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Abstract

In this paper, we are concerned with periodic solutions, quasi-periodic solutions and unbounded
solutions for radially symmetric systems with singularities at resonance, which are 2m-periodic
in time. The method is based on the qualitative analysis of Poincaré map with action-angle
variables. The existence of infinitely many periodic and quasi-periodic solutions or unbounded
motions depends on the oscillatory properties of a certain function.
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1. Introduction

Second differential equation with singularities, as an important class of models in non-smooth
dynamical systems, has been studied by many researchers, involving the existence and multiplicity
of periodic solutions by means of topology degree theory [1-4], Poincaré-Birkhoff twist theorem
[5], invariant curves and boundedness of solutions via Moser’s small twist theorem [6, 7]. Recently,
the research of radially symmetric systems with singularities has been a hot topic [8-12].

In this paper, we are concerned with the existence of periodic solutions, quasi-periodic solutions
and unbounded solutions of a radially symmetric system in RV of singular type

u’(t) = —h(fu(®)],t) o (1.1)
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where h : (0,+00) x R — R is a continuous function with a T-periodic dependence with respect to
the second variable and has a possible singularity at the origin in the first variable. We investigate
solutions u(¢) € RY which never attain the singularity, in the sense that,

u(t) #0, for every t € R. (1.2)

Since system (1.1) is radially symmetric, the orbit of a solution lies on a plane (see, e.g., [4,
Appendix A]), so one always assume, without loss of generality, that N = 2. Then, passing to
polar coordinates u(t) = z(t)e®®, system (1.1) is equivalent to the singular equation

12

T = o h(z,t) (1.3)
where p = 226 is the angular momentum, which is a constant of motion. A solution u : R — R2\{0}
of (1.1) is said to be radially T-periodic if the radial component x(t) is T-periodic. In this case,
the number w = w can be interpreted as the average angular speed of v and will be called
the rotation number of u and denoted by w = rotu. Then, a radially T-periodic solution w is
T- periodic if and only if rotu is an integer multiple of 27 /T. If rotu = (m/n) (2w/T) for some
relatively prime integers m # 0 # n, then uw will be a subharmonic with minimal period n7T. In
other case, u is quasiperiodic with two natural frequencies.

Recently, exploiting the radial symmetry of the system, the existence of periodic solutions of
system (1.1) has been proved by means of a topological degree approach [4, 8-12]. The repulsive
case was dealt with in [9] for nonlinearities with sublinear growth at infinity, in [12] for nonlinearities
with superlinear growth, and in [8] for those with a linearly controlled growth where a non-resonance
condition is needed, that is,

2 2
1
b < a < liminf h@,?) < lim sup I ?) <pB< (k+)m
T z—+c0 I Z—+00 x T

with some integer k£ and two constants «, (.

In this paper, our main interest is to find out whether, there always have such radially T-
periodic solutions for system (1.1) in case of resonances, as well. For convenience, we fix T' = 27
from now on. Thus, we shall assume that

h(z,t) = ax + f(x,t),

where f : (0,400) x R — R is continuous, 27-periodic with respect to its second variable, and the

resonance condition )

a= nz’ for any integer n € N, (1.4)
holds. Moreover, we assume that

(f1) The function f : (0,400) x R — R is locally Lipschitzian continuous, T-periodic and satisfies
that
lim_f(z,1) = f(+0,1) (1.5)

r—r-+00

holds uniformly for ¢ € [0, 27];



(f2) there exist some positive constants M and 0 < 6, < 1 such that, for any x € (0,§) and
t €10, 2m],

w" (f(:z:,t) + ;3)’ <M. (1.6)

The answer to this question is determined by the function o : [0,27] — R defined by

2T
afw):/O |sin(8/2 + Vat)| f (+00, t)dt. (1.7)

Now let us state our main result.

Theorem 1.1. Assume that h(x,t) = ax + f(x,t) satisfies (1.4), (f1) and (f2).
(i) If the function o¢(8) has no zeros, i.e.,

or() #0, 0 €0,2n], (1.8)

then there exist infinitely many integers p,q with (q,p) = 1, such that system (1.1) has periodic
solutions ugy(t) with minimal period 2pm, rotating exactly q times around the origin in the period
time 2pmt. Moreover, for any w € R\Q such that w < 1, system (1.1) has at least one quasi-periodic
solution with frequencies (1,w).

Furthermore, for any ui, e close to zero, there is a constant B > 0 independent of q,p such
that, all those periodic 2pm-solutions ugy,(t; p) with the angular momentum p € [p1, po] satisfy that

1

—— < |ug(t; p)| < B(p1, p2), for everyt € R. 1.9
B(NIHUQ) | QP( )| ( ) ( )

(ii) Assume that o¢(0) has at least one zero 0y and for all 0 € [0,27], |of(0) + [0 (0)] > 0.
Then,

(1) if o'4(0o) > 0, there exists Ao > 0 such that, for [u(0)] > Ao, the solution u(t) of system
(1.1) satisfies
lim |u(tj)| = +o0

Jj—+oo

for some sequence {tj}?:o with lim t; = +o00.
J—+o0
(2) if o4(60) < O, then there exists Ao > 0 such that, for |u(0)] > Ao, the solution u(t) of
system (1.1) satisfies
Jimu(ty)] = +oo
j——o0

for some sequence {t;}]_ with lim t; = —oo.
j—+oo

The rest of the paper is organized as follows. We shall introduce a related singular equation in
the plane for the radial component in Section 2. After introducing action and angle variables in
Section 3, we derive an expression for the Poincaré map of (2.13) in Section 4 and give the proofs
of Theorem 1.1 and Theorem 1.2 in Section 5.



2. A related singular equation for the radial component

The idea of the proof of Theorem 1.1 is to split the system into its radially and angular
component and to consider the scalar angular momentum as a parameter. As we pointed out in
the Introduction, writing the solutions of system (1.1) in polar coordinates

u(t) = a(t)e'?,

system (1.1) is then equivalent to equations

2
() — xfj(t) +ax(t) + flz(t),t) =0, (2.10)

and
()¢ () = (2.11)

where p is the scalar angular momentum of u(¢) ( which remains constant along solutions, cf.
[4, 13] ). When considering a solution of system (1.1) here, we will always implicitly assume that
>0 and z > 0, so (1.2) is automatically satisfied.

Arising from applied sciences, (2.10) not only models for non-zero angular momentum in the
rotationally symmetric two-dimensional harmonic oscillator [14]; it is also related to radially sym-
metric systems in celestial mechanics [15, 16], and Bose-Einstein condensates systems in quantum
physics [17]. In spite of its importance, the dynamics of system (2.10) is far from being understood.

Equation (2.10) can be regarded as the perturbation of an isochronous system. The second
order differential equation

2+ V' (x)=0

is called an isochronous system if there exist constants xg, T' > 0 and a continuous differentiable
function V with V'(x¢) = 0, (x — zo)V'(z) > 0, for x # x¢, such that every solution is periodic
with periodic T'. Obviously, the nonlinear equation

2
2" +ax — M—?) =0
x
is an isochronous system. It is not difficult to show that all solutions are m/y/a-periodic and the
least positive period T' = 7 /4/a is independent of the adjustable parameter p.
In [18], Bonheure, Fabry and Smets study the forced isochronous oscillators with jumping
nonlinearities and oscillators with a repulsive singularity. The results show that if f(x,t) = g(z) —

p(t) satisfies that g(z) is bounded and ligr_l g(x) = g(+00) exists, then the condition of Lazer-
T—r+00

Landesman type:
2
4g(400) > méax/ | sin(nt/2)|p(t + g)dt (2.12)
0 n

guarantees the existence of 27-periodic solutions of (2.10) with a = n?/4. In this case, unbounded
solutions are also treated in [19, 20]. Recently, Liu [7] proved the boundedness of solutions with
the bounded perturbation g(x) under the condition (2.12) of Lazer-Landesman type and other
smoothness conditions via Moser’s twist theorem. Some analogous problems were considered by
many authors for perturbed asymmetric or harmonic isochronous oscillators (e.g. [21-27]). We
mention that all these previous results depend on the boundedness of f, however, in our assumptions
f may be unbounded at the origin.



Without loss of generality, for 4 # 0, we take u = 1. Otherwise, replacing = with |/uz, and
performing a shift to (2.10), then we get

1 1
- @ _|_ -
(x+co)d

2" +a(x+c) — [ (Vu(z + ), t) =0, (2.9)

and
(z(t) 4 c0)’¢(t) = 1, (2.10)"

where ¢y = a~1. For convenience, we restate the notation of ﬁf(\/ﬁ:z, t) by f(x,t) so that (2.9)’
becomes that

2" +a(x + ) — ! 5 + f((z +c),t) = 0. (2.13)

(x + o)

We assume that

(f3) there exist some positive constants M and 0 < J,v < 1 such that, for any = € (0,0) and
t €10,2n],
27 (2, 1)] < M.

Now we are ready to state the following result.

Theorem 2.1. Assume that the function f satisfies assumptions (f1) and (f3), and the resonant
condition (1.4) holds. Then,
(i) if the function o;(0) has no zeros, i.e.,

o1(0) £0, 0 € [0,2n] (2.14)

holds, then (2.10) has at least one 2w-periodic solution;
(ii) if the function o(0) has a zero 6y and for all 0 € [0,27], |of(0)[+[0’(0)| > 0. Furthermore,
the following conditions hold:

(1) if 0%(60) > 0, then there exists Ao > 0 such that, for T3 + Y2 > N, the solution z(t) of
(2.10) with x(0) = xo,2'(0) = yo satisfies

lim (z(t)*+2'(t)*+2'(t)"?) = +ooc.

t—+00

Moreover, there exits a sequence {t;}]_o with lim t; = +o00 such that
J—+00

lim (|z(t;)] + [2'(£)]) = +oc.

Jj—+oo

(2) if 0%(60) < 0, then there exists Ao > 0 such that, for z2 +y2 > Ao, the solution x(t) of
(2.10) with x(0) = xo,2'(0) = yo satisfies

lim (z(t)*+2'(t)* +2'(t)7?) = +oo.

t——o00

Moreover, there exits a sequence {tj};?zo with lim t; = —oo such that
J—+00

i (Ja(ty)| + [2/(t))]) = +ox.
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Remak 1.1 In case of f(x,t) = g(z) — p(t) with the limit lirf g(z) = g(+o0) and boundedness
T—>+00

of g, the condition (2.12) of Lazer-Landesman type implies that (2.14) holds, that is, o,(6) # 0.
In fact, let 7 =1t + %, then

27+ 8

27 o
/ p(t)|sin(nt/2 + 60/2)|dt :ﬂ | sin(n7/2)|p(T — %)dt
0

21
_ /0 |sin(nr/2)|p(r %)dt.

Therefore, it follows that
2m
0(8) =4g(+00) — / p(#)] sin(nt/2 + 0/2)|dt
0
2m 0
>4g(400) — meax/ | sin(nt/2)|p(t + E)dt > 0.
0

In this case, the results proved by Liu [7] show that there exist infinitely many invariant curves
with arbitrarily large amplitude, which implies the boundedness of the solutions of (2.10). However,
Theorem 1.1 shows us that when the condition (2.12) of Lazer-Landesman type is lost, all large
solutions of (2.10) may be unbounded.

In the following, we give two interesting examples.

Example 2.1. For any constants u and v € (0,1), we can apply Theorem 2.1 to the following
equation
1 pr 1A (x+1Inx)sint
" —
X +Z$—Ei?+;arctanl’—l_‘_—$.
It is not difficult to verify that if |\| > 1/3, then (2.15) has a 2m-periodic solution; if |\| < 1/3,

then for all large solutions are unbounded in the future or in the past.

(2.15)

Example 2.2. All large solutions of the following equation

" .
' 4+ - — — =sint.
4 a3

are unbounded.

3. Construction of action and angle variables

We carry out the standard reduction for equation (2.13) to the action and angle variables [13].
In order to introduce action and angle variables, we consider the auxiliary autonomous system

/ / 1

= = S 3.1
=y, oy a(z +co) + @+ o) (3.1)
For each h € (0, +00),
1 1 1 .
I:-y?+ = L S — )
5y + 2a(x+c()) + 25 1 e)? ++Va

6



defines a simple closed curve in the half plane (—co, +00).
Now we define the function I : (0, +00) — R by I(h) = & §ydz, that is,

I(h) = % /x+ V200 +v/a) = a(z + c0)? — (2 + co)~2 da, (3.2)

where

Ii:—CO—F\/a_l(iZ-i-\/&i il,2+2\/&;b), for h € (0,+OO)

Generally, I is called the action of Hamiltonian system on the period annulus. The value of the
function [ is normalized area of the region in the phase space enclosed by the periodic orbit T'.

~

Using Lemma 4.1 in the Appendix, I(h) can be calculated in a simple implicit form

A~

h

I(h) = —~. 3.3
() = 5 (33
Then for every (z,y) € (—cp,+00) X R, the action and angle variables can be defined by
* 2
va dr, ify >0,
i _ e /2(h+ va) —a(T 4+ ¢9)? — (T + cp) 72
27r—/ dr, ify <0,
o V20 F a) — a7 + )P — (7 + o) 2
_ 2
E—arcsinh—i_\/& alz + <) , ify >0,
) 2 h? + 2\/ah (3.4)
= B 9 .
3—7T—&—aurcsinh_‘_\/a alz + ) , ify <0,
2 h? 4+ 2y/ah
and
I(x,y) = 1, (3.5)

For the convenience of the reader, the calculation of (3.4) is arranged in Appendix B. Here, for
simplification of the expression, we omit the independent variables x,y of h, and the function
h:(—cp,+00) x R — (0, +00) is given by

1, 1

3V + %(l‘ +e) + 5 — Va (3.6)

he,y) = 2(z + co)?

Consequently, we have defined the symplectic map
D : (—co,R) x R — R/27Z x (0, 4+00), (z,y) > (8, 1)

by (3.4) and (3.5), and the associated generating function G is given by

| oD - ate+wp g+ e tas ity=o,
onl — /m \/Qh(f) —a(+c)? — (E+co)2dE, ify <O,

Gz, I) =

7



which satisfies that ~ _
~ 0G(x, 1) 0G(z, 1)
§_ 99 _ 3.7
6[ Y y 8[]}' ) ( )
where h(I) is the inverse function of I(h) defined by (3.3). . .
In order to simplify the calculations, first we perform a shift of I, that is, let I = I — %, 0=20.In
view of (3.4) and together with (3.5) and (3.6), then we have a new symplectic change of variables

®: (—co,R) x R = R/27Z x (%, 400), (z,y) — (6, 1) defined by

1/4\/21 V/AT2 — 1cosf — c, (3.8)

1
oI + /412 — 1 2
@+ cos 0>> sin 6. (3.9)

0,1)= [ a'/?(41? -1
y(0.1) (a ( )4IQSin29+00829

The deductions of (3.8) and (3.8) are a little long, therefore we place them at the Appendix B. We
have examined the Jacobian determinant

o] =

which implies that the map ® preserves the symplectic form dz A dy = df A dI.
The Hamiltonian induced by (2.13) may be written as

_

2(x + co)?

= h(z,y) + F(x + co, t), (3.10)

1 a
H(z,y,t) = 5y* + 5 (@ + o) + + F(z + co,t)

where
X

F(z+c) = f(z + co, t)dx.

—co
In the action and angle variables coordinates (6, I) as defined above, the canonically transformed
Hamiltonian becomes

H(6, 1,t) = h(2(6, 1), y(6, ) + F(x(6,T) + co, 1)
=Ho(I) + F(z(6,1) + co,t), (3.11)

where Hy(I) = 24/al is the unperturbed component of the Hamiltonian. Note that the unperturbed
Hamiltonian system with the Hamiltonian Hy (/) is an isochronous system, i.e., each solution of
the unperturbed Hamiltonian system is a periodic solution with the least period 7 = 7/\/a.

4. An expression for the Poincaré map of (2.13).

In the new coordinates (6, I), the equation (2.13) with the new Hamiltonian (3.11) has the form
@ _ on

dt oI

=2Va+

(0,1,t)

_1/4(\/4.72 —1—2Icosb)
VATZ —1-+/2I — /412 — 1cosh
8

f((x(0,1)+ co,t), (4.1)



drl OH
E - _%(071-715)

a= 4412 —1sin6
=— f((x(0,1)+ co,t). (4.2)
21/21 — /A2 — 1 cos f
Denote by (6(t, 0o, 1o), I(t,00,Io)) the solution of (4.1) and (4.2) satisfying the initial condition
0(0) = 6o, 1(0) = Ip with zo = x(bo, lo), yo = y(bo, Lo).
Now we fix the positive constant dy = min{é, 1074, %cfl/‘l}. First we have the rough estimates

for the derivatives of # and I> on some intervals in the following lemmas.

Lemma 4.1. Assume that the continuous function f: (—co,+00) x [0,27] — R satisfies (f1) and
(f2), then we have the estimate

deo AMysE ™"
— =2 < — 4.3
- 2val < e (4.3
for the time t such that
21(t) — /add 1
teQy:=<t: ®) \/ao<cos9(t)§landl(t)>72 .
41%(t) — 1 Vads

Proof. If t € g, then

21 — Vadg 21 - 1
VAIZ —1 — VA2 -1
and we can verify that x 4+ ¢ = a_1/4\/2I —VA4I? —1cosf < &y < 4. By the condition (f3), we

have

cosf >

>

1
2

[(x(0,1) 4 co) f(x(0,I) 4 co, t)| < My, t € Q.

From (4.1), we have

VA4I%2 —1 — 2 cosf
VAI? — 1 (21 — V/4I? — 1 cos )
2I + /412 — 1 0

:2\/a+ + CcOos
VAIZ — 1 (VAI2 — 1+ 2[ cos )
47%in%6 — 1
. 0.1 0.1 t
4[2511120—1-00529(:6( )+ o) (2(0,1) + co,t)
2I + 412 — 1 0
:2\/a+ + CcOos
VAIZ — 1 (VAI2 — 1+ 2[ cos )
(412 — 1)sin? 0 sin?6 — 1
4728in%2 0 + cos2 0 4I2sin0 + cos2 6

%f _ova+ (@(0,1) + o) f (x(6,1) + co, 1)

(x(0,1) + co)f (x(0,I)+ co,t).

(Vb—/adg)?

Using Lemma 5.2 in the Appendix A, and taking n = 1,b = 412, 2 = cos?# and \ = i

we obtain that

(41?2 —1)sin20 (41> —1)(1 — cos? 0)

412sin? 0 + cos2@ 412 + (412 — 1) cos? 0

417 — 1 — (21 — \/adj)?
<m0, SO0} = S g A <1

9



On the other hand, we have

2 + /41?2 —1cosh 4 sin?6 — 1
< - and — <
412 sin* 0 + cos2 0

VAI2 —1+4+2Icosf ~ 3

Therefore, it follows that, for ¢ € Q,

do AMod5 ™"

— —2Va| £ ———. 4.4

G -aval < S (4.4
So we concludes that (4.3) holds. O

Lemma 4.2. Assume that the continuous function f: (—co,+00) x [0,27] — R satisfies (f1) and
(f3), then there exists a positive constant C' such that

a—1/4
C = M, (4.5)

dI1/2
< :
- 2

dt

fort € ]0,2x] \ Qo with
M, = sup{|f(x,t)| D (x,t) € [52—0,4—00) X [0,27?]}.

Proof. When t € [0, 2] \ Qo, if

21 — \/ad} 1
< = and I > —
cost < m an _\/6537

then z(0,1) +co > 0o > do/2; if I < 1/(/add), then

2(0,1) + co > a~1\/2 — /412 — 1

1
a” a” 1 do
> > —.

> > >
V2I+VArz —1 VAL~ 2

=

In view of (4.2), we have that

drs a~VA4/AT2 —1sinb

el —4\5‘\/QIimcosef(x(H,I)—i—co,t). (4.6)
Note that
}\/Aﬁsinﬁ‘ B ‘\/Zﬁsinﬂ-\/QI—i—\/WCosG
2\/f-\/2l—\/m0059_ 2\/f-\/41231n29+cos29
< ‘\/m sin@‘ . \/2[—1— VAI2 —1cosf
B (412 — 1) sin?
_ \/QI—F\/WCOSQ <1
2V1 B
Consequently, by (4.6) we have the desired inequality (4.5). O

10



Lemma 4.3. Assume that the continuous function f : (—co,+00) x [0,27] — R satisfies (f1) and
(f3). Then the solution (6,1) of (4.1) and (4.2) satisfies that

1
I(t): =12 +0(1), t €[0,2n], Ip — +oo, (4.7)

_1
0(t) = 0y + 2+/at + O(1, ?), t € [0,27] and 6y € R, Iy — +oo, (4.8)

where O(1) denotes a bounded quantity which is independent of Iy, and 0(10_1/2) denotes an in-

L ~1/2
finitesimal of the same order as I '~.

Proof. First, we claim that
1
I(t): = I + O(1), t € Qp, Iy — +oo.

If t € Qp, then we can verify that

T+ co :a*1/4\/21— \/mcosﬁ< oo < 0.

Form (4.6), we have

1
dIz “14\ /412 —1sin @
S O f (@(0,T) +co, t)
dt AT - /21 — /AIZ — 1cosf
V4I? —1sinf

T 4VI(21 — VA2 — 1cos0) (@8 D)+ c)f (26, 1) + co.).

Then it follows that

1
1d 12 V41?2 —1sinf
I 2 = — (z(0,1)+ ¢ z(0,I) + co, t
dt AI(2I — V4I2 — 1cos0) (@(0, 1) + co)f (x(6, 1) + co, 1)
_2I+mcosl9 V41?2 —1sinf
41 41?2 — (417 — 1) cos? 0

(x(0,1) 4 co) f (x(6,1) + co, ).

- 2\2
%, we obtain that

Again, using Lemma 5.2 and taking n = 2,b = 41,2 = cos?# and \ =
2
VAIZ — 1sin6 (41?7 — 1)(1 — cos? ) 1
= < max R f(A)
412 — (417 — 1) cos? 0 (412 — (412 — 1) cos? 6)? 4

o d 412 — 1 — (21 — /ad2)?
e - er - vagp)

1 1
§max Z,E §1

1

1dl2
-}

D

Therefore, we obtain

< M05é_y>

11



which yields that

1
InI(t)2 —InI2| < Mysh™ [ dt < 2w Mysh™. (4.9)

Qo

Then we get that, for t € Qy,

Iy

N|=

_1
exp(—27rMo5(1)7V) < I(t)_% <I,? eXP(27TM05(%7V)'

At the same time, when t € {2y, we note that

2
of — Jadg 11— Y 52 52 1
cosf > Vady = 2L >1- Vad >1- \/aOeXp(47TM0(%7V)'f.
\/4[2—1 1_i 21 2 IO

412
By Lemma 4.2, we have

de 2M
— >2va— L exp(4rModi ™) > Va,
dt Iy
for Iy large enough.
Consequently, for Iy large enough, we have that

2
Meas(€) < 7a arccos (1 -

- 2v/25,

=1
a4

2
Vad exp(4mModg™") - 1)
2 Iy

[NIE

exp(2r Mody )1, 2,

where the second inequality is obtained by the inequality arccos(l1 — z) < 2y/z,z € [0,1]. Now
returning to (4.9), we will give a more concise estimate for I(t) when ¢t € Q. So it follows form
(4.9) that

2v/2Mo65
VT

a4

1 _1
InI(t)2 —InIZ exp(2m ML), 2. (4.10)

< Moydy ™ / dt <
Qo

Then L L L
I(t)2 = I3 exp[O(I, 2)] = I + O(1), as Iy — +oo.

When t € [0,27] \ o, integrating both sides of the equation (4.5) with respect to t on the
interval [0,¢], by Lemma 4.2 we obtain (4.7). Therefore, we have proved the first part of the
lemma.

In the following, we will prove the second equality (4.8) in the lemma. In case of t € Q,
integrating both sides of the equation (4.3) and together with (4.7), we obtain the desired equality
(4.8).

when t € [0,27] \ Qo, x(0,1) + co > 0o > /2. Furthermore, by (4.8) we have that

1
I(t)"2 =1, + O(Iy "), t € [0,27], Iy — +oo. (4.11)

Now we claim that

|V/A4I2 — 1 — 2 cosf] < 2ﬁ\/21 —\/4I%2 —1cos . (4.12)
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In fact, squaring both sides of (4.12), performing transposition of terms and simplifying, we have
that 412 cos? § < 4I% + 1, which holds naturally.
On the other hand, using the equalities (4.11) and (4.12), we have

a~VA(VAI?2 =1 — 21 cos )
VATZ —1-\/21 — VATZ — 1cosh
—-1/4 —-1/4
Sa 2ﬁM1 < ¢ My
472 — 1 VI
_1
:O(IO 2), te [0,27‘&'] \ Qo, Iy — +oo, (4.13)

f (33((9, I) + co,t)

where M; is a positive constant defined in Lemma 4.2. Consequently, in view of (4.1) we know
that, for Iy — +oo,

dé _1
= 2v/a+ O(I, 2), t €10,27] \ Qo,
which implies the desired equality (4.8). O

From Lemma 4.3, the equalities (4.7) and (4.8) imply the global existence of solutions of equa-
tions (4.1) and (4.2) with the initial value (6, Iy), when I is large enough. Therefore, the Poincaré
mapping P

P: (00, Io) — (01, Il) = (9(27‘(, 90, I()), I(27T, 90, I()))

is well defined. In the following, we will give a scale of solutions for (4.1) and (4.2) when Iy is taken
for large enough.
Using Taylor series expansion, together with (4.8) we have that, for any ¢t € [0, 27] and 6y € R,
1

sin@ = sin(fy + 2v/at) + O(I, ?) as Iy — +oo. Also, by (4.7), we have

_5
It) 2 =12+ 0(I, 2), t €0,2n], Iy — +o0, (4.14)

which implies that

_5
VA—T72= /412 +0(I, %), t €[0,2n], Iy — +oc.

Similarly, for any ¢ € [0, 27],

1
\/2— V4 —1T"2cosf = \/2— \/4 — Iy cos(0p + 2v/at) + O(I, ?), Iy — +oo.

Therefore, we know that

VAI? —1sinf = 1 o
= — . - sin
VI -\/2I —AIZ — 1cosf V2 — V4 —T2cosh
VAIT — 1sin(fy + 2/at) 1

VI - \/210 — /412 — 1 cos(bp + 2+/at)

13



Let K(Ip) = \/1 — 1/413. Then it follows that

drz a~V/4\/AIZ —1sin(6y + 2v/at) rouh
- | 0
dt 4o - \/20s — /AT — Leos(6y + 2y/at)

f<a_1/4\/210 — \JAI2 — 1cos(By + 2v/at) + O(1), t)

__ aMiK(Io) sin(fo + 2v/at)
B 2\[\/1_ To) cos(00+2\ft)f(x(60’lo)+O(1)’ t)

+O(1, 2)f(:n(90,10) +0(1), t), Iy = +oo. (4.15)

Integrating both sides of (4.15) over the interval [0, 27] and setting v = (4a)~/*, we obtain

B /2” K(Io) sin(fy + 2+/at)
! 0 2v/1—K(Ip) cos(fy + 2+/at)
2m

+ O(If)f(x(eo,lo) +0(1), t)dt, Iy — +oo.
0

Sl

o1 - F(2(60, Io) + O(1), t)dt

Similarly, substituting (4.8) into (4.1), we obtain that, for ¢ € [0, 27] and [y — +o0,

d9 K(Iy) — cos(By + 2+/at)

K(Io)y/1 — K(Ip) cos(fy + 2+/at)
f(a*1/4\/ﬁ\/l — K(Io) cos(Bo + 2v/at) + O(1), t).

Therefore, we get that, for Iy — +oo,

=2Va+ |~ O(Iy ")

K(Iy) — cos(By + 2+/at)
K(Io)\/1 — K(Io) cos(6p + 2+/at)
f(a*l/‘*\/ﬁ\/l — K(Io) cos(fo + 2v/at) + O(1), t) dt

2

+ [ otz - (a A\ /aTg\ 1 — K(To) cos(8 + 2v/at) + O(1), t)dt.
0

1 2
61 = 0y + 4var + 71, 2/
0

Write
K(Ip) — cos(fp + 2+/at)
e1(80. Jo, 1) = V2K (Ip)\/1 — K(Iy) cos(0g + 2v/at)’
K(Io) sin(fp + 2+/at)
©2(00, Lo, 1) =

V2+/1 = K(Iy) cos(6y + 2y/at)’

27

100, Io) = /0 1(80, 1o, 1) - f(x(60, To) + O(1), t)dt,
27

(60, Io) = /0 03(00, Do, 1) - F(2(00, Io) + O(1), 1)dL.

14



Then for Iy — +oo, we get the Poincaré map

_1
( 01 = 90 —+ 4\/&71' =+ a_1/4.[0 2/(/]1(907 IO)
2

+ [ Oy f(z(80, o) + O(1), t)dt,
0 (4.16)
I

ol

1
= IO2 — %a71/41/12(90,[0>
2

+ O(I; %) (2(00, Io) + O(1), )dt.

\

Lemma 4.4. Assume that the continuous function f : (—cg,+00) x [0,27] — R satisfies (f1) and
(f3). Then for Iy — 400, we have that

2
¢1(90, Io) = /0 | sin(90/2 + ﬁt)‘f(—i—oo, t)dt + 0(1)
and
2m
(0o, To) = /0 sign(sin(0p/2 + v/at)) - cos(fp/2 + v/at) f (+oo, £)dt
+o(1)

uniformly with respect to 6y € [0, 2], where o(1) denotes an infinitesimal as Iy — +00.

Proof. Let us define the sets 31(6), X2(6p) and X3(6y) by

2]0—\/658
$1(00) = Lt |cos(f + 2v/at) > 22— V2% 4o 24] b
1(6o) { (6o + 2V/at) -1 [ ]
213 ad? 1
5a(00) ={ Mf O > ot + 2vat) > 1 - .t e [o,m},
0

and
23(00) = [0,27] \ (£1(60) U X2(60)),
for Iy large enough, respectively.
For any 6y € R, t € X1(0y) and I is large enough, using the definition of K(Iy) and the
inequality (4.12) we know that
Y1 (90, IU, t)f(fl'(eo, Io) + O(l), t) ‘

K(Iy) — cos(By + 2+/at)
K(Io)\/1 — K(Io) cos(0p + 2+/at)

My

<\/210 — V/AIZ = Tcosfy + O(1 ))V

VIo(\/AI§ — 1 — 21y cos(p + 2+/at)) MaI2
- Myl
71 \/2[0 — \/4Ig — 1cos(by + 2+/at)

1+%
_2MoL,
AI2 —

IN

IN

< 3Molg .
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Thus, we have

/ 1(60, To, ) F (80, Io) + O(1), £)dt
X1 (6o)

S/ l1(00, To, t) f(x(00, Io) + O(1), t)| dt < 3MoI§ - Meas[%1(6p)]
31(6o)

2 21y — \/ad? 2 52
<6Myl; arccos 07\/60 < 6Myl; arccos <1 — va 0) — 0,as Iy — oo.
VAILE — 1 21

Therefore, we obtain that

lim ©1 ((907 Io, t)p(t)dt =0. (417)
Ig—+o0o 21(00)

When ¢ € ¥9(0p) and I is large enough, we have x(t; 0y, Iy) + co > dp. Then

/ 21(00, Io, ) (60, Io) + O(1), t)dt
31(6o)

21y M,

VAR -1

S/ 00) ywl(eo,fo,t)f(.%(@(),fo) + O(l), t)‘ dt < . Meas[EQ(HO)]
Y1(6o
<4M; - Meas[¥2(00)] — 0, as Iy — +o0,

where M is a constant defined in Lemma 4.2. Consequently, we obtain that

lim 1(00, To, )p(t)dt = 0. (4.18)
Ig—+o00 22(00)

Note that

x(00, Ip) = a_1/4\/210\/1 — K(Io) cos(fg + 2v/at) + O(1), Iy — +oo0.

For any 6y € [0,27], if t € 33(6p), then cos(fy + 2v/at) < 1 — 151/2/4. Moreover, we have

z(0o, Io) =a~ 4/ 21y — /412 — 1 cos(y + 2v/at) + O(1
0

2a_1/4\/210 A2 —1(1 - 1, % /4 + 0(1)

2a*1/4\/210 —2Iy(1—I; % /4) + 0(1)
V2414
2

13/4 +0(1) = 400, as Iy — +oc.

On the other hand, for any fixed 6y € R, t € 33(6y) and I large enough, K(Ip) — cos(0y + 2¢/at) >
K(Io) — (1= I;Y2/4) > K2(Ip) — (1 — I; /2 /4) > 0, which implies that ¢1(6g, Io, ) > 0. Note that
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the limit
lim 901(90,10, ) f(l'(e,f) + Co, t)
Io—)

lim K(Iy) — cos(By + 2+/at)
"I V2K (Io)\/1 — K(Io) cos(6p + 2+/at)

¢ — cos(fy + 2v/at) -
= e 2 oo ) (et = K(h),)

:\/1 — cos(f + 2v/at) - f(+o0, t) = | sin(fo/2 + Vat)| f (400, t)

holds uniformly for ¢t € 33(6y), for any fixed 6y € R. In view of the boundedness of 1 (6, lo,t) -
f(x(0,1)4 co, t) on t € X3(0p), by Lebesgue’s dominated convergence theorem, we have

- f(x(00, Io) + O(1), 1)

lim ©1(00, Lo, t) - f(z(6o, Lo) + O(1), t)dt
Ig—+o00 23 00

2

+ lim 901(90,-70, t) - f(x(bo, o) + O(1), t)dt

Ip—+o0 0

27
_ /0 |sin(60/2 + V/at)| f(+oo, t)dt. (4.19)

Together with (4.17), (4.18) and (4.19), we have
2m
lim ¢1 (90, I()) lim 901(007 I(), t) : f(.%'(a(), I()) + 0(1), t)dt

Igp—+o00 Ig—+o0 0
2T
- / |sin(8o/2 + v/at)| f (oo, )dt.
0

Thus, we have proved the first equality in Lemma 4.3. In the following, we will prove the second
equality.
For any 6y € R, t € ¥1(0y) and I is large enough, from the proof of Lemma 4.2, we know that

l2(6o, Lo, t) - f(z(0o, lo) + O(1), 1)

< IC(I()) sin(00 + Q\ft) M()
V2y/1 = K(lo) cos(0p + 2v/at) <\/210 — /A2 —Tcosty + O(1 )>
2 _ 3 v v
< V41§ — 1sin(6y + 2¢/at) Mol < Mol
21 - \/210 — AIZ — 1cos(fy + 2/at)

Similarly,

/ ©2(0o, Lo, t) f(x(00, Io) + O(1), t)dt S/ lp2(00, Lo, t) f(-, )| dt
£1(00) 1(60)

SMOIO% - Meas[X1(6p)] — 0, as Iy — +oo,
17



which leads to

lim ©2(00, Lo, t) f(x(00, Io) + O(1), t)dt = 0. (4.20)
Ig—+o00 %1 (60)

Recall (0, 1) + co > & for all t € ¥o(6p). With the same argument, for Iy — +oo,

/E o #2000, 10,0 (00, 10) + (D), )} < My Meas{ (4] — 0

Then we have

lim ©2(00, Lo, t) f(2(00, Lo) + O(1), t)dt = 0. (4.21)
Ig—+o0 %2 (60)

For any fixed 6y € R, the limit

lim (6o, Io, t) - f(z(6o, o) + O(1), 1)

To—+
K(Io) sin(o + 2+/at)

Iol—>+oo f\/l _ IO COS(90 T+ 2\[15) f(ﬂf(eo,IO) + 0(1), t)
¢sin(Oy + 24/at) B

CLl 0/2y/1 — ¢ cos(fy + 2+/at) +f(too, 1) (let ¢ = K(lo).)

_ sin(6y + 2+/at)
/1 — cos(fy + 2+/at)
=sign(sin(fy/2 + Vat)) - cos(0y/2 + v/at) f(+o0, t)

- f(+o0, t)

holds uniformly for t € ¥3(6p). Therefore, by Lebesgue’s dominated convergence theorem, we have

lim (6o, lp) = lim ©2(00, 1o, 1) - f(x(bo, lo) + O(1), t)dt

Ig—+o00 Ig—+o00 23(90)
2m
:/ sign(sin(fy/2 + Vat)) - cos(8y/2 + V/at) f(+o0, t)dt.
0

Combined with (4.20) and (4.21), we have proved (4.8). O

Lemma 4.5. Assume that the continuous function f : (—cp,+00) x [0,27] — R satisfies (f1) and
(f3). Then for Iy — 400, we have that

2

O(Io_l)f(a:(eo,lo) +0(1), t)dt = o(I;Y) (4.22)
0
and
21 1 1
O(Igi)f(x(eo,fo) +o(1), t)dt =01, ?), (4.23)

0

uniformly with respect to 0y € [0, 27].
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Proof. The proof of Lemma 4.5 is similar to the proof of Lemma 4.4. Notice that

’/02”0(10_1)f(x(90,10) +0(1), t)dt‘

/ +/ 0I5 (260, 1) + O(1), t)at
%1(6o) [0,27\ X1 (o)
<12 - Meas[S1(60)] - OU5 ") + My - OI7 ") = O(I7Y), as Io — +o00.

Therefor, we obtain the desired (4.22), and (4.23) can be proved similarly. O

1
Set ro = I and

2
o (8) = / |sin(8/2 + Vat)| f (+00, 1)dt, (4.24)
0
then we have
27
oy (0) = /0 sign(sin(0/2 + /at)) - cos(8/2 + v/at) f (+o0, t)dt. (4.25)

By (4.16) and Lemma 4.4 and Lemma 4.5 we get that

Lemma 4.6. Assume that the continuous function f : (—cp,+00) x [0,27] — R satisfies (f1) and
(f2). Then for ro — 400, we have the mapping P as

0, = 90+4\/a77+a_1/47‘610'f(90) +H(90,7"0)
(4.26)
rL= rg— a_1/40}(90) + G(69,70),

where H(6p,r0), G(0p,m0) € C[R/27Z x (1,+00), R] are 2w-periodic with respect to 0y such that
H(0p,7m0) = o(ry ) and G(0o,70) = o(1).

5. The proofs of Theorem 1.1 and Theorem 2.1

5.1. Proof of Theorem 2.1

First, we proof the existence of 2m-periodic solutions. If o(0) # 0, 6 € [0,27], then o¢(6)
has a constant sign, which implies that there exists a positive constant d such that o;(6) > d or
of(0) < —d for any 6 € [0,27]. By Lemma 4.5, for ro large enough, we have |0; — 6y — 2y/an| < 1.
So it follows that the image (61,71) can never lie on the ray 61 = 6y. Hence, by Poincaré-Bohl
theorem [28], the mapping P; has at least one fixed point and therefore the Poincaré mapping P
has at least one fixed point, which implies the existence of 27-periodic solutions.

In the following, we will prove the first part for existence of unbounded solutions. By Propo-
sition 2.1 of [22], if 0(0) > 0 and for all 6 € [0,27], |of(0)] + |0(0)] > 0, we know that there
exists Ry > 0 such that, if ro > Ry, then the orbit {(6;,7;)} exists in the future and satisfies

‘liril rj = +o00. Then for Iy large enough, the orbit {(6;,I;)} exists in the future and satisfies
J—+0o0
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lim I; = 4+o00. So it follows that lim I(t) = +oo by the conservation of energy. In view of (3.3)

j—+o0 t—+00

and (4.16), we get

lim (y(£)® +z(t)* + 2(t) %) = +oo.

t—+00

If for all ¢ € [tg, +00),

limsup [z(t)| < d < +o0,
t——+00

then we get

lim (y(t)? + z(t)"2) = +o0. (5.1)

t——+o0

Let us define the positive function

and we have

| Azt 0 - 2600754
|~ 2an(t)y(1) + (1) p(0) — 9(2))
<C3J (1),

Using the Gronwall’s inequality, we have J(t) < J(0), which contradicts (5.1). The case 04(¢) <0
can be handled in a similar way.

5.2. Proof of Theorem 1.1

Now, we consider the existence of periodic solutions of (2.10) under the assumption (f2).
Rewrite equation (2.10) in the following equivalent form

2
(1) 15(7‘5‘) +az(t) + F(z(t),6) =0, (5.2)

_ 1
where f(z(t),1) = [(x(t),1) + 5.
We can verify that f satisfies (f1) and (f3). For u € [0,1], we can rescale equation (5.2) as

" 1 fla(t),t)
T (t)——+a:r(t)+m =

=0 (5.3)

With similar arguments for equation (2.10), we obtain a family of Poincaré mappings P(z, u)
with the parameter p € [0, 1], whose generalized polar expression is written in the following form

01 = 6 +4\/E7T+a_1/4r0_10f(90) + H (0, ro; 1),
(5.4)
ro= 19— a_1/403;(90) + G(0g,70; 1),
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where H (6, 70; ), G(0o,70; 1) € C[R/27Z % (1, +00) x [0, 1], R] are 27-periodic with respect to 6y
such that H (0o, ro; 1) = o(ry ') and G(fo, ro; 1) = o(1) as ro — +o0o uniformly for p € [0,1].
Let B,, be a open and bound ball with radius ro and center at the origin O:

By ={[z] <ro },
and let Q = B, x [0,1], Q, = {z: (2, ) € Q}. Let
Y= {(Z’:U’) € Q - Z 77?(27#) = 0}’

and for p € [0,1], let ¥, = {2z : (2, ) € ¥}. Consider the operator equation

Clearly, P is a continuous operator on Q. If U?(H) # 0, for any 6 € [0, 27], we know that, for any

(z, ) € 092, we have z # P(z, u) as ro large enough. Moreover, the polar image (61,71) of P(z, i)
can never lie on the ray 6 = 6. Then Poincaré-Bohl theorem [28] allows one to conclude that

deg(P, Qo, O) = deg(Z4,Q20,0) = 1.

Using the continuation lemma [29, §4.4], there exists a closed connected subset ¥* of ¥ joining
Yo x {0} to X1 x {1}. Note that every fixed point z, of the Poincaré map P corresponds to the
periodic solution xz(t; 6,79, 1) of (5.3). Consequently, by the continuation of the solution with
respect to the initial value, we have obtained a closed connected set of 27-periodic solutions

C={(u,x) : pel0,1],z(t; u) is 27 -periodic and satisfies equation (5.2)}

such that C C [0,1] x Crp.
Now defining

olt) = /0 xQ(gs u)ds’

we know that equation (2.11) is satisfied and

o(t + 2m) — p(t) 1/t+2” Py
.172
t

27 T or (t; )
1 2T w
- 27r/o R~ )

Note that

)= [ [ — 900t = ot - v

u(t) = x(t)(cos(@(t) + 9t), sin(@(t) + Vt)).

Consider p € [0, 1], and we know that ¥(0) = 0 and (1) > 0. Therefore, there exists constants
11, o being close to zero such that, 0 < pu; < ps and

is 2m-periodic, and

min  J(p) < max I(p).
JE 1 ,p12] HEp1,p2]
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Now for any ¥(pgp) = 4 € [ min  9(u), max 9(u)] with (p,¢) = 1 and pgp € [p1, p2), then

b WE 11, 12] BEp1 2]
u,,,. (t) is periodic with minimal period 2p, and rotates exactly p times around the origin in the

period time 2pw. For any w € [ min ¥(u), max J(u)]\ Q, uy(t) is a quasi-periodic with the
WE[p1,p2] pE[p1,p2]
frequencies (1,w). We also recall

u(t) =z, ().

is a radially 27-periodic solution of the original system (1.1). Since x(¢; ) is continuous on [0, 27| X
[f1, pi2], we obtain (1.9) while taking

B(u1, = max x(t; 1)l.
o LT

The second part of the proof follows from Theorem 2.1 directly. Thus we end the proof.
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Appendix A.

Lemma 5.1. Assume that I' is a simple closed curve on the plane defined by

1 1 1 - .
T:-y?+ = Pt ———=h h >0).
Q¥ Hele )t oy =htVa (h20)

Then the area enclosed by T' in phase space swept out in one period/2m is given by

. 1 h
I(h) = —  yde = 1.
(h) 2#?“” 2a

Proof. Notice that « + ¢y > 0. By the definition of the curve I', we have

! *\/2(ﬁ+2\/&)—y2.

x—i—co_

va(z + co) +

It follows that

8

)= 5 (Veiot 2v@) = 2 2 20 52) — o

So we divide the curve I' into two parts

‘ -

)= <\/2(ﬁ+2\/5)—@/2—\/2ﬁ—y2>—007 —Voh <y < Vi,

S

B
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Figure 1: The area enclosed by I' in phase space swept out in one period/2.

as shown is Figure 1. Using the Green formula, We have

1(h) = ;ﬁyfyd — 5 [ [ oty = ;ﬂ/\/;h (22(y) — 21 (9)) dy
D

V2h 7
1 N 1 1 = h
- \/2h — y2dy = r(Vaoh? =
2\/&77 /‘/Qh y ey 2\/&71' 27T( ) 2\/&7

where D is the domain enclosed by I' and we take I' the negative direction along the boundary of
D. O

Lemma 5.2. Assume that
(b—1)(1—x)

N =T

where b > 1 is a positive constant, then

n>1,

- (b— DA
23

n — n+1 o .
\f<x>r<max{< Hm (6-1a ”},



forx e [X,1] and 0 < X < 1.

Proof. The function has the minimum and maximum values for 2 € [\, 1], since it is continuous
on the closed interval. Note that, if n > 1, then

"(z) = -1 n—1)b—n—(n-— — 1)z
) = g (= D= (= (o .

It follows that the function f has a stationary point

(n—=1)b—n
(n—1)b—(n—-1)

g =

Moreover, we have

flao = C ) o
and
(=11 =N

Therefore, for z € [\, 1], we get that

0 < f(z) < max{f(xo), f(1), f(N)}-

In case of n = 1, we have f'(z) < 0. Also for = € [\, 1], we get that

0 < fz) <max{f(1), f(A)}.

Thus the proof is end. O]

Appendix B. Calculations of (3.4), (3.8) and (3.9)
B.1. Calculation of (3.4)

Note that £ = (7 + ¢p)? is a monotone increasing function on the interval ¢ € (z_,z). Then we
have

[
.
e- \/2(h + /@) — a(T + c)? — (T + cp) 2
(z+c0)?
:/ 2va d¢ (let € = (1 +cp)?)
(z—te0)? /2(h + Va)é —ag? -1
(z4cp)?
N ht+va
= arcsiniﬁ
h? | 2h
@ Va lg g
_ 2
=" _ arcsin htva—alz+ ) .
2 h? + 2y/ah
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B.2. Calculations of (3.8) and (3.9)

By (3.4)), we know that

_ h+va—a(z+ )?

cos = sin(w/2 — 0) RSN
+ a

From (3.4)), we have

o 2v/al + /a— a(x + co)?

Vaal? + 4al

COS

Note that  + cg > 0. Then we have

1 B B -
\/2I+1+\/4IQ+4ICOSG—CQ.

€r= —
ql/4

Substituting I = I — % into the equality above, we obtain the desired equality (3.8). On the other
hand, in view of (3.8), we get

(x4 co)? = 1 (2[— VAI? — 1(:059).

T al/?

Substituting it into (3.6), together with (3.5), we obtain the desired equality (3.9).
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