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Abstract

In this paper we prove the existence of bounded solutions in the real line for the equation
i+ sign(u) = p(t), where p is a function with average. Some useful density results for the
space of functions with zero average are also obtained.
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1 Introduction

Consider the differential equation
i+ e+ g(u) = p(t) 1)

where ¢ > 0 is a parameter, the function g(u) models saturation and the forcing term p(t) is
bounded, continuous and has an average p € R. The notion of average is classical for almost
periodic functions but, as noticed in [1], it can be extended to the class of functions such that
the limit



exists and it is uniform with respect to ¢ € R. Note that p has to be independent of ¢t. We
are interested in conditions on the average implying the existence of bounded solutions of the
equation (1), that is, solutions u(t) satisfying

sup{u(t)? +u(t)*} < oo.

teR
Motivated by the periodic case and the so-called Landesman-Lazer conditions, Ahmad consid-
ered this question in [1] when ¢ > 0 and the function g : R — R is continuous and has finite
limits g(£o0) = lime_, 10 g(§) with g(—o0) < g(€) < g(+o0) for each £ € R. He proved that
the condition

g(—00) < p < g(+00) (2)

is sufficient for the existence of a bounded solution. This is a sharp result because the condition
with non-strict inequality is necessary. Extensions to other classes of equations appeared after
[1]. See in particular the references [6, 7, 5, 2] where different methods based on guiding
functions and upper and lower solutions were developed. Going back to the equation (1) we
observe that these techniques do not seem to apply to the non-friction case ¢ = 0. The recent
paper by Soave and Verzini [9] employs a variational technique to prove that Ahmad’s result
can be extended to the non-friction case if the function ¢ satisfies some additional conditions.
Namely, g is of class C?, increasing and has a unique inflection point. In these assumptions the
condition (2) implies the existence of infinitely many bounded solutions. This is a remarkable
result inspired by the model example g(u) = arctanw, but the problem remains open for a
general nonlinearity. The purpose of the present paper is to introduce an alternative approach
that is also useful in the case ¢ = 0. To illustrate our method we consider the equation

i + sign(u) = p(t)

1 ifu>0

-1 ifu<0.

The value of this function at uw = 0 will be irrelevant. In agreement with the condition (2) it
will be proved that this equation has infinitely many bounded solutions if —1 < p < 1. The
nonlinearity sign has been chosen because it is one of the accepted models for saturation but
also because it does not satisfy the technical conditions imposed in [9]. The extension of our
methodology to more general classes of nonlinearities is a topic for future work.

In [9] Soave and Verzini considered the action functional associated to the equation (1)
with ¢ = 0 and applied the so-called Dual Nehari method. In contrast our approach will be
based on the use of generating functions and the results on twist maps developped in [4]. A
key ingredient in the proof will be a property of the average of a function that is perhaps of
independent interest and we describe now. Given an integer N > 1 and periodic function f(¢)
it is well known that the linear differential equation

y N = f(t) (3)

has a bounded solution if and only if f = 0. For non-periodic functions this equivalence is
no longer true but we will prove that it is close to be true. More precisely, if we consider the

where sign denotes the discontinuous function sign(u) = {



spaces Ag = {f: f =0} and BPY = {f : (3) has a bounded solution}, then BP" is a dense
subspace of Ay. Here the topology is induced by uniform convergence.

The rest of the paper is divided in three sections. Section 2 is devoted to the properties
of the average. These properties are employed in Section 3 for the study of a simple linear
equation. Finally the main result is proved in Section 4, the results of the previous section
are useful to prove that our problem is in the framework of the theory of twist maps with
non-periodic angles.

2 Average and bounded primitives

Let BC' denote the class of bounded and continuous functions f: R — R. It becomes a Banach
space with the norm

[/l = sup £ ()]
teR

Following [1] we say that a function f € BC has average if the limit below exists

uniformly in ¢ € R.

Almost periodic functions are basic examples of functions with this property (see [3], page
44). Another example is the function f(t) = sint + #, in this case f = 0. The class of
all functions having average will be denoted by A. It is not hard to prove that A is a closed
subspace of BC' and the linear form f € A — f € R is continuous. In particular, the space of
functions with zero average,

Aoz{feA:fzo}
is a Banach space.

Given N > 1 we consider the space BPY composed by those functions f € BC such that
the equation

y ™ = f(t) (4)
has a bounded solution y € BC.
When f € BP! we observe that

t+T
‘%/t f(s)ds

where F(t) is a bounded primitive of f(¢). This implies that f = 0 and so BP' C Ay. Using
the mean value theorem, it is not hard to prove that if f € BC' and y € BC' is a solution of
(4), then all the intermediate derivatives y*), 1 <k < N — 1, are also in BC. This fact leads
to the chain

2
< —||F
< 2|17l

_ ‘F(H—T) — F(t)

o.c BPN ... CBPQCBpchO



and we claim that all the inclusions are proper even when they are restricted to the class of
almost periodic functions. Indeed the function

o(t) = i 2% sin <3£n)

n=0

is almost periodic and has zero average, in particular ¢ € Ay. The primitive

D(t) = /Otw(t)dt = 2; (%)nSiﬂ? <2 -t3">

satisfies an estimate of the type ct!=@ < ®(t) < Ct'7 if t > 1 for some positive constants
¢,C and o0 = izg § See the appendix in [8]. In consequence ® is unbounded and so ¢ is not
in BP!'. For each N > 1 we can construct an almost periodic function fy in BPY but not in
BPN+1. The succesive derivatives of ¢ are also almost periodic and we define fy = ™). By
construction fx is in BPY and the solutions of yV*1) = fy are of the type y = ® + pn where

pn is a polynomial of degree at most N. Clearly all these solutions are unbounded.

Proposition 2.1. For each N > 1, the space BPY is dense in Ay.

For N = 1, this result is exactly Lemma 2.1 in [6]. To extend it to an arbitrary N we recall
some facts coming from Finite Differences Calculus.
Given a function f: R — R and a number 7" > 0, we define

Apf(t) = f(E+T) = f(1).

The higher order difference operator is defined by composition, A% = AroArp, Ak = AT0A§_1.
If the function f is of class CV then

T—lNayf(t) = flt,t+T,...T+ NT] = f™(€) (5)

for some ¢ lying between ¢ and t + NT. Here f[tg,t1,...,ty] is the divided difference.
The translation operator is defined by the formula

Trf(t) = f(t+T).

From 7F = Tir and A = Tr — Id we deduce that

N

2y =3 ()T, ©)

k=0

Finally we introduce the operators associated to primitives and derivatives
¢
150 = [ fs)ds. DI =
0
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whenever they are defined. Given a continuous function f we observe that DZ f = f. Also,
(ZVAY) f = (AFTY) f+pn (7)
where py_1 is some polynomial of degree at most N — 1. To prove this identity we note that
DY (AYZY) f =AY (DVIV) f =AY
because D and Ar commute. Also,
DV (ZVAY) f= (DVIV) AY f = A f
and so (AYZV) f and (ZVAY) f are both solutions of the equation y™ (¢) = A f(t).

Proof of Proposition 2.1. As mentioned above, the density of BP' in Ay is proved in [6]. Tt will
be sufficient to prove that for each N > 2 and € > 0, given f € BPY~! there exist functions f*
and f** satisfying f = f* + f*, f* € BPY, || f*]| <e.

To prove this claim we start with the function f € BPY~! and denote by F(t) a bounded

solution of 5V =1 = f(t). Define

sk 1
= oy AVI(E).
From the identity (6) we deduce that

7= TLNIZV% (ka) (—1)NF /OHkTF(s) ds.

After splitting the integral in the form | i

0 = f(f + ftHkT and observing that

0

we obtain the formula

P T_lNké (ka) (—1)N-* /tHkTF(s) ds.

> (1)

k=0

Then

1

17 e = =t 1o

and we obtain || f**||_ < € by letting T" — oo.

Next we define f* = f — f**. It remains to prove that f* € BPY. The functions Z"(f) and
Z(F) are solutions of y¥) = f(¢) and so they must differ in a polynomial of degree at most
N — 1, say

I(f) = Z(F) = qn 1.
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From the definitions of f* and f**,

V() = TV(f) ~ TV(F) = T(F) — g TN AYT(F) + an .

The identity (7) leads to
1
IV(f*) = I(F) — WA¥1N+1(F> +pNn-1+aqnN-a-

Define ¥ = Z¥*(F). The function y(t) = Z(F) — 7w ANV T(F) differs from ZV(f*) in a
polynomial of degree at most N — 1. Hence y(t) is a solution of y™ = f*(t) and we are going
to prove that y € BC. This will complete the proof. From (5) we deduce that

T_lNA%IJ(t) =M (&) =Z(F)(¢)

for some £ € [t,t + NT]. Finally we apply the mean value theorem to the function Z(F),

()] = |ZF(t) = ZF(&)| = [F(n)| |t = ¢
where 7 lies between t and £&. Then y € BC' with

1Ylloe < I1Flloo NT

3 The linear equation

Consider the equation
g=f(t) (8)

under the assumption f € A, f < 0.

In this section we obtain some properties of the solutions of the Cauchy and the Dirichlet
problems. Let us start with the initial value problem and let y(¢; %y, v) be the solution of (8)
with initial conditions

y(to) =0, y(to) = v.

Lemma 3.1. There ezists v, > 0 such that for v > v, the solution y(t;ty,v) has exactly one zero
to the right of to, say T > to. Moreover the function T = 7(tg,v) belongs to C'(Rx]v,, +00])

and
lim M = _Z
v—+00 v f

(9)

uniformly in tg € R.



Proof. Throughout the proof, € will be a fixed but arbitrary number satisfying 0 < 3¢ < | f |
The notation ¢, will be employed for different constants depending only on €. We apply the
results of the previous section to split f in the form

f=F+f*+f

where F is a C? function with F, F, ' € BC and ||f**|| < e. The solution of the initial value
problem can be expressed as

y(t;to,v) = F(t) — F(to) + (v — F(t0)> (t—to) + g(t —t0)® + / (t—s)f"(s)ds.  (10)

to

After applying the mean value theorem to F', this identity leads to the estimates

. f—¢ : f+ e
P%FH+v+;7ﬁ—mﬂ@—m§ymmmg[wFH+U+L7ﬁ—mﬂ@—m.
Here we are assuming that v > 0 and ¢t > ¢, and it is easy to deduce that any zero to the right

of ty must lie on the interval I. defined by the inequalities

2v

W—Cﬁgt—tog——i—ce (11)

|[f]—e
N
| 7]
Since y(t;tg,v) — —o0 as t — +00, at least one zero must be contained in /.. Next we shall
prove that this zero is unique. To this end we shall find v, > 0 such that

with ¢, =

y(t;to,v) < 0if t € I, and v > ..

To prove this, we differentiate the formula (10) with respect to ¢ and derive a formula for
y(t; to,v). From there we obtain

y(t; to,v) <2 HFH + v+ (f +e)(t —to) if t > t.
The number v, is obtained by combining this inequality with (11).

At this point it is convenient to sum up our conclusions. The function 7 = 7(to,v) is well
defined for v > v, and satisfies

2v
W_CEST(t()’v)_tOSH——E—i_Ce. (12)
Then
_L < lim infw < lim sup 7(to,v) — to < _2
|f|+€ v—=+00 v v—+00 v ‘f‘ — €

uniformly in ¢y € R.



Since € is arbitrarily small, we conclude that the limit (9) exists.
To complete the proof of the Lemma, we must show that 7 is C' on Rx]v,, +00[, for some
U > v.. To do this, we go back to the formula (10) and consider the C' function

;t7 - f 1 T sk
O(71,t9,v) = M = Fr, to] —F(to)—l—v—f—i(T—to)—l— / (1 —s)f™(s)ds,
T—to 2 T—to to

defined on
G, = {(T,to,v) eR3: 7> ty,v> vs}.

From the previous discussions we know that 7(to,v) is the unique solution of the implicit
function problem
@(7’, to, U) =0.

We will now show that the implicit function theorem can be applied, because g—f(T(to, v), to,v) <
0 if v is large enough. To prove that this condition holds, we differentiate ® with respect to 7
and observe that

0P fl_20Fls | €
By (Tl v) =1 = 5 13
Then we can invoke (9) to conclude that
0o f
_E(T(toav)io,v) > % if v > o,.
O

Next we consider the Dirichlet problem on the interval [I, 7] with [ < r. The solution of (8)
satisfying
y() =y(r)=0
will be denoted by yp(t;1,r). This solution can be expressed in terms of the Green function,
and this explicit formula shows that the function

(t,l,r) e DCR® = (yp(t;1,7),yp(t;1,7)) € R?
is C*'. The domain D is defined by
D={(tl,r)eR* I<nrtel,r]}.
Lemma 3.2. In the previous notations the statements below hold,

(a) There exists T' > 0 such that
yp(t;l,r) >0

iftell,r[andr —1>T.

N lim — [g)D(t;l,r)+f(r+l—t>}:O

r—l—+oo 1 — [ 2




Proof.

lim 2g)D(t;l,r) lim 2yD(t,l,T) —5-

r—l—4o00 O r—l—+o0 OF

The limits in (b) and (c) are uniform int € [l,r], r,l e R, I <r.

(a) We go back to the proof of the previous Lemma and consider the function 7(ty,v).
If we fix some © > v,, then (12) implies that 7(¢o, 0) — o has an upper bound independent
of ty € R, say M. On the other hand, 7(ty,v) — tg — 400 as v — +o0, so the function
7(ty,-) — to maps the interval [0, 4o00[ onto another interval containing [M,+oo[. By
implicit differentiation of ®(7(tg, v),ty,v) = 0, we obtain

0P

or
aT< 7(to, v), o, v) %(to,v) +1=0.

The definition of v, was adjusted so that $2(7(t, v),to,v) < 0 if v > v, and so % (¢, v) >
0. This implies that 7(¢g,-) has a smooth inverse v = v(tg,7), defined on an interval
containing [M, +oo[. The uniqueness for the Dirichlet problem leads to the identity

yp(t;l,r) =y (L0 (7))
if r —1 > M. Then (a) is a consequence of the definition of the function v(l, 7).

Once again we employ the formula (10) to deduce the new formula

¢
yp(t;l,r) =F(@)— F)+v(l,r)+ f(t—1) + / [ (s)ds. (14)
!
On the other hand, the limit (9) implies that

v(l,r) f

— —>—§asr—l—>+oo

in a uniform fashion. The conclusion follows from these two facts.

From the original equation (8) we deduce that

(1 r) = (1) + /f

9yp ov JYp ) B ov
al (t7lv ) ol (l T) f(l>7 W(talur) - E(lar>

To estimate the partial derivatives of v we differentiate the equation ®(r,l,v(l,7)) =0 to

obtain 5% 5 5% y
v
E(r,l,v([,r)) + E(l,r) =0, 5 O(T, Lo(l,r)) + 3l —(l,r)=0.

Then



From the estimate (13) it is easy to conclude that the second limit holds. To prove the
validity of the first limit we go back to the definition of ® to find the estimate

0P , Fio20F]ls 3¢
— (7,1 F(t < —.
|8t0(7—’ Ovv)_l— (0)+2|_T—t0+2
In consequence B '
99y : f 2| Fllo | 3e
2D 1) — B(l) — L e Ly
120 050, — )~ £+ )] < 2 4
Finally we observe that _ B
~B@) - L+ fm =0+ L
O
4 A discontinuous equation
Consider the equation
i + sign(u) = p(t) (15)

with p € BC.
Given an interval I C R, a function u € C*(I) is a solution of (15) if it satisfies the two
conditions below,

(i) u(t)*+u(t)* > 0 for each t € I;

(ii) Let Z = {t € I: u(t) = 0} be the set of zeros of u. Then, for each interval J C I\ Z, the
function u|; belongs to C?(.J) and satisfies (15) on this interval.

A bounded solution is a solution defined on I = R such that

sup [u(t)® + u(t)?] < cc.
teR
Theorem 4.1. Assume that p € A and |p| < 1. Then there exists a sequence (uy,) of bounded
solutions satisfying
: 2 ()2
%gﬂg [, (t)? + 1 (t)*] = 00 as n — oo.

The first step of the proof will be the construction of solutions defined on [ty, ;] and having
exactly one change of sign in |tg,t1[. With this goal, we apply Lemma 3.2 on the interval
[l,r] = [to, 7] with f = —1 + p and on the interval [I,r] = [7,¢;] with f- = —1 — p. We find
associated numbers T’y and T_ such that if 7 —tq > T then yp, (¢;to,7) is positive on Jty, 7]
and a similar statement holds for yp_(¢; 7,¢1).

A first attempt to construct solutions of (15) could be to juxtapose the two solutions of
Dirichlet problems,

t;to, 7), t € |to,
Uttty 7) = § 0T 2 T
—yp_(t;7,t1), t €[, 1]

10



where to + T, < 7 < t; — T_. In general U(-,to,t;,7) will not be a solution, because the
derivatives at 7 will not match. Then we must adjust 7 so that the equation below holds,

F(to, t1,7) == yp, (T;t0,7) + Yp_(757,t1) = 0.
In order to analyse this equation, we first compute the derivative with respect to 7,

OF 9Yp,

oy
E(to,tlﬂ'):§D+(T;t077)+3'/b_(7';77t1)+ o YD

+ a—(t T, tl)

t=1 t=1

(t t07 )

From the equations §j = fi we deduce that the first two terms in the sum are precisely —1+p(7)
and —1 — p(7). To deal with the last two terms we employ Lemma 3.2 (c). After fixing € > 0
small enough, we find T} = T1(¢) > max (T'y,T_) such that, if 7 —tq > 77 and t; — 7 > T3, then

oF
— (to, 1 24— 4+ —
87_ ( 0,01, T )+ + + ‘

or equivalently,
oF

— (to,01,7) + 1| <€

or (fo,1,7)
and so %—f (to, t1,T) is negative when the two intervals are large enough. Next we are going to
find 75 > T} such that if ¢; — ¢ty > T5 then F'(ty,t,-) has a change of sign at 7 = 7(to, t1), with
7 —ty > Ty and t; — 7 > T). To prove that this is possible, we apply Lemma 3.2 (b) and find
Ty > T, such that if 7 — ¢y > T5 then

iy (tita) + £ (25T~ 1) <7 - ) (10

and similarly for yp_.

Evaluating these expressions at ¢ = 7 we observe that ¢p, (7;to,7) remains bounded if
T = to + T, with arbitrary t, € R. However, yp, (7;ty,7) = —o0 if 7 —tq — oo. The solution
yp_ has an analogous behavior excepting that yp_(7;tg,7) — 400 if t; — 7 — oo. Hence
F(7;tg,t1) is positive when ¢; — 7 is large compared to 7 — ¢y and negative in the opposite case.
Let 7 be a zero of F(-;tg,t1). From the definition of 77 and 75 we know that

oF
or

Thus 7 is unique and the function 7 = 7 (o, 1) is well defined and C* when t; — ¢, is large
enough.
We are ready to construct solutions of (15). Define

u(t7t07t1) - U (t;t(]?tl?%(t(]?tl)) .

(T to,tl) O

It is not hard to show that u(-;to,t1) satisfies all the conditions for a solution of (15) defined
on I = [tg,t1]. In particular Z = {t¢, 7(to,t1), %1} and the condition (i) is verified via Lemma
3.2 (b).

11



Associated to (15) we consider the Lagrangian function
) L.,
L(t,u,u) = S~ lu| + p(t)u
and define the function
t1
h%JQ:/‘L@ummjmummJMdt
to

In the next proposition we summarize the properties of this function.

Proposition 4.2. Given ¢ > 0 there exists Ty > 0 such that the function h belongs to C*(Qs),
where
Q§ = {(to,tl) S Rzl t1 —tp > Tg} .

Moreover 1 1
Oy h(to, t1) = §U(t0;t0;t1)27 Oy h(to, t1) = —511(751;1507751)2 (17)
and
—(n+0)(tr = t0)* < h(to, 1) < —(u—0)(t1 — to)’, (18)
with 1 = 55(1 —p*)%
Proof. For some T" > 0 the function h is well defined on t; — ¢y > 7. We shall check first the
identities (17) and later we shall check the estimate (18) when t; —ty > T for some appropriate

Ts5 > T. The computation of the derivatives of h follows along the lines of Section 7.2 of [4]
but some additional care is needed. In our case L is not C!' but we can split the integral in the

form R .
h(to,tl) == / L + / L
to T

and deduce easily that h is C'. Moreover,

1. .07 1. T d 1. 207 tl_d
Oroh(to, t1) = = — — ~(ty)? —Ldt — Ldt
i (to, 1) 2“(7') oty 2“( 0) +/to dto QU(T) Oty +/+ dty

where u(t) is an abreviation for w(¢;tg,¢;). Before computing the two integrals it is useful to
observe that the function
Qs — R, (t;to,tl) — u(t; to,tl)

is C'. The domain of this map is defined by
Qs = {(tito, 1) : (to,t1) € Uy, to <t <t}
and, in principle, it is clear that this function is C* in each of the subsets

A

Q5 = {(t;to,11) € Qs : to <t <7(to, 1)}, QF ={(t:to,t1) € Qs 1 7(to, 1) <t <t}

12



but the derivatives of u with respect to ¢y and ¢; could have a jump discontinuity along the
common boundary ¢t = 7(to,t1). To show that this is not the case we differentiate the identity
u(7(to, t1); o, t1) = 0 on QF to obtain

or ou

(75 to, tl)ato ot

(Tﬂ:o to,t1> 0

and so the left and right derivatives coincide. An integration by parts shows that

oL Ou (9L ou oL 8u d OL_.o0u
/ a1y At = /{a 9 " 2a o, 4 = [gq g V= /{_u_£ 50 ar,

The equation (15) together with the definition of L lead to

ou u
/ Jp Lt = W(F) 5 (7) = lto) 5 (to).

Finally we differentiate wu(to;to,t1) = 0 with respect to ¢y to deduce that u(ty) + C%(to) = 0.

Similarly
g ou
—Ldt = —u(7)—(7
| ot =il 5 3)

and we obtain the first identity in (17). The second is obtained in the same way.
To prove the estimate for h it is convenient to simplify its expression. Multiplying the
equation (15) by u = u(t; to, t1) and integrating by parts,

t1 t1 t1
—/ u2+/ |ul :/ pu
to to to
1 t1 1 T 1 t1
h(to, t1) = —= = gpt- = Ip 2.
(0) ].) 2/1;0 u 2/1;0 yD+ 2/7; yD,
7 2 Tt + 7 2
. 3 0 ~
/ yD+2:f+ / ( 5 _t) dt + (T — t)°
to to

with 7. — 0 as € — 0. Hence

and so

From (16),

and similarly

with I'c — 0 as e — 0.
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To complete the proof we must estimate the lengths 7 — tg and ¢; — 7 in terms of t; — %,.
Working as in the proof of Lemma 3.1 we obtain the estimate

2v R 2v
m—ce <T—19 < w—_e-l—cm
where v = —yp, (T;t9,7) = yp_(7;7,t1). A similar estimate holds for ¢t; — 7. Then
acv —ce <t —tyg < Av + ¢ (19)

with A, a. — # as € — 0. From here,

be(ty — to) — ce < 7 —to < Bty — to) + . (20)
with Be, be — 32 as e — 0 and

de(t; —tg) —ce <t —7 < D(t1 — tg) + ¢ (21)

with D, d. — 52 as € — 0. Finally

1 _ 7=)2
—2h(t, t1) < %Be:i(tl — o) + Vit — to)3+

(1+p)?

5 DAty —to)* +Tr(ty — to)* + E.(t; — to)?

+

with B3+~ — Hp , D3 +T* — 422 4nd E, bounded independently of e.
Similar lower estlmates also hold. T he proof is completed by adjusting € with ¢ and Ts so
that (18) holds. O

We are ready to prove Theorem 4.1. According to the previous Proposition the function

h satisfies the same conditions as the generating function in Section 7.3 of [4]. We can repeat

the arguments there to find numbers o > 1 and d* > 0 such that if d > d* then there exists a
sequence (t%)rez satisfying

Ot 13) + Do (1, 1) = 0 (22)

and
d<ti  —ti<od (23)

for each k € Z. In view of (22) and (17) we deduce that the function
ug R =R, ug(t) =u(t;t], td,,)if t € [te, i)

is a solution of (4.1). To verify the condition (i) in the definition of solution we can employ
(16). We are going to prove that this solution is bounded, more precisely

[td]loo = O(d?), ||ita]leo = O(d) asd — o0,
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To prove this estimate we first observe that |iiq(t)] < 1+ ||pls for almost every ¢ €]tf, i, [.
Then we define the sequence v{ = |i4(t¢)] and combine the inequality (19) with the condition
(23) to deduce that U,Cj < 01d + ¢1 where o1 and ¢; are positive constants independent of k € Z
and d > d*. Then, if ¢t € [¢t{, 1, ],

t
[a(t)] < i + /d [ta(s)lds < vi + (1+ [Iplloo) (tr — t5).
tk

Using again (23) we conclude that
[talloe < (01 + (1 + [|pllsc)o)d + c1.
The estimate for uy is a consequence of
[ua(t)] = |ua(t) — ua(ti)] < llaalloo(t — 1) if t € [t t5].

The proof of Theorem 4.1 is almost complete. It remains to prove that if we take a sequence
d,, — oo then
€

This can be easily proved by combining Lemma 3.2 (b) and the inequalities (20) and (21).
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