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Abstract
This paper is an experimental study on students’ strategies and asso-
ciation judgements when faced with the comparison of a numerical variable
in two different samples (comparison of two samples). The strategies are
classified from a mathematical point of view. which allows us to identify

theorems in action and two types of misconceptions about association.

STUDENTS’ INTUITIVE STRATEGIES
IN JUDGING ASSOCIATION
WHEN COMPARING TWO SAMPLES

Statistical association is a relevant area in mathematics education, because it ex-
tends functional dependence and has significant connections with probability and
proportional reasoning. Studying association among variables is fundamental in ex-
perimental research in different sciences {e.g.. biology. economics, medicine. education)
to find causal explanations, that permit us to understand our environment. However,
the existence of association between two variables does not necessarily imply a causal
relationship, because it is possible to find a high coefficient of association among
variables when there is no causal link (spurious correlation), due to the concurrence
of different factors affecting the response variable.

Bevond these epistemological problems, psvchological research has shown that
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Judging association is not an intuitive ability. Adults sometimes use only part of the
available data to judge association and base their judgment on their previous beliefs
about the type of association that ought to exist between the variables studied rather
than on the empirical data. Chapman & Chapman (1969) have described this phe-
nomenon as "illusory correlation” because people maintain their beliefs in spite of evi-
dence of data. Jennings, Amabile and Ross (1982), Wright and Murphy (1984), and
Alloy and Tabachnik (1984), among others, have studied the effect that previous
theories, about the context of a problem, have on judging association. The general con-
clusion is that when there is agreement between data and previous expectations peo-
ple increase their confidence in the attribution of co-variation. On the other hand,
when data does not coincide with these expectations, there is a cognitive conflict and
the accuracy of the perception of co-variation depends on the relative strength of the
two sources of information.

Determining this preconception is highly relevant for the teaching of association.
As Confrey (1990) has pointed out, the need of research on students’ conceptions lies
in the fact that sometimes these conceptions differ in fundamental ways from the sci-
entific concepts that we try to teach. Furthermore, students’ conceptions are resistant
to change in spite of instruction. Although many students in our study demonstrated
correct or partially correct judgements and solutions strategies, the misconceptions
and incorrect strategies presented in this article indicate a gap between the meaning
of association that we try to teach, and the subjective meaning that students might

attribute to this concept (Godino & Batanero, 1994).

Background

This study continues our previous research on statistical association (Batanero et
al., 1996, Estepa & Batanero 1996, Batanero et al., 1997), where we studied
students’ preconceptions, association judgements and solving strategies in contingency
tables and scatter plots and their evolution after a teaching experiment based on the
use of computers. In the aforementioned papers the following misconceptions concern-
ing statistical association: were described:

a) Determinist conception of association: Some students do not admit exceptions to the
existence of a relationship between the variables. They expect a correspondence that
assigns only one value in the response variable for each value of the explanatory
variable. When this is not so, they consider there is no association between the
variables. For example, some students argue that cells out of the diagonal in a 2x2

contingency table ought to have zero frequency in case of association. In scatter plots
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they expect no spread in the plot and sometimes they even look for an algebraic equation
relating the two variables. s

b) Local conception of association: Students often form their judgement using only
part of the data provided in the association problem. If this partial information serves
to confirm a given type of association. thev would adopt this type of association in
their answer. For example, in contingency tables, students sometimes base their
judgement on only one conditional distribution or even on only one cell, usually the
cell for which the frequency is maximum. These students failed to grasp what in
opinion of Konold et al., (1997) is the essence of the statistical perspective: attending
to features of aggregates as opposed to features of individuals, as distributions and
their parameters are features belonging not to any individual element, but to the
aggregate which they comprise.

¢) Unidirvectional conception of association: Some students perceive the association
only when their sign is positive, considering the inverse association independence
and in other cases they have trouble with the interpretation of negative correlation
coefficient.

d) Causal conception of association: Some students only consider the association between
the variables if this could be attributed to a causal relationship between them. This
misconception was persistent in our teaching experiment (Batanero et al., 1997), and
the theoretical study of the relationships between correlation and causality during the
teaching was insufficient to change the students’ conception.

In this article we report on an experimental study whose aim was to find out
whether some of the aforesaid described preconceptions concerning association were
found when students compare two samples on a numerical variable. Some authors,
such as Konold et al. (1997) have explored students’ ability to determine whether
there is a difference hetween groups. Although judging group differences is formally
comparable to judging association, these two types of judgements probably describe
different cognitive tasks in opinion of Konold et al. (1997) who suggests that the
methods used by students in these problems would depend on the wayv the question is
posed and the reason for doing the comparison.

Our data was taken from a sample of pre-university students, through their written
responses to a questionnaire including two problems. After describing the problems,
we, firstly, discuss the type of association perceived by the students in the two different
tasks. We, secondly, analyse the students' solving strategies. and present an original
classification of these strategies, from a mathematical point of view. in which we identify

concepts and theorems in action as described by Vergnaud (1982). Finally, we describe
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the different misconceptions found concerning statistical association.

METHOD
Sample

The sample consisted of 213 students in their last vear of secondary school (17-18
year-old students) attending three different high schools in the city of Jaen (eight dif-
ferent student groups were used). It is at this level that the topic of association is in-
troduced in the Spanish curriculum. About half the students (113) were males and
half where females (100). The questionnaire was given to the students before the
teaching of association began, so that this study may be considered as research into
students’ preconceptions concerning statistical association.

One hundred and twenty four students had followed a scientifically-oriented curri-
culum and eighty nine students had followed a humanities-oriented curriculum.
Although both groups of students had studied mathematics throughout their previous
studies, in the first group a stronger emphasis was given to the subject and they had
more opportunities to apply mathematics in other scientific subjects, such as physics
or chemistry. Concerning statistics, both groups were taught {requency distribution,
graphical representation, measures of location, and spread of univariate statistical
variables. They had also been introduced to probability in the first year of secondary
school (when they were 14-15 years old). This study has a quasi-experimental char-

acter, because of the non-random nature of the samples of students and problems.

Questionnaire

The students were given the two questions concerning the comparison of two samples
that are shown in figures 1 and 2. In the first item the samples are related whereas
they are independent in the second item. The t- test of mean differences between the
two samples was computed for each problem, giving a p-value of p= 0.00092, t= 3.3

in the first item and p= 0.1510, t= 1.5 in the second one.

Data analysis

In each item we analysed the type of association perceived by the students (direct
association, inverse association, or independence). In addition, the students’” written
s sponses to the questionnaire were categorised and, after several successive revisions,
. ~cheme was developed for classifying students’ solution strategies based on Vergnaud's

Coe~2ynotion of theorem in action.
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Figure 1
Item 1. The following data were obtained when measuring the blood pressure to a group of
10 women, before and after applyving medical treatment:

Mrs. A Mrs. B Mrs. C Mrs. D Mrs. E Mrs. F Mrs. G Mrs. H Mrs. I Mrs ]

Blood pressure 115 112 107 119 115 138 126 105 104 115
before treatment

Blood pressure 128 115 106 128 1
after treatment

3}
SV

145 132 109 102 117

Using the information contained in this table, do yvou think that the blood pressure in this
sample depends on the time of measurement ( before or after the treatment)?

Explain your answer.

Figure 2
item 2. The following data were obtained when measuring the sugar level in the blood of
male and female school children:

Pupil A B CDE F G I J K L MN O P Q R S T U
Gender M M M M M M M M M M F F F F F F F F F F
Sugarlevel 9 0 9 8 6 7 4 9 & 9 6 0 7 0 8 3 6 7 7 3

M = male, F = female.

Using this information, do vou think that the sugar level in the blood in this sample
depends on the sex?

Explain your answer.

A pilot study with an additional sample of 51 students was used to check the re-
liability and the coding svstem for the students’ answers. Since factor analvsis of
students’ answers had a multidimensional structure, a generalizability study (Brennan,
1983) was done, instead of computing an internal consistency reliability index. We
obtained a generalizability index, G= 0.86, as a measure of the possibility of extending
our conclusions to the hypothetical item population and another index, G= 0.94,
of generalizability to the subjects’ population. This pilot sample was also used to perform
a qualitative study of the interrelation hetween strategy and the type of association
perceived by the students, in order to characterise students’ misconceptions concerning
statistical association. The results of all of these analyses are presented in the following

sections.



» Antonio ESTEPA, Carmen BATANERO and F. T. SANCHEZ

DISCUSSION

In table 1 frequencies and percentages of answers concerning the existence of asso-
ciation between the two variables in each item are shown. In both cases the majority
of students gave a correct response, so that judging the association in this tvpe of

problem was not a difficult task for our students.

Table 1. Frequencies and percentages of association judgements in the comparison of
two samples.

Item Association Independence No answer
1 *178 (83.6) 20 (9.4) 15 (7.0)
2 *157 (73.7) 14 (20.7) 12 (5.6)

3
correct answer

However, the correct judgement of the existence of association between the two
samples is not enough to determine the preconceptions that the students have about
this topic, since, as different research has shown, we can get a correct solution for a
given problem using an incorrect procedure. From the perspective of Mathematics
Education, both a correct procedure and a correct Judgment of association are needed
to correctly understand the idea of association.

Making a judgement concerning the association of a numerical variable with regards
to a dichotomic qualitative variable (as in the comparison of two samples) is a task
that must be solved in the numerical frame (Douady, 1986). Furthermore, as the re-
sponse variable is quantitative, we can compare its different statistics, such as aver-
ages and ranges, in the two samples, to solve the problem. Graphical representations
of the two distributions could also be used.

In studying the strategies, we noticed that some students proved their correct intuitive
conceptions as they solved the problem by using normative strategies. But the concept of
association is not simple and some students might have correct intuitive conceptions
concerning some properties of association mixed with other incorrect conceptions.
This would lead them to choose an incorrect or partially correct strategy. All these
conceptions need to be identified in order to plan adequate instruction.

In order to identify which of the properties linked to the concept of association
were intuitively used correctly or incorrectly by our students, we developed a classi-
fication of students’ strategies according to the mathematical concepts involved and

theorems in action implied in the different procedures used and the type of errors.
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Such a classification is. in Vegnaud's (1982) opinion, essential for didactical analysis.

In the following paragraphs we describe this classification.

Correct Strategies

1. Comparing means: Some students compared the two mean samples to decide the
existence of association between the variables. such as Student 43 in the second
item: “Because when you add the sugar levels in all the males you obtain 69, that divided
by 10 is 6.9, while the sum of sugar levels in fewmales is 47 that divided by 10 is only
4.7. Therefore, there is dependence on the sex, as sugar level is higher in males”. The student
might implicitly be using the following theovem in action: "When theve is a sufficiently
high difference between the means of the conditional distributions of a quantitative variable
with regards to the values of another qualitative variable, therve is an association between
the two vartables” (T1). This is an example of a correct answer for the institutional
relation introduced to the student, which does not include the usual procedures for
testing the equalitv of means. where it is necessary to consider the variability of the
two data sets, the sample sizes and the significance level, in addition to the mean
values.

2. Comparing totals: Some students compared the totals of the response variable
values in each sample: “When adding all the sugar levels in males we obtain a grater
number than when adding all the sugar levels in females™ (Student 31). Theyv might be
using the fact that dependence would imply the variation of the sum of values in the
two distributions, which is a modification of the previous theorem in action T1.

3. Comparing percentages: In Item 1, some pupils compared the two values of blood
pressure in each woman and based their Judgment on the proportions or percentage
of cases where the pressure increased or decreased. “We can observe that the pressure
decrease tn 20% of women and increases in the remaining 80%", and, thevefore, the treatment
increases the pressure” (Student 8).

In this case, a grouping of women in two categories —according to whether the
pressure increased or decreased— was produced. These students related the solution
to a probability problem and used Laplace’s rule. considering that if there were no
dependence, these categories should have the same frequency. This procedure is similar
to that used in parametric methods based on rank comparisons in a series. Therefore,
the students might be using the following theorem in action: “If we take common values
1 both samples, the percentages of cases in which the value of the variable increases or
decreases would be the same in case of independence” (TZ2).

4. Comparing the two distributions: Other students compared the complete distribu-
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tions of frequencies in both samples. as in the following example: “When we compare
males and females, the latter have got a lower sugar level. That is proved by the fact that
two girls have 0, while there is only a bov with O; Theve ave 2 givls with 3, while theve
st a boy with that pressure; there is only 1 boy with value 4. There are 2 girls with
value 6 and only one boy with 6. There are 3 girls with 7 and only 1 boy with 7. There
are 2 boys with 8 and only 1 girvl with 8. Theve are 4 boys with 9 and no givl had 9”7
(Student 12).. They might be using the following theorem in action: “There is independ-

ence when both samples have the same frequency distributions” (T3).

Partially Correct Strategies

5. Comparing the values of the vesponse variable for each case in related samples. These
students compared the values corresponding to the same subject in both samples. It is
very similar to strategy 3, though here proportions or percentages were not used,
and, therefore, we consider this strategy to be only partially correct. Some students
failed in their association judgement when using this strategy. because theyv expected
the difference to have the same sign in every case, which indicates a functional or de-
terminist conception of the association: “I have compared them and I found out that after
the treatment blood pressuve decveased in some women, whereas in othey cases blood press-
ure increased. There is 1no dependence” (Student 30).

6. Taking into account exceptional cases. Sometimes, a correct Judgment was obtained
by considering the cases where the general rule was not followed (exceptional cases).
We consider the strategy partially correct, because it was used mainly to indicate an
assocliation. As the students did not use proportions or percentages and based their
judgement in only part of the distribution. a local conception can be deduced in these
students. “Blood pressure increases in all the women except in Mrs C, so vou can say that
blood pressuve depends on treatment” (Student 29).

7. Finding out the differences. The students computed the differences between the
values of the response variable in every subject, in related samples, basing the asso-
ciation judgement on these differences: “I have computed the differences in pressure before
and after treatment in every woman and most of these differences are positive” (Student. 5).
These pupils might have used the theorem in action: “In order to find the association
between a continuous and a dichotomic variable the difference in the corresponding values
of the continuous variable must be lavge enough” (T4).

8. Global comparison. When the association judgement was carried out by means of
4 qualitative global comparison of both samples, without specifving which statistics

were used. For example, “In the data we can see that the males have got a higher sugar
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level with vegards to the females” (Student 29).

Incorrect Strategies

As indicated by Nisbett and Ross (1980), subjects do not usually employ a normative
strategv in judging association without being given specific instructions because these
strategies are highly sophisticated. We found the following incorrect strategies in our
students:

9. Expecting similar values. Sometimes similar values in all the cases for each sample
were expected. As that did not happen, because of the data randomness, they concluded
that the blood pressure was independent of the treatment, showing a deferminist concep-
tion of the association. * You can see a lot of variety in the table: some wonen with a
high pressure have increased and other have decveased and vice-versa” (Student 51).

10. Comparing highest and lowest values of both distributions, and basing the association
judgement on them, which indicates a local conception of the association. “It does not
depend on sex as some males have the highest sugar level and others have the lowest.”
(Student 208).

11. Comparing rainges. Some students compared the range of both samples. such as
student 66: “Because vou can see that females got the lowest number (0) as well as males.
Howevey, they do not get the highest number (9) as males do’.

12. Assessing coincidences. Some students justified independence because of the
coincidence of some cases, just as the student who answers: “Because some males hare
the same sugav level as some females, such as the pupils F and N who have got the same
sugay level of 7 in spite of being diffevent, wmale and female” (Student 133). Konold et al.
{1997) indicates that comparing two or more individuals in respect to some attribute 1s
a frequently used non- statistical comparison. In this example, we can add a determinist
conception of association.

13. Basing on previous theories. Some students based their association judgement on
their knowledge about the context (previous theories) instead of using the data given in
the problem like this student's answer: "It depends on whether vour are examined by a male
or female doctor when you don't feel very well. At that moment you might get a bit excited
and that’s the rveason for the increase of blood pressure”. Therefore, the phenomenon of
illusory correlation, might be acting in these students (Chapman and Chapman, 1969).

14. Others. In this category other kinds of procedures and strategies have been
included, such as students who compared the means, which was computed without
taking into account null values (phenomenon that have been described by Mevarech,

1983), or using the values of the variables as if they were percentages. confusion



26 Antonio ESTEPA. Carmen BATANERO and F. T. SANCHEZ

very common in students according to Hawkins et al., (1992).

Table 2. Frequencies and percentages of students’ strategies in the comparison of two sam-

ples.

STRATEGIES ITEM 1 ITEM 2
Correct

1. Comparing means 2 (0.9) 26 (12.2)
2. Comparing totals 1 (0.5) 35 (16.4)
3. Comparing percentages 41 (19.3) 1 (0.5)
4. Comparing the distributions 34 (16.0)

Partially correct strategies

5. Comparing all cases 73 (34.3) 3(1.4)
6. Assessing exceptional cases 63 (29.6)

7. Finding out differences 6 (2.8)

8. Global comparison 64 (30.0)

Incorrect strategies

9. Expecting similar values 3(1.4) 1 (0.5)
10. Comparing highest and lowest values 6 (2.8)
11. Comparing ranges 3(1.4)
12. Assessing coincidences 1 (0.5) 3(1.4)
13. Expressing previous theories 1(0.9) 8 (3.4)
14. Others 8(3.8) 14 (6.6)
15. No answer 14 (6.6) 15 (7.0)

Correct and Partially Correct Conceptions

In Table 2 we present the frequencies and the percentages of these strategies in the
students’ answers. Correct strategies were more frequent in independent samples
(item 2), while we can find a higher percentage of partially correct strategies in related
samples (item 1). It is worthwhile mentioning that some strategies, such as strategies
3,9,6,7, and 9, were characteristic of related samples, while strategies 1, 2, 4, 8, 10,
11, 12, and 13 appear mainly associated with independent samples. Therefore, even
though the students had not formally studied the difference between independent and
related samples, they were able to distinguish them when comparing the samples for
study in the existence of association.

Students who compared the means in independent samples, conceived the mean as a

value representative of the data (Pollatsek and cols, 1981, Mevarech,1983). Leon and
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Zawojewski (1991) consider that this indicates a relational knowledge of the mean
(Skemp, 1978), consisting in having suitable schemes or enough conceptual structures
available to solve a wide range of problems where the concept is necessary. The same
can be said of students comparing totals (16.4%), since these totals are values repre-
senting the set of data. Moreover, choosing between various summaries in a concrete
context requires knowledge on relations between distributions and summaries and
functional interpretations of summaries (Biehler, 1997).

The strategy based on comparing percentages (strategy 3) transformed the original
problem into a contingency table 2x 2, where it was possible to use a probability
comparison. Therefore, these students applied general heuristics problem-solving.

One of the most frequent questions the researcher faces when two samples are
compared, is whether these samples come from the same population or not. This is
what the students who compared distributions did intuitively (strategy 4). From our
results we can infer that the strategy of comparing corresponding values in related
samples can be found, at different levels of elaboration in the 87.9 per cent of

students (Strategies 5, 6 and 7).

When the data are globally compared (strategy &) the student is implicitly accept-
ing that all the data are relevant, which is a basic step in the association judgement
(Crocker, 1981).

Misconceptions Found

The determinist conception of association appeared when the student expected the
variation in the data to always have the same sign (25 (11.7%) of students using
strategy 5) or when he/she expected similar values of the dependent variable in each
sample (strategy 9).

The local conception can be noticed when the student used isolated cases to decide
his/her association judgement; for example, when using exceptional cases (strategy 6)
or comparing extremes in both samples (strategy 10). These students have not
adopted the propensity perspective described by Konold et al. (1997) and make sense

of statistics by using more familiar, but inappropriate comparison schemes.
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CONCLUSIONS

Our results show a mixture of correct and incorrect preconceptions and strategies
in the Judgment of association when comparing samples. We also deduce that comparing
samples to judge association is a highly skilled activity even at an exploratory level,
requiring a varied statistical knowledge. It also implies selecting the best statistical
procedure, adequate interpretation of results and relating them to the research ques-
tions concept and using it in problem solving. All our findings show the complexity of
a topic simple in appearance. Due to this complexity and the relevance of understanding
the idea of association, we conclude that there is a need to extend this research and
reinforce the teaching of this topic at university level and in the final vears of secondary
school. This will require informing teachers about the mathematical, psychological,
and educational aspects of the topic, including information about students’ preconceptions
as set out in this article.
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