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of all pseudofunctions will be denoted by PF(G).
The support supp F of F € PM(G) is the set
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E is a set of spectral synthesis if N(E) = PM(E).



Definition
We call a closed set E C G a set of essential spectral synthesis if

PM(E) N PF(G) = N(E) N PF(G),

equivalently, (F,p) =0if F € PF(E) and ¢ € A(G), p =0on E.



Definition
We call a closed set E C G a set of essential spectral synthesis if

PM(E) N PF(G) = N(E) N PF(G),

equivalently, (F,p) =0if F € PF(E) and ¢ € A(G), p =0on E.
There exist sets of essential spectral synthesis that are not of
spectral synthesis:



Definition
We call a closed set E C G a set of essential spectral synthesis if

PM(E)N PF(G) = N(E)N PF(G),

equivalently, (F,p) =0if F € PF(E) and ¢ € A(G), p =0on E.

There exist sets of essential spectral synthesis that are not of
spectral synthesis:

1. There exist sets of uniqueness E C T, (i.e. PF(E) = {0}) that
are not sets of spectral synthesis.



Definition
We call a closed set E C G a set of essential spectral synthesis if

PM(E)N PF(G) = N(E)N PF(G),

equivalently, (F,p) =0if F € PF(E) and ¢ € A(G), p =0on E.
There exist sets of essential spectral synthesis that are not of
spectral synthesis:
1. There exist sets of uniqueness E C T, (i.e. PF(E) = {0}) that
are not sets of spectral synthesis.
2. Let G=R", S" 1 ={xeR":|x| =1}

» S"~1is not a set of spectral synthesis iff n > 3 (Herz,

Schwartz, Varopoulos).

» S2 s a set of essential spectral synthesis (Varopoulos).
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» S"1is a not a set of essential spectral synthesis if n > 4:
Let ;2 be the normalized surface area measure on S"1.
» a(t) = O(M(%l)/z) as |t| — oo and hence t1/i(t) € G(R") if
n>4and Q = c% is a pseudofunction.
» Q is supported in S"1.
» Let f(x) = xg[exp(—|x|> + 1) — exp(—2|x|?> + 2)]. Then
f € A(R") and f vanishes on S"~1. Moreover

(@.1) =~ 5 = - [22an 0
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Fuglede-Putnam Theorem: If A € B(H), B € B(K) are normal
operators and X € B(K, H) then

AX = XB if and only if A*X = XB*.

Let {A;} € B(H), {Bi} € B(K) be commuting families of normal
operators. Is it true that

Y AiXB; =0 if and only if Y AIXBf =0 (1)

1 1

for all X € B(K,H)?

Answer: No. (V.Shulman, 1991)

Does (1) hold for compact operators X7 or X € S,?

Answer: Noif p>2. If p=2then A: X €S — > ;A XBjis a
bounded linear operator on the Hilbert space &> and

A: X > AIXB! is its adjoint. Then ker A = ker A* giving that
(1) holds in Sy and hence in S, p < 2.
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Let p(xi,....xn) = Sy x? — 1 +i(32", .1 x? — 1) and let s;,
ri=1,..., m be polynomials such that

p(x—y)=> si()r(y), xyeR>
i=1

Let u, v € C°(R?"), and a; = us;, b; = vr;. Consider A; = M.,
B,' = Mb,- in B(Lz(Rzn))

Let m = p X p, p is the normalized surface measure of S"~1. As
i(t) = O(tor). G5 € PF(S™ 1 x S™71). If

. 0
L= (]. + I)Xn_t'_]_ain —

Lm e PF(S"™ 1 x S" 1) and X = I\/Ia]:_ll\/lf(Lm)]:l\/Ib is compact
on L?(IR?") for any a, b € Co(R?").It is left to see that

> AXBj=0and»  AIXB; #0.



We have
(pLm, @) = (m, L(pp)) = (m, pL(¢)) + {m, L(p)p) =0,

(PLm, @) = (m, L(P)¢) + (m, PL(¢)) = 4(1 + i) {x1xn11m, )
and hence pLm = 0 and pLm # 0.



We have
(pLm, @) = (m, L(pp)) = (m, pL(¢)) + {m, L(p)p) =0,

(PLm, @) = (m, L(P)¢) + (m, PL(¢)) = 4(1 + i) {x1xn11m, )
and hence pLm = 0 and pLm # 0. A direct calculation shows that

(Z My, XM 0, w) — (pLm, uap * vbip) = 0
i=1
and

(Z Mg XM 0 ) — (pLm, uap % vb) # 0

showing the statement.
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Hy = L%(X, i), Hy = L2(Y,v) separable Hilbert spaces.
B(H1, H), K(H1, H2) and C1(H1, H>) are the spaces of all bounded
resp. compact and nuclear linear operators from H; into H>.

(K(H1, H2))* = C1(H2, Hh), (C1(H2, H1))" = B(H1, Ha),

where the duality is given by the map (T,S) — (T,S) = tr(TS).
The space C1(Hz, H1) can be identified with the space
Ly(X)®Ly(Y) ofall F: X x Y — C s.t.

y) = fi(x)gily
i=1
fie L2(X), g € L2(Y), 22 |Ifill3 < o0, 35724 |l&ill3 < oo, via
F e LX(X)BL2(Y) = Ir € (M1, Ho), (IFE)(y) = /X F(x, y)§(x)du(x)

The duality between B(Hy, Ha) and L2(X)®L2(Y) is given by
<T7 f®g> = (Tfag)’ T e B(Hla H2)7 fe L2(X)7g € LZ(Y)
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» w-topology: E C X x Y is marginally null if
EC (XO X Y) U (X X Yo), H(X()) = V(Yo) =0.
E is w-open if E >~ U ay X By, (w-open)€ = w-closed.

» w-closed Kk C X x Y supports T € B(Hy, Ho) if
M, ; TMy,, = 0 whenever a x 8Nk = ().
For any M C B(H1, Hz), 3 a smallest (up to marginal
equivalence) w-closed set supp M which supports VT € M.
» For any w-closed set k 3 a smallest (resp. largest) w*-closed
L>°(X)-L>°(Y')-bimodule Mmin(k) (resp. Mmax(r)) with
support &, i.e. if M C B(H1, Ho) is a w*-closed bimodule with
supp M = k then

9ﬁmin(ﬂ) cMmcC 9:nmax(’i)-



Definition
Let (X, ) and (Y, v) be standard measure spaces. An w-closed
set kK C X x Y is called a set of essential (compact) synthesis if

mmin(,‘i) N ,C(Hl, H2) = mmax(lﬁi) N IC(H;[, Hg)
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Sets of essential operator synthesis

» Let A= {(x,x):x € X} and u be a non-atomic measure.
Then A is a set of essential operator synthesis:A only supports
operators Mr, f € L>°(X), as
suppT CA& M, . TM,, =0,Ya C X & [T, M, ] =0,V

» Forall p>1let Mp(E) = Mmax(E) NSp and let M (E) be
the space of all finite rank operators supported in E.

Lemma

If any compact operator supported in E can be approximated in
weak-*-topology by operators in M¢(E) (or Ma(E)) then E is a
set of essential synthesis.

Proof.

It is enough to see that Ms(E) C Mmin(E). T =1k € Sy is
supported in E iff K vanishes 1 X v a.e. outside E and therefore
(T,®) = [ K(x,y)®(x,y)du(x)dv(y) = 0 whenever ® € T'(X,Y)
vanishes m.a.e. on E. The statement follows from

Mmin(E) = {h € L2(X)QL3(Y) : hxg ~ 0}
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Quasi-diagonal sets and sets of finite width

Aset D={MNj=a;x 3 CXxY:1<j<J}iscalled a
diagonal system if c; Naj = ;NG =0, i #J.

lf D= D1V D>V ...V D, where all D; are diagonal and disjoint
then D is n-diagonal.

Let r(D) = max; r(MM;), where r(a x 3) = min{u(a),v(B)}.

A subset E C X x Y is called n-quasi-diagonal if for each € > 0
there is an n-diagonal system D = {I'IJ-}J-J:1 with E C U;M; and
r(D) < e.

Theorem
Let EC X XY be w-closed.

1. If E is n-quasi-diagonal then 9M¢(E) = Mmax(E) N K = {0}

2. If E = E; U Ep, where E; is n-quasi-diagonal and E; is w-open
then

S)th(E)lHl

= Mmax(E) N K.
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J
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Idea of the proof.
L. For D={Nj=a;xfj:1<j<J}let

J
J

If supp T C E C UjlN; then T = 7p(T).

If E is n-quasi-diagonal and {D(¥)}, is n-diagonal systems
such that r(D()) — 0 then for rank one operator T = u® v
7o (DI < llmpw (T2 < C(T)r(DX)V2 0

and hence
[|7puw (T)|| — 0 for any T € K(Hi, H»)

giving that for T € Mpax(E)NK, T =limmpw(T) =0.
2. Let D = {M;}jey, E1 CU;MN;, and let D be a complementing
system. Then
T:ﬂ'D(T) —|—7TD(T)
For T € K, mp(T) — 0 when r(D) — 0.
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Tp(T)eM (E)H . We can think that rectangles in D are unions
of rectangles that are either in E€ or in E;.
If N € E€ then mn(T) = 0 by the definition of the support;
if N € Es then 71(T) € Momax (M) N IC € M) © MA(E)
giving the statement.

Corollary
Let E = {(x,y): fi(x) < gj(y),j =1,..,n}, fj, g : X = R. Then

Me(E )H M= Mmax(E) N K and hence E is a set of essential
synthesis.

Proposition

If E = E; U Ey, where E; is n-quasi-diagonal and E, is w-open, and
N is a set of essential synthesis then E UN and E N\ are sets of
essential synthesis.



Connection between essential operator synthesis and

essential spectral synthesis
Let G be a locally compact group, A(G), VN(G), C;(G) be the
Fourier algebra, the von Neumann algebra and the reduced
C*-algebra of G.
For a closed E C G let

PM(E)={T € VN(G) : supp T C E}
VN(G)

N(E)=T{\(s):sc E}"
E is said to a set of essential spectral synthesis if

PM(E)N C(G) = N(E) N C(G).

Theorem

Let G be a second countable locally compact group. Then a closed
set E C G is a set of essential spectral synthesis iff

E* ={(s,t): ts~1 € E} is a set of essential operator synthesis.



Idea of the proof

» TeVN
» T VN

2. ai(s)
» T e G

(G), suppyyg) T C E=supp T C E*
(G), ue A(G) = uT =3, My, TM,,, where
bi(t) = u(ts™) € L®(G) ®en L=(G)

G) = M,TM, € K(L%(G)), a,b € G(G)



Idea of the proof

» T € VN(G), suppypg) T C E=supp T C E*

» T e VN(G), ue A(G) = uT =>; Mp, TM,,, where
> ai(s)bi(t) = u(ts™!) € L2(G) ®en L2(G)

» T e CHG)= MyTM, € K(L%(G)), a,b € G(G)

» T € K(L%(G)), supp T C E* = Eap(T) € C(G),
a, b € L?(G), where

(Eawp(T), ) = (T, Np(a® b))

Ng(s, t) = u(ts™1)
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Example

» (S")* is not a set of essential operator synthesis for n > 3.
> (S1)*, (S2)* are sets of essential synthesis.

» E£* is a set of essential operator synthesis if E is a set of
uniqueness.

Proposition

For F =3 a;® b; € L®(X) ®ep L®(Y) and T € B(L*(X), L2(Y))
let F- T =75 My TM,,.

If F1,Fp € L°(X) ®en L°(Y) and null F1 = null F, is a set of
essential synthesis then for T €

Fi-T=0iffF- T =0.
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