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u′′(t) =
g(t)

uµ(t)
−

h(t)

uλ(t)
+ f(t) for a. e. t ∈ [0, ω], (1)

u(0) = u(ω), u′(0) = u′(ω) (2)

ω, λ, µ > 0

g, h ∈ L
`
[0, ω];R+

´
f ∈ L

`
[0, ω];R

´
Positive solution

u : [0, ω]→ ]0,+∞[

u, u′ are absolutely continuous and satisfy (2), abbr. u ∈ AC1
ω

`
[0, ω];R

´
u satisfies (1)
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Special cases of (1)

u′′(t) =
g(t)

uµ(t)
−

h(t)

uλ(t)
for a. e. t ∈ [0, ω], (3)

u′′(t) = −
h(t)

uλ(t)
+ f(t) for a. e. t ∈ [0, ω], (4)

u′′(t) =
g(t)

uµ(t)
+ f(t) for a. e. t ∈ [0, ω], (5)

Attractive singularity

lim
x→0+

q(t, x) = −∞ for a. e. t ∈ [0, ω]

Repulsive singularity

lim
x→0+

q(t, x) = +∞ for a. e. t ∈ [0, ω]
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A. C. Lazer, S. Solimini (1987)

u′′ = −
1

uλ
+ f(t); u(0) = u(ω), u′(0) = u′(ω) (6)

u′′ =
1

uµ
+ f(t); u(0) = u(ω), u′(0) = u′(ω) (7)

Theorem A. f continuous; (6) has a positive solution iff
R ω
0 f(s)ds > 0.

Theorem B. f ∈ L
`
[0, ω];R

´
, µ ≥ 1; (7) has a positive solution iff

R ω
0 f(s)ds < 0.

I. Rach̊unková, M. Tvrdý, I. Vrkoč (2001)

Theorem C. f ∈ L
`
[0, ω];R

´
, µ < 1; (7) has a positive solution if

R ω
0 f(s)ds < 0 and

ess inf
˘
f(t) : t ∈ [0, ω]

¯
> −

„
π2

ω2µ

« µ
1+µ

(1 + µ).
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u′′(t) =
g(t)

uµ(t)
−

h(t)

uλ(t)
+ f(t) for a. e. t ∈ [0, ω], (1)

Notation

For the sake of brevity we will use the following notation:

G =

Z ω

0
g(s)ds, H =

Z ω

0
h(s)ds,

F =

Z ω

0
f(s)ds, F+ =

Z ω

0
[f(s)]+ds, F− =

Z ω

0
[f(s)]−ds.

Note that F = F+ − F−.
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uλ(t)
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Theorem

Let H > 0, F > 0, functions w, σ ∈ AC1
ω

`
[0, ω];R

´
be such that the equalities

w′′(t) = Hg(t)−Gh(t) for a. e. t ∈ [0, ω],

σ′′(t) = −
F

H
h(t) + f(t) for a. e. t ∈ [0, ω],

are fulfilled, and let there exist x0 ∈ ]0,+∞[ such that

x0

`
w(t)−mw

´
+ σ(t)−mσ ≤

„
H

x0GH + F

«1/λ

−
„

1

x0H

«1/µ

for t ∈ [0, ω],

where
mw = min

˘
w(t) : t ∈ [0, ω]

¯
, mσ = min

˘
σ(t) : t ∈ [0, ω]

¯
.

Then the equation (1), (2) has at least one positive solution.
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¯
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4
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”λ
F ≤ H.

Then the problem (4), (2) has at least one positive solution.
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Definition
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Open problem:

u′′(t) =
g(t)

uµ(t)
−

h(t)

uλ(t)
+ f(t) for a. e. t ∈ [0, ω], (1)

λ = µ and F = 0.

J. L. Bravo, P. J. Torres (preprint)

u′′ =
a(t)

u3
; u(0) = u(ω), u′(0) = u′(ω) (8)

a(t) =

(
a+ for t ∈ [0, t0[

−a− for t ∈ [t0, ω]

with a+, a− > 0.

Theorem. (8) has a positive solution iff
R ω
0 a(s)ds < 0.
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