 The function classes F, ,

Fix g > 0 and consider functions in C?%(R x [u, 0o[xT), denoted by F, Fy, Fs, etc.; here we write
T = R/27Z. For p € R define

1l = sup IP\|F(¢, I;7)| + [0 F (¢, I; 7)| + 1101 F (¢, I; 7))
(6,1;7) ERX [p,00[x T

+ |83>¢F(¢7 I;7)| + I’ailF(Qba Lr)| + IP|07,F (6, 1;7)||,
which will become a norm on the vector space

Fpu=AF:|F|, , < oo}

p7ll/

Then

|F1 F| < 30|F1\p’#|F2\q’H (6.1)

p+q; p
is a straightforward consequence of the definitions and the product rule, which yields 15 terms,
among them two with a factor of 2. Applying (6.1) to F» = 19, we deduce that the map F, , >
F— I'F € F,4 , is a bounded linear isomorphism.

Next we are going to discuss some properties of F, , related to the composition of maps.

Lemma 6.1 Assume that g € CZ(R) and F € F,,, for some p < 0. Define

Ni(@, I;7) = g(o+ F(d, ;7)) and  No(o,I;7) = g(F(9, [;7)).

Then N; € Fo,, and
2
INilop < Cona lgll ey (1 + 1FI2,)

fori=1,2 and constants C,, , > 0 independent of g and F'.
Proof: Since |F|, , < p?|F|, , for p <0, it suffices to verify the result for p = 0 only. In this

case, however, it is a direct consequence of the chain rule. O

Remark 6.2 To deal with /N5 it is not necessary that g is defined on the whole real line. Instead
it suffices to assume that g € CZ(I), where I C R is an interval such that F(R X [y, 0o[xT) C I.

For the next result notice first that in general A — |N|, , is decreasing. Hence if b < 1 and p
are given, then A > p + AY|N |, o Will be satisfied for A large enough.

Lemma 6.3 Assume that R € F, ,, M € Fo,,, and N € Fp,,, for somep € R and b < 1. Select
A so large that A > p+ Ab|]\7|b,A and define

Rl(evA;T):R(¢7];T)7 /\ZAa

where

Gp=0+M@O,\;7) and [ =X+ N(O,\71).
Then Ry € Fp a and |Ry|, x < C|R|, ,, where C' only depends upon |M|, x, |N|, 5, and A.
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Proof: Since [N (6, \;7)| < |N|, JA° for A > A, it follows that

MSCIASISCQ)H /\ZAa

(6.2)

for ¢y = 1= A"0DIN], \ > 0and ¢; = 1+ A~U7D|N], , > ¢;. To establish the actual claim, let

us for instance consider 93, By for A > A. Here pointwise

Bk = (03,R)(ONM)? + (95 R) (O3 M) + 2(95,R) (1 + Oy N)(O\M)

+ (07 R)(1 + 0xN)* + (01 R)(G3\N),

so that by (6.2),

NIRR| < Mgy 03B+ [ Ml 5 105R] +2¢1 Mgy T105,R| (1 + [10zN ] o)
+c7 |07 Rl (14 03N [[o0)” + ¢ T|OrR] MO | oo

Then [|0sN||oo + A3 N)[leo < A*7HN], \ due to X > A in conjunction with I > p yields

sup AP0\ Ry| < C|R|

p7 )
(0,2\;7)ERX[A,00[XT a

where C' depends upon [M|, 4, |N], 4, and A. Since the other terms can be handled similarly, it

follows that |Ri[, , < C|R], .

b,
Lemma 6.4 Assume that N € F, 5 for some p <1 and

IN(O, A7) < =X A>A

N | —

Define I = A+ N. If 0 <1, then
I7 =X + o)X PN, 1) + PO, )\ 7)

Jor P € Fyp—1)+0,a sSuch that
4
1Plagy1y1o.a < C(L+ [N, 2)-

Proof: We start with the general Taylor expansion
(14+e) =1+0e+o(oc—1)e*Z(e)
for € € R, where
Z(e) = /01(1 —8)(1 +es)7 %ds.

Taking € = A™' N, we obtain

2

I7 = X7(1+ A"IN)” = )\ [1 +o—¥ to(o—1) £Z<E>].

A2 A

Thus we need to verify (6.4) for

PO, \;7)=0(c—1)

N2E\927i; T) Z(N(@,)\)\; T))
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First we consider M (0, \;7) = Z (N(e/’\’\;T)) and apply the case i = 2 from Lemma 6.1 in conjunction

with Remark 6.2 for g = Z and F = I Then F(R x [A,00[xT) C [—1,4] C] — 1,1[ by (6.3) and
Z € C%(] — 1,1]). Therefore Lemma 6.1 for p — 1 < 0 yields

) SCO+INE L),

N 2
Mlon € C W2z (1451,

where (6.1) was used for the last estimate. Furthermore,

(90 2
’)\ @ )N2|2(p71) < C‘N2’2p,A < C‘Nlp,A’

+o, A

and hence

|Ply <C ’)\—(2—0)]\72‘2( [M]y 5 < C\N\;A(l + ]N];A),

p—1)4o0, A p—1)4o, A

all by (6.1). O
In the previous lemmas we examined the properties of the classes F, » under composition of

functions. To introduce suitable coordinate transforms we shall also need a result on solving an
implicit equation in F, 4.

Lemma 6.5 Assume that f € CZ(R), G € C(T), and b < 1. Consider the implicit function
problem

0=¢— b\ f($)G(r), (6.6)
to be solved for ¢ = ¢(0, ;7). If A > 0 is such that
B g Il < 5
then ¢ is well-defined for A > A and can be expressed as
o=0+M(@O,\T1),
where M € Fy_1, satisfies
(M|, .y 0 <C (6.7)

for a constant C' > 0 depending upon b and A.

Proof: For fixed A > A and 7 € R the function u(¢) = ¢ — bA*~Lf(4)G(7) is such that u/(¢) > 2.

Thus v : R — R is one-to-one and onto, i.e., given § € R, A > A, and 7 € R there is a uniqée
solution ¢ = @(6, \; 7) of class C*° to the equation (6.6). In addition,
0 < Opp < 2.
To establish (6.7), we notice that
MO, A7) = A F(p(0, X 7)) G(T).
First differentiate (6.6) twice w.r. to 6 to obtain

DAL (9)G(T)
L= bA=1f(¢)G(7)

8go¢ = <89¢)2-
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Therefore if A > A, then
105901 < 8bI|f" [l Gl A",

and similarly
o =002, Go=0N72), 90=0N"7).
Since

[Mlyy, 2 < ClGNIf 0 8lo,a < Clfloam Gl + 19l )

by (6.1) and the case i = 2 from Lemma 6.1, we get (6.7), as ¢ = O(A*"!) is a consequence of
¢ = O(/\biz). a

6.2 The transformation theorem

Given p > 0 we define
ZH = (]R X [,u,oo[) x R.

Definition 6.6 An admissible change of variables is a map
T :3, — (Rx]0,00[) xR, (¢, I;7) = (0, A7),

such that

(a) T is a C'-diffeomorphism from ¥, onto T(X,),

(b) T(-,+;7) is symplectic for all T € R, i.e., df Nd\ = dop Ndl,

(c) T(¢,I;7+2m) =T (¢, I;7) + (0,0; 2),

(d) there are p1o > p13 > 0 so that ¥, C T(X,) C ¥,,, and

(e) 1/2 < X, I;7) <21 for all (¢,I;7).

Let us emphasize that the independent variable 7 is preserved by the transformation 7.

We are now in a position to state the main result of this section.
Theorem 6.7 Consider a Hamiltonian of the form
H(p, I;7) = wol® + f(6)g(r)I" + R(¢, I;7), (6.8)
where wy > 0, a < 1, b < 1, f € C}(R), and g € C(T) satisfies fo%g(T) dr = 0. Furthermore
assume that R € F. 1, for some c € R and Iy > 0. Then there exist I, > Iy, A > 0, and an

admissible change of variables T defined on 3y, such that T (X)) C Xp and the system ¢’ = OrH,
I' = —04H is transformed into ' = OyHy, N = —0pHy, where

Hi(0,\7) = wo\* + fi (9)91(7))\b_(1_a) + R1(0, N, 7). (6.9)

The new functions appearing in Hy satisfy

(a) fi1(0) = —awof'(0),
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(b) g1 € CNT), g\(7) = g(7), J" gi(r)dr =0, and
(¢c) Ry € Fey a for cg = max{2b—1,c}.

The quantities I, A, and |Ry|, , can be estimated in terms of wy, a, b, ||f||C§(R), 91l e,y and

|R| Furthermore, the following holds.

67[0‘

(i) If b <0, then the transformation T is bi-Lipschitzian, i.e., there is L > 0 such that
L (16—l + 11— 11) |76, I;7) = T(o. ;)| < L1 — ol + 1 - 11)

for (6, 1;7), (¢, I;7) € By, ; here || - || denotes any norm on R?.
(i) If g is even, then the map T (-, -;2m) is the identity.

Proof: The notation Cy,Cy, ..., I, I5,..., A1, Ay, ... will indicate quantities depending only upon
wo, @, b, Hf”cg(R)a 19]lc, r): and [R], 7, The change of variables 7 is introduced by means of a
generating function ¥ given by

(o, A7) = =Af(¢) 91(7), (6.10)

where ¢ is uniquely defined by the conditions in (b). Explicitly,

1 2 T
g1(1) = 2—/ sg(s)ds +/ g(s)ds,
T Jo 0
so that in particular |1l < (7/2)||g|l- Then
[=A+,0, 6=¢+0d0U, (6.11)

is the implicit definition of 7 : (¢, I;7) +— (0, X\; 7). The rest of the proof is divided up into several
steps. Step 1: 7 is well-defined. The first equation in (6.11) is

I=X=Xf(¢)q(r).

The ideas from the proof of Lemma 6.5 then allow us to find a constant [y > I; such that the
solution A = \(¢, I;7) is uniquely defined on X;,. In addition, X is of class C' and 27-periodic in
7. After increasing the size of I, we can also assume that

1
5[ < XNeo,I;7) <2l for I>Is. (6.12)

The second equation in (6.11) then says how to define the first coordinate of 7

0(6,1;7) = ¢ — bA(¢, I;7)" " f(9) g1 (7).

Summing up, we obtain a well-defined transformation 7" on X7, which is of class C* and 27-periodic
in 7. Step 2: 7 is admissible. The definition of 7 via a generating function implies that 7 (-,+; 7)
is symplectic for all 7 € R; this is a standard fact in Hamiltonian mechanics. In particular,
dd N dX\ = do N dI yields that 7 is a local diffeomorphism. We shall prove that 7 is one-to-one by
constructing the inverse S = 7!, By Lemma 6.5 we can find a constant A; > 0 and a solution
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map ¢ = (0, \;7) of (6.6) with G = gy, i.e., the equation § = ¢ — bA* "1 f(¢)gi(7), on Tp,. This
function ¢ is the first coordinate of S on X,,, the second being

10, X7) = X=X f'(¢(0, A7) g1 (7). (6.13)

From the existence of S on ¥, and (6.12) we deduce that 7 is one-to-one on some region ¥y,, where
I3 > I, is chosen appropriately. To establish this claim, notice that if we take I3 > max{2A, I},
then 7 (X7,) C ¥, and So7 =1id on Xr,. This completes the proof that 7 is admissible. Finally
observe that 7 is admissible also in any region ¥;, for I; > I3. For this, the only part that remains

to be checked is (d). We already know that 7(3,) C X4,. In view of (6.12) we can find Ay > Ay
such that I > I, if A > Ay; notice that Ay depends on ;. As a consequence, S(X,,) C X, and

7T oS =1id on X,,. Therefore ¥, = (7 0 S)(Xr,) C T(Xy,), and thus (d) holds. Henceforth
we will keep I; as a free parameter that will be fixed only at the end of the proof. Step 3: An
expansion for §. We assert that we can write

s ¢ =0+ MGO,\T)
' I =X+N@,\T)

with |M‘b71,A3 + ]N|b7A3 < C for A3 > A; so large that

1

bAS I fllog l91le < 745 fllczmll9llee < 5

For this, the estimate on M is a consequence of (6.7) in Lemma 6.5. The function N can be
expressed as

N(O, N 7)) = =Nf(0+ M(O,\;7)) g1 (7) (6.14)

by (6.13). Then we may apply Lemma 6.1 for g = f', F' = M € Fy_1 4, and ¢ = 1 to deduce
that Ny(6,\;7) = f/(0 + M(0,\; 7)) satisfies [Ny, 5, < Co. Thus [A’Nyf, o, < C5 due to the
multiplicative property (6.1), and hence the boundedness of g; yields |V |b7 A, < Cy Step 4: We
have

f(9) = f1(0) + Q0 \;7)
with ]Q\bfl’ A, < Cs; in this relation the independent variables are (6, ;7), and thus ¢ = 6 +
M (0, \; 7) by the previous step. To establish the claim write

FO) = 70) = [ 10+ (1= 98)ds = DOXT)ME.%7)
for )
DO, 7T) = / 170+ sM(0, ;7)) ds.

Since f” € CF(R) we can proceed as in the proof of Lemma 6.1 to deduce that [ D[, ,, < Cs. Thus
the bound on @ is a consequence of the multiplicative property (6.1) and the bound on M from
the previous step. Step 5: We have

I" = X" — a X7 1(0) gi (1) + PO, )\ 7), (6.15)

where [Pi|y;, 1)1, 2, < C7. To show this we are going to apply Lemma 6.4 for o = a. The definition
of A3 and (6.14) imply that (6.3) holds. Therefore

I = X'+ a) "N (0, \;7) 4 Py(0, X; 7),
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where [Py 1)44 2, < Cs. Combining (6.14) with Step 4, we obtain the relation
P =—a\"P Qg (1) + Ps.
Thus using the multiplicative property (6.1) we arrive at (6.15). Step 6: We have
1" = X"+ Py(0, ) 7),
where |P3|2b71’ A; < Co. To establish this claim, we apply Lemma 6.4 for o = b and obtain
IP = X - DAPEN (0, X 7) + Py(0, X 7),

where |P4|2(b_1)+b7A3 < Chp. Since 2(b—1) +b < 2b — 1, we see that |P4|2b_17A3 < (1. The bound
on bA*"IN follows from Step 3. Step 7: Proof of (a)—(c). In view of the definition of g, it follows
that (b) is satisfied. From the general theory of Hamiltonian systems we know that

Hi(0,\;7) = H(p, I;7) + 0-V (o, A\; 7);

the presence of the term 0,V is due to the fact that the change of variables is time-dependent.
Since

O,V (g, A7) = =N f()g(7),

the previous steps allow us to write
Hy = woA® — awoX™™* 7 f(0) g1(7) + woP1 + f(9)g(T) Py + Ro S,
which has the asserted form (6.9) for fi as in (a) and
Ry = woP + f(¢)g(T) Ps+ Ro S.

Observing that 2(b — 1) + a < 2b — 1 < ¢y, we can derive a bound on [P], ,. from Step 5. From
Lemma 6.1 it follows that [f o ¢, ,. is bounded, and using Step 6 we see that | f(¢)g(r T)Ps o a,
is bounded as well. It remains to obtain an estimate for R o S, and this will be a consequence of
Lemma 6.3. To use it we must decrease the size of the domain again. Let A4 > A3 be such that

A > p+ AL IN|, o,

for p = max{Ily, As}; here we are taking into account the remark prior to Lemma 6.3. Then Lemma
6.3 applies to yield [Ro S|, ,, < Cio|R|,, , < Ci3|R|, ;- To complete the argument it is therefore
sufficient to adjust A and I;; for this we can take A = A4 and I; large enough so that 7 (3,) C X,.
Step 8: Proof of (i)—(ii). First suppose that in addition b < 0. Then the functions M and N from
Step 3 have bounded first order derivatives. This is due to the fact that

\(%M! + ’80]\” < ‘M’bfl,/\)‘bil + ’N’b,A)‘b < Cu

and
|6,\M| + |8,\N| < |M|b—1,A)‘b_2 + |N|1),A)‘b_1 <Cis

pointwise. This implies that || DS|| Leo(ssy) 18 finite, where DS denotes the Jacobian matrix of S.

Since S is symplectic, det DS = 1 everywhere, so that D7 = (DS)™! o T is also bounded; notice
d —b

that the inverse of the unity determinant matrix ( ¢ Z ) is just ( R, > Concerning (ii), if

g is even, then ¢; is odd and hence g;(27) = ¢;(0) = 0. From the definition of 7 it follows that
7 (-,-;2m) is the identity. This completes the proof of the theorem. O

25



7 'Transformation of the Littlewood boundedness problem

In this section we consider the superlinear oscillator
i+ |z|* e = p(t) (7.1)

where @ > 1 and in general p will not be periodic. We are going to transform the equation by two
changes of variables in order to rewrite it in a form which is appropriate for the application of the
results derived previously. Each change of variables will be introduced in a separate subsection.

7.1 Action-angle variables

This is well-known and repeated for completeness only and to fix the notation. For every A > 0
denote by z, the solution to # + |z|* "'z = 0 such that x,(0) = A and #,(0) = 0. Notice that the

orbits of Z + [z|* 'z = 0 are the closed curves §y* + —5 |2|*™" = const. By the homogeneity of

the nonlinearity, z(t) = Az1(A\*z t). Each z, is periodic with minimal period T(\) = A" 2" T'(1).
Let A > 0 be the unique A such that T'(A) = 27 and write

c(t) = za(t), s(t) = &(b).

These functions have many similarities with the trigonometric functions. For instance, ¢ is even,
s is odd, and both are 27-periodic. Also they are anti-periodic:

ct+m)=—c(t), st+m)=—st),

as follows from the uniqueness for the initial value problem. From this anti-periodicity furthermore

" c(t)dt = " s(t)dt =0 (7.2)
Ji =]

is obtained. Finally, by the conservation of energy,

1 1

Zs(H)2 4+ ——
550"+ o

1
— ATl teR (7.3)

t Oé+1:
) = —

Using the functions ¢ and s, we change variables (z, ) — (6, ) in (7.1) by
2 atl  a+l

r=rpo3c(f), T=r 2 pot3s(f), (7.4)

where v > 0 satisfies

a+3 2
2 —— AT =1,
" (a + 3)
It is straightforward to check that this transformation is a symplectic diffeomorphism from R?\ {0}
onto Tx]0, co[. Furthermore, for every (z,) € R?\ {0},
1 1

_‘2 [ —
SRS

(at1) 1
2|t = wio a1, where w; = ) (yA)**, (7.5)

This is a consequence of (7.3). The Hamiltonian

1 1
Mz, @t) = = &% + ——

S+ — [al™ = p(0)a
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is transformed into
2(a+1) 2

H(0, 0;1) = wio =8 — v 043 p(t) c(0), (7.6)

and the corresponding equations of motion are

2(a+1 a1 2 _a+l
At it = 2 ) (o), (7.7

o = —OyH =05 p(t) s(6). (7.8)

0 = O,H=

The solutions to (7.1) are unique and do exist globally, the latter since

1
a+1

2(a+1)

|2 (t) | = wio(t) = (7.9)

E(t;z) = %:’c(t)Q +

from (1.3) satisfies |E| = |p(t)2| < |p(t)|v/2E. However, the change to action-angle variables has
introduced a singularity at the origin x = & = 0 corresponding to ¢ = 0. Therefore we have to
make sure that in the proofs below we do only consider solutions of (7.7) and (7.8) being defined
on intervals J C R such that o(t) > 0 for ¢ € J. In this case we can undo the change of variables
and obtain a solution of the original problem (7.1) defined on J.

7.2 Changing time and angle

The results from the previous sections concern systems that are periodic in the independent vari-
able. Since we do not assume p to be periodic, the Hamiltonian H from (7.6) does not fit into this
framework. To remedy this defect, we change the roles of time and angle. We first describe the
method in a general context. Consider a Hamiltonian system

0=0,H, o=—0H, (7.10)

where H = H (0, p; t) is a function of class C* for some k > 2 which is defined on Tx]0, co[xR. In
addition, we assume that for some gy > 0 and p > 0,

O, H(0, 0;t) > - for 0> go. (7.11)

Let (6(t), o(t)) be a solution to (7.10) defined for ¢t € J and such that o(t) > gy for all ¢ € J. Then
the first equation in (7.10) implies that

O(t) = ,H(0(t), o(t);t) > pu for teJ,

and hence the inverse of ¢ — 6(t) is well-defined. Traditionally, this inverse function would be
written as 6 +— (), but we will introduce new variables ¢ and 7 to denote it by ¢ = ¢(7); so
7 = 6(t) and t = ¢(7). This function ¢ is a C*-diffeomorphism from .J = 6(.J) onto J. Next we
consider the C*-function

I(t) = H(r,0(¢(7)); ¢(7)) for 7€ J.

We intend to construct a Hamiltonian function H = H(¢, I;7) so that (¢(7),I(7)) becomes a
solution of

¢, = alHa [/ = _8¢Ha (712)
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where the prime ’ indicates differentiation w.r. to 7. Less formally, the angle 6, now denoted by
7, has become the new independent variable, whereas the old time variable ¢ = ¢ plays the role of
the new angle.

In order to determine H we differentiate w.r. to 7 and obtain

¢ = 671 =(9,H)7, (7.13)
I' = yH+(0,H)o¢ + (OH) ¢,

where all partial derivatives are to be evaluated at (7, 0(¢(7)); #(7)). From (7.13) and the second
relation in (7.10) it follows that ¢ = ¢(7) and I = I(7) satisfy

¢ = (0,H)"", I'=(0,H) " (O/H). (7.14)

Now notice that the equation

H(,0:t) =1

defines implicitly a solution function ¢ = H(t,I;0) of class C*. This function is well-defined on
the open set

G={t1;0) cR*xT:I>H®, o0t}

with g from (7.11). Then differentiating the relation H(0, H(t,I;60);t) = I we see that indeed
(7.12) is verified for this Hamiltonian H.

To discuss more quantitative aspects we return to the particular Hamiltonian defined by (7.6).
2(a+1) 3 .
For o — oo the first term p =+ is dominant, and hence:

(7.11) holds for appropriate go > 0 and p > 0, (7.15)

depending only upon wy, a, 7, ||p||Loo(R), and ||c||Loo(R). Thus following the general recipe outline
above to change time and angle variables we can define a new Hamiltonian H = H (¢, I; 7) implicitly
by solving

2(a+1)

[ =wH a5 —~Has p(¢) clb). (7.16)

We will be assuming that p is of class C% and since c is of class C® at least, it follows that H is
of class C? at least on G. For H from (7.6) the set G contains the region

{($, ;0) cR*x T : I >1},

provided that I, is fixed sufficiently large (depending upon the same parameters as gg, ). At the
same time (and with the same dependencies) we can suppose that I, is so large that the solution
0= H to (7.16) satisfies

a+3 a+3
(67} [2G+D S Y S ﬁo [2("‘+1), I 2 [*, (717)
for suitable constants «q, 3y > 0. Let
e 20t 1) ey s
— . HoFD _ (AT )5 7.18
wo =@ ( a+3 7 ) ( )
and introduce R through the relation
(2] 3 atb _o—a
H(o,I;T) = wo 3t + 2((06——:_1)) ywgt? 24D p(o)e(T) + R(¢, I; 7). (7.19)
o
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The associated equations of motion are

+3 a 9 — o2 ats g4
O = Ol = gy I s PO p0)elr) + R, (1.20)
(v +3) ot 3 o

I' = —0,H=— ywg T 12D p(@)e(T) — OpR. (7.21)

2(a+1)

The following lemma contains bounds on the remainder term R and on 9, H; its proof is deferred
to an appendix, see Section 9.

Lemma 7.1 There are constants Cy > 0 and Iy > I, > 0 (depending upon ||p||cg(R)) such that

3(1-a)

R+ [05R] + |0, R| + |02, R| + I|0%,R| + I*|0%, R| < Col et (7.22)

and .
|0-H| < CyI*e+D (7.23)

1s verified for I > I.

Our strategy will be to obtain results for the system (7.20), (7.21) and then pass back the
conclusions to the original system. Next we shall present two auxiliary results needed for this.
The first one says, roughly, that bounded solutions to (7.20), (7.21) produce bounded solutions to

(7.10) or (7.1). The second result tells us that if two solutions to (7.20), (7.21) are close and have
large action, then they remain close when transported back to (7.10).

Lemma 7.2 There exists I.. > I, (depending upon the same parameters) such that if (¢(7), 1(7))
is a solution of (7.20), (7.21) defined on R so that if

I, <I<I2mn)<I for nelZ, (7.24)
then 7+ ¢(7) has a global inverse ¢~ : R — R and
0(t) =97 (1), ot) = H(t,I(¢7'(t)); 67 (1)), (7.25)

is a solution of (7.10) defined on R satisfying

a —_af3
ay [0 < o(t) < B 12+ for tER, (7.26)
where ay, B > 0 depend upon the usual parameters.

Remark 7.3 Since g is positive everywhere by (7.26), the relation z(t) = yg(t)a%i% c((t)) from
(7.4) will define a global solution to (7.1) of bounded energy; recall (7.9) and (7.5). In the ap-
plication of Lemma 7.2 below we will have additional information on the solution (¢(7),I(7)),
namely

0<0<o¢2r(n+1))—o¢(2mn) <A for neZ,

for certain A > § > 0. This translates into information concerning the oscillatory behavior of x.
If we define T,, = ¢(27n), then 6 < T,,.1 — T,, < A for n € Z, and the T,, are exactly the instants
(in increasing order) where

z(T,) >0 and (7T,)=0.
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To justify the last assertion, notice that s(f) vanishes if and only if § = nr for some n € Z.
Moreover, ¢(nm) = (—1)™. Then the relations

a+1 a+1

z(t) = vo(t)™ c(0(t)), @(t) =~"F o(t)= s(4(t)),

establish the claim. Later we will be interested in the zeros of x(t). It is not hard to prove that
the function ¢(f) vanishes if and only if # = 7/2 + nz for some n € Z. Hence the zeros of z(t) can
be labelled in an increasing order as t, = ¢(7/2 + nm), n € Z. They satisfy

[L’(tn) =0, (—1)n$(tn) < 0, and T, < ty, < tont1 < Tn+1.

Proof of Lemma 7.2: If we rewrite H from (7.19) as H(¢,[;7) = wol® + Ry(p, I;7) for a =
2(6:;31 €]3,1[, then, due to Lemma 7.1, H satisfies (1.8) for b = % We notice that a > b > a—1,
and hence Theorem 1.2 cannot be applied directly. However, we may invoke Lemma 4.1 to find

I.. > 41, such that (7.24) implies that

1 —
Zl <I(r) <41, 7e€2mn,2r(n+1). (7.27)
Once we know that I(7) lies between 1 I and 41, it follows that I(7) > I.. Thus in view of the
discussion preceding the lemma we can globally undo the change of variables to obtain a solution
of (7.10) from (7.25). Finally by (7.17) and (7.27) we may take a; = 4~ %« and 3; = 4. O

Lemma 7.4 Suppose that o > 3. Then there exists I, > 1, (depending upon the same parameters)
such that if (¢i(7), 1;(1)) for i = 1,2 are solutions of (7.20), (7.21) defined on a common interval
J of length |J| > 27 which satisfy

L, < I, < Li(2mn) < Iy, (7.28)
|p1(2mn) — do(2mn)| + |I1(27n) — [2(27n)| < n < 1, (7.29)

for alln € JN 277, then the associated solutions of (7.10) are defined on a common interval J so
that

1—

|J| > e IV | J| = eom (7.30)

and

1—a 33—« a—1
l01(t) — 02(t)] < es(Im ™™ + L™V I ) (7.31)

fort € J, where ¢y, co,c3 > 0 depend upon the usual parameters.

Proof: If we take I,, > 2, then n < 1 < I,,,/2, so that (7.28), (7.29) leads to

3
I, < L(2mn) —n < LL(2mn) < L;(2mn) + 1 < §IM

N | —

for n € J N 27Z. Then the same argument as in the proof of the previous lemma yields

1
Ly < L(r) <4hy and o1, < I(r) < 61y (7.32)

A~ =
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for 7 € J, where it may be necessary to increase I,, further. If we take a = 2(0;131) E]%, 1] and

b= % as in the proof of Lemma 7.2, then b < 0 by assumption, and hence Lemma 4.3 applies.
Thus replacing I, by a larger quantity if needed, it follows from (4.4) and (7.29) that

|01(7) = @2(7)[ + [11(7) = La(7)] < Citann (7.33)
for 7 € J. From (7.20) and (7.32) we obtain for certain constants ¢4, cs > 0 the estimate
el < i) < eIt i=1,2, (7.34)

for 7 € j; recall that a < 1. .
To estimate the length of the transformed interval J we write J = [r,, 7%], assuming without
loss of generality that this interval is compact. The solutions (6;(t), ;(t)) of (7.10) are defined for

t € Ji = ¢i(J) = [6u(7), di(77)].
From (7.34) we deduce that
[Jil = 6i(7*) = ¢i(r) = (ming))(r* = 7.) > ealiy ], i=1,2.
J

Also, by (7.33), the symmetric difference of J; and J satisfies
[ S AS| < [d1(7) = G2(T)| + |01 (77) — da(77)] < 2Ctan 1.
As a consequence, the length of J = J; N J; can be bounded below by
[T = [y U Jo| — | JiAT| > ea§7 " [T| = 2050 1,

which completes the proof of (7.30). Concerning (7.31), fix t € J and 7,7 € J such that
t= ¢1<T1) = ¢2(T2). Then, by (733) and (734),

Cstab 1 > |91(11) — ¢2(11)] = |p2(72) — o(71)| > calif |72 — 7l

so that
’7—2 — 7'1‘ S C5I]1w_a77 (735)
for c5 = ¢; ' Cytap. From (7.19), (7.22), and (7.23),
0rH| < eI, |0pH| + |0-H| < c6I”. (7.36)

Therefore by (7.21), (7.32), due to b < 0, and (7.35),
\L(11) — L) < ed™PI0 |1 — | < e 1B 1% n
for c; = 47 c5 6. Hence (7.33) yields
[11(11) — La(7)| < |Li(m) — L(ma)| + [11(72) — La(72)| < (e I3, I + Caan) 0 < cs(I), L7 + 1) 1)
for cs = max{cy, Cstap }- Finally, using (7.25), (7.36), (7.32), and (7.35), this results in

|01(t) — 02(1)] [H(t, [1(11); 1) — H(t, I(72); 72)]
Cg 81_QI%_1|]1(71) — ]2(7’2)| + Cg 8_b],21|7'2 — 7'1|
ce 8 g (I I+ I+ e 8 e I 10 %

I I 4 184 8 1)
Since a +b — 1 < b, we obtain (7.31). O

IA N IA
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8 More transformations and proof of Theorem 1.1

Our starting point will be the Hamiltonian

H(p,I;7) = wol® + wyp(d)e(T)I + R(o, I;7) (8.1)
from (7.19), where
a+3 3—a (o +3) ots
_ _ _\ato) s 2
a ot 1) b ot 1) and  wo 2(044—1)7% (8.2)

According to (7.22) we have R € F,. j,, where its growth rate is determined by the exponent

31— a)
20a+1)

The function ¢(7) in (8.1) is 27-periodic and has zero average; recall (7.2). This implies that it
has a unique primitive ¢;(7) which is 2m-periodic and has zero average. More generally, let ¢, (7)
be the unique solution to

d"c,
drm

2m
(1) =¢(7), ¢y is 2w — periodic, / cn(T)dT = 0.
0

Now we apply Theorem 6.7 three times to obtain a chain of symplectic changes of variables
(o, I;7) = (0o, Ao; T) = (01, A1;7) = (02, A3 7) — (03, 35 7) (8.3)
such that at each stage and for large enough A\, the Hamiltonian can be expressed as
Hi (0, Mi; T) = WA + wi2 D5 (0)ex (7)Y + R (O, A 7)
for certain constants w2 and
bo=0b, bpy="br1—(1—a).

Furthermore,

R, € F

Chky Ak

(8.4)

for suitable (large enough) constants Cy, > 0, e > 0, and with ¢z = max{2by_1 — 1, ¢,_1}. Notice
that the successive applications of Theorem 6.7 are admissible, since p,p,p € C}(R) and the
functions ¢o(7) = ¢(7), ¢1(7), and ¢»(7) are 2w-periodic and have zero average. Moreover, b, < b <
1, with b < 1 being equivalent to o > 1. The changes of variables 7y : (g, A\g; 7) — (Opr1, Apy1; T)
for k =0, 1,2 are admissible. Hence we have for the individual stages

A A
S SI<2n, 72 < A < 2, 3‘”’ < Ay < 2)s, (8.5)

if A1 > A, A2 > Ao, A3 > A3, where A, Ao, A3 > 0 may have to be increased further, if necessary.
In particular,

I <X\s <8I for I>1or\;>As, (8.6)

32



provided that I >0 and )3 > 0 are fixed sufficiently large. From Theorem 6.7(i) we also deduce
that the 7 are bi-Lipschitzian, i.e., there are L, > 1 and A; > 0 large such that

(100 = 0l + A = Ml) < 1Tk A 7) = Tl M )< L (18— 0] + [N = M) (87)

for \g, \p, > A;; this is a consequence of by < 0, by < 0, and by < 0 (notice that by = 0 iff o = 3).
2(a+1)
If we continue to denote £ = wyp =3 | see (7.9), then also

wmE <I<BE for E>E (8.8)
_ 2(a41) _ 2(a+1) ~
and with ap = w; '8, “F and By = w;'a, ™ ,if F is sufficiently large; this is a consequence of

(7.17).

Let us now point out why we have imposed the condition p € C¢(R). Theorem 6.7 could be
applied for any b and c less than 1, but it is only of interest in the case where b > ¢, since otherwise
the remainder R will dominate f(¢)g(7)I® and an additional transformation step will yield no
improvement. Thus if we were to assume p € C{(R) for instance, then we can realize a further
change of variables

(05, X35 7) = (04, Aa; T),

but it would be of no use: we have

2—« 5 — 3a 3 — 2« 3(1—a)

a—Hu _my 3= — C1 = C=C3 =

by = - sU-a)
' 2 a+1’ 2a+1)

and consequently by > ¢; and by > co, whereas by < ¢z (and by = ¢3 iff o = 3).

Proof of Theorem 1.1: Due to b3 < ¢3 < a — 1 it is possible to apply Theorem 4.7 for the
system in the variables (63, A\3) and with the Hamiltonian Hs written as Hs = wo\§ + R3 defined
on G ={\3 > )\3} Notice that R3 satisfies the condition (1 8) with b = ¢3; this is a consequence
of (8.4) and b3 < ¢3 < a— 1. Let &, a1, Ay, As, A3, and I’ be the constants given by Theorem
4.7 for this Hamiltonian. The role of I,, in Theorem 4.7 is played by a constant obtained from the
application of Lemma 4.1 and denoted by As... Next we are going to define the function * = £*(p),
whose existence is asserted in Theorem 1.1. First let

2(a+1) _ . -
p = max {Qp, w1007, oy, B, 8ay !t max{Az.., Az, A5, 2y, 2)\3,4)\’{}}
with gy from (7.15), I from (8.6), as, B2, E from (8.8), A, A3 from (8.6), (8.5), and A%, A5, \j from

(8.7). Let €*(p) be a positive number satisfying

1 1

(p) <& 8Op < 7 E(p)7 T,

and furthermore

£*(p) < min {Xglal, ADMar, (202) Mar, (2A) tar, (4AD) ay, (81.) tar, (81.) tar v T
(8.10)
and
() < 7
BTN



with a; from Theorem 4.7, I,, from Lemma 7.2, I.. from Lemma 7.4, and Lo, Ly, Ly from (8.7).
Let x = z(t) be a solution of (1.2) such that

limsup E(t;z) =00 and inf E(t;x) < p
t—00 t>to
holds for some ¢, € R. Fix ¢ €]0,e*(p)]. Next select t; > ty such that E(t;;2) < p and take
r = r(e) satisfying

L > 4Pe T
40(27“ 3 .

Then, by assumption, we find ¢, > t; so that E(t.;x) > 2r. Since p < p < 2r there is t} € [t1,t,[
with the property that

E(t;x)=p and E(t;x) > p for t €t t,]. (8.11)

We start the transformations by changing to action-angle variables (x, &) +— (6, 0) as described in
Section 7.1, writing the Hamiltonian in the form H(#, o;t) given in (7.6). Since E(t;z) > p > 0 for

t e [tst,], (7 9) implies that g stays away from zero during this time interval, i.e., the change of
2(a+1)
variables does not introduce a singularity at the origin. Now notice that (8.11) and F = w;p =

yields o(t) > oo for t € [tF,t,]. Therefore (7.11) is verified along the solution and we can change
time and angle as described in Section 7.2. This leads to the Hamiltonian H(¢, [;7) from (7.19)
and a solution (¢(7),1(7)) of (7.20), (7.21) defined on the 7-interval J = ¢([t*,t,]) =: [7*,7].
Thereafter we introduce the three further changes of variables 7 from (8.3), as outlined above.

Then by (8.8),

(1) > aaB(¢7 (1);0) > agp > 1 for 1€ J, (8.12)
and hence ]
3 I(1) < X\g(7) <8I(1) for T7€J (8.13)

by (8.6). Similarly,
I(1) < GoE(th;x) = Bap and  I(7.) > aoE(t,;x) > 200,

which due to (8.13) yields

1
Agix < 11’lf~>\3( ) < )\3( ) <8Byp < — e~ =
TeJ 4

and 1

sup A3(7) > A3(7.) > = aor > Al e 7.

reJ 4
Hence it follows from Theorem 4.7 that there are a (globally in 7 defined) solution (65(7), A3(7))
of the system associated to Hs and a time 7. € J so that {0<7-1.<A363} C J

ay € == < A(1) < Algj(;jll) for T€R, (8.14)

and
105(7) — 03(7)| + |A5(7) — A3(7)| < Aye for 0<7—7.< Aj 673; (8.15)
notice that —— = 2(%;1), o =min{2 —a,—c3} = —c3 = ;’Ez:; and ——= = —3 by (8.2) and

(8.9). In order to transfer (8.14) and (8.15) back to obtain the desired solutlon 2° of (1.2), we first
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undo the three transformations involved in (8.3) to get a solution (¢°(7), (7)) of (7.20), (7.21)
which is defined for all 7 € R. Then (8.14) in conjunction with ¢ < ¢*(p) and (8.10) implies that
A5(7) > max{ s, A5, 20g, 205,401} > A5 for 7 € R. This together with (8.6) and (8.14) yields the
bound

a; _20@+y 2(at1)

<& <I°(1) <8Aje a1 for TER. (8.16)

As observed before, all three changes of variables 7 are bi-Lipschitzian; see (8.7). Then, since
A5(7) > A} for 7 € R and

As(T) > I(1)/8 > (2/8)p > max{ s, A5, 2Xa, 205, 4X1} > X

for 7 € J by (8.13) and (8.12), we see that (8.7) applies for k =2 and on {0 < 7 — 7. < Age3}.
Next, we already derived that \j(7) > As for 7 € R and A3(7) > A3 for 7 € .J. Thus (8.5) yields
X5(T) > M5(7)/2 > \; for 7 € R as well as A\yo(7) > A3(7)/2 > \; for 7 € J. Therefore (8.7) can
also be used for k =1 on {0 <7 — 7. < Age~?}. Last and final, )\5( ) > X5(7)/2 > max{ )y, 2\*}
for 7 € R and Ao(7) > A3(7)/2 > max{)\g,2/\*} for 7 € J implies that A\5(7) > A5(7)/2 > A! for
7€ Rand A\ (7) > Xo(7)/2 > A} for 7 € J, by (8.5). Hence (8.7) can be applied for k = 0 as well,
on {0 <7—7. < Aze?}. In summary, we obtain

|¢8(7—) - ¢(7)| + |I€(7') - ](7')| < LoL1LsAse for 0<7—7 <A g3

from (8.15) and (8.7). In particular, we arrive at

|¢°(2mn) — ¢(2mn)| + |I°(2mn) — 1(27n)| < Aje (8.17)
for those n € Z such that 0 < 27n — 7. < Ase~3, with the constant 1212 = LgL{Ls. Next
we are going to apply Lemmas 7.2 and 7.4 for (¢°(7),I°(7)), L = I,, = (a1/8)e~ = ), and

2(at1)

I =1y =8Ae" o1 . In view of (8.10) we have I > I,, and I, > f**, i.e., from (8.16) we see
that (7.24) and (7.28) are verified. Due to Lemma 7.2 we find a solution (6°(t), 0°(¢)) of (7.10)
defined on R and satisfying

a+3

&y ant <Q()<ﬂlga1 for teR, (8.18)
where @; = ay(a;/8 )2<a+1> and f; = ﬁ1(8A1)2(a+1> Since ¢°(t) stays away from zero, we can
now define z°(t) = ~o°(t )°+3 c(6%(t)) according to (7.4) to obtain a solution of (1.2). Recalling

2(a
E(t;z%) = wi0°(t) a3 , it follows from (8.18) that (1.4) holds. Concerning (1.5), we take n =

Age < 11n (7.29). Then, by (7.30) and (7.31), on a time interval J of length

2(a+1)

11—« _l—a ~
|J| > eI, - 243672 — ey = ¢1(8A1e ™ a1 ) MM 9 Ase™3 — ey Ape > a2

we get

11—«

|Q€(t> - Q(t)| S Cg(] 2(a+1) + I 2(a+1)] 2(c«+1))77

_2(at1) 2a1 _2(etD) | 3(a¥1 _2(et1) | 3(a¥1
— (a9 T ((ay e T (4,0 T 4

a—3

< 53(5—1—67;)6 < ¢3 ga-1
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for t € J. Thus if we let t. denote the midpoint of J, then we obtain (1.5). Concerning the
last assertion, we notice that the sequence of increasing zeros of z(t) and 2°(¢) lying in J are the
tn = ¢(m/2 + nm) and ¢, = ¢°(7/2 + nr) such that 7/2 + nw € J; see Remark 7.3. Then write

to—t, = ¢°(7/24nmw) — ¢(m/2+ nm)
= ¢°(r/2+nmw) — ¢°(2N7) + ¢°(2N7) — ¢(2N7) + ¢(2N7) — (/2 + nm)
for N chosen such that Ty is closest. Using (8.17), ¢°(7/2 + nmw) — ¢°(2N7) ~ (¢°) ~ ¢, and

O(2N7) — ¢(m/2 4+ nm) ~ ¢ ~ g, we finally arrive at [t5 —t,| < Aye for /2 + nw € J, provided
that A4 > 0 is fixed large enough. O

9 Appendix I: Proof of Lemma 7.1

To verify (7.22) it will be understood that henceforth all assertions and constants C' = C'(K) are
uniform in p such that ||p|| c2r) < I8 First the defining relation (7.16) is rewritten as

(9.1)

_2etl)  9(qy1) 2(at1) 20
[=w, % oo (1 0" v o=+ p() C(T))

for o = o(¢,I;7) = H. Our first task will be to prove that the function ¢ belongs to F, , for

p = 5557 and Iy large enough. From (7.17) we deduce that, for large 1,

Oéo]p S Y S ﬁo[p, (92)

and so I P|o(¢, I; T)| is bounded by (5. Concerning the bound on 0;p, note first that differentiation
of (9.1) w.r. to [ yields

Aa+1) ety 9
a+3 a+3

1—«a

o Hp0)e(r)) o, (93

8192( Wo -7

so that I|0;0| < CIP. Here we are using (9.2), and also that I, and hence p, is very large. For the

bound on Jsp the argument is similar. Taking the derivative of (9.1) w.r. to ¢ leads to

2 1) 24D 2 -1 e
Aot D) 55y 2 (o)) ) elr) o

8‘1’927[ a+3

and hence |0y0| < O 7 < CIP. Next we turn to the second derivatives of p. By (9.3),

11—« 200+ 1 —% 2 20 =1 oga+1)
oo = (A2 (Bt 2 B o 0n)

a+3 a+3 a+3
4oy 2(a+1) _ 2fetn) 92 e >2  2(1420)
- = at+3 o+3 (010).
v (a+3)2< a+3 “o 7a+39 wp(@)c(r)) p(@)c(r) o™ =+ (r0)

Therefore o = (’)(IQ&fU) and |0ro| < CI71 leads to

+2a) _ (143a)
|8H£7’ <Co” K= 1010 +CQ at3 |Oro| < CI™ 2@+

so that ?|07,0] < CIP. The bounds on 97,0 and 93,0 can be derived in a similar manner. This
establishes the claim that o € F, j, for I, sufficiently large.
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Next, using (7.19), (9.1), and the general Taylor expansion (6.5) for

oa+3 3— 2otl) 20

Tl T iarn S @ e Ep@)dn),

1= 20+ 1)

it follows that

at3 (Oa + 3) ath
I: — _ Jaety — "/ +3 ]2(a+1)
R(¢, aT) 0 Wo 2((Jé+ 1) p(gb) (T)

2(a+1) 2

a+3
::@—@@—ww”vavﬁmwdﬂ)“”

2(a+1) 20

— 750 (1= ™ 5 0T p(g) C(T)>mp(¢>c(7>
= o0— Q(l + o1 + 01(01 - 1)€2ZI(5)>
770 (14 00 + 02(02 — D Z(e)) pl0)elr)

for

1
@@%1A0—$u+ww*@,j=Lz

Here, recalling the identity (7.18), some cancellations occur, and we obtain

R(p,I;7) = —o1(01 — 1)@5221(5)
— 53R plary (025 + oa(os — 1)5222(5)> p(d)e(r). (9.4)

Next observe that € = e(¢, [;7) € Fy 1, for ¢ = —;%5; this is a consequence of (9.2) and ¢ € F, .
From Lemma 6.1 we thus deduce that Z; o e € Fy 1, and similarly we get Zy o e € Fy f,. Now it
is easy to prove (7.22): From o € F,, 1,, €% € Faq 1,, and Z1 o e € Fy g, it follows that

—01(01 - 1)Q5221(5) € }—p+2q7lov

3(1-qa) .
2(a+1)
(7.22). The remaining terms in (9.4) can be treated in an analogous way, so that we have verified
(7.22).

To establish (7.23), we differentiate (7.16), i.e

and furthermore p+2q =

is precisely the exponent which shows up on the right-hand side of

2(a+1)

[=wH as —yHaw p(¢) e(r),

w.r. to 7 and obtain

s % HER =y 2 5 () el)] (0-H) = 7 H p(6) (7).

Therefore (7.23) follows from H = o = O(/ oD ), and the proof to Lemma 7.1 is complete. O
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10 Appendix II: Some more comments on the proof

1. Theorem 4 in [12] can be applied to equation (1.2) with o = 3. This result implies in particular
the existence of a forcing p € C{(R) such that

i+ a2 = p(t) (10.5)
has an unbounded solution z(t) satisfying
E(t;z) ~tY as t— oo.

As far as we know it is an open problem to decide whether the exponent 4/15 is sharp. Our results
seem unrelated to this question, since the numbers ¢, could go to infinity very slowly.

2. The estimate (1.5) says that the solutions x°(t) and z(t) are close; here ‘closeness’ is measured
in terms of the action, defined by the autonomous equation. Perhaps more refined estimates could
be obtained assuming more regularity for p(t) and using successive corrections of the adiabatic
invariant. This kind of approach can be found in [4].

3. The averaging principle as well as the theory of adiabatic invariants can be applied in several
ways to systems (1.2) and (1.9). In any case, these methods alone do not seem to be sufficient to
yield a complete proof of our results. In essence, there are two steps in the proof:

(i) unbounded solutions are close to bounded solutions at some instant of time, and

(ii) solutions with close initial data remain close for long periods of time.

Certainly step (ii) is in the scope of perturbation theory, but step (i) seems to be of more topological
nature; notice the crucial role played by Lemma 3.5 in our proof. To elaborate somewhat further
on this point, consider & = 3 and hence (10.5). Defining y(¢) = ez (et) for a small parameter € > 0,
equation (10.5) is transformed into

i+’ =e’plet).
Adopting the framework developed in [1], we introduce the change of variables

s=ct, y=7R"c(0), §=1"R"’s(0).

Then the equations becomes

df

A 513_1/3—ﬁ2€3R_2/3p()\)C(9)7
dR

T = e RPpNs(0),

o

ds

where 31, 2, and (3 can be specified in terms of (7.7), (7.8). Assuming that R(0) = 1, the second
equation leads to the estimate

|R(s) — R(so)| < C’&t?’]s — So,

valid on any s-interval where for instance % < R(s) < 2. Undoing the change of variables and
using R = £3p, we obtain
lo(t) — o(to)| < Cet, (10.6)
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where o(t) denotes the action associated to x(t). Let us assume that step (i) was already accom-
plished and that we know in addition that there is a bounded solution z°(t) with ¢°(¢) ~ &3 and
such that ¢°(t.) and p(t.) are close. Then the estimate (10.6) can be applied to both solutions,
which leads to

o(t) — o°(t) = o(t) — olt:) + o(ts) — 0°(te) + 0° (L) — 0°(t) = O(1)

on an interval of the type [t —t.| < Ce™!. Most likely the previous argument can be refined using
the averaging principle, since s(6) has zero average. This could lead to the improved bound

o(t) — o°(t) = O(1) for |t—t.|<Ce?

given by our result. We have proved the existence of 2°(t) such that ¢°(t) ~ e and 0°(¢.) ~ o(t.)
by a combination of variational and topological techniques.
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