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Notation

For the sake of brevity we will use the following notation:
G = / g(s)ds, H =/ h(s)ds,
0 0
F=["reas P [CroLas P el

Note that F' = F; — F_.
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Theorem
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my, = min {w(t) : t € [0,w]}, me = min {o(t) : t € [0,w]}.

Then the equation (1), (2) has at least one positive solution.
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Definition

A function ¢ € L([0,w]; Ry) is said to verify the property (P) if the implication

u € ACL ([0,w]; R)

} = u(t)>0 for te€0,w]
u’(t) + p(t)u(t) >0 for a. e. t € [0,w]

holds.
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u”(t) —

for a. e. t € [0,w],

Theorem
Let G > 0, F < 0, functions w,o € ACY, ([O,w]; R) be such that the equalities

F
G
are fulfilled, and let there exist xg €0, +o0o[ such that

w' (t) = Hg(t) — Gh(t), o’ (t) = g(t) + f(t) for a. e. t €[0,w]

20 (w(E) — ) + 0(t) — Mo < (L)W - (L) P et 0.

20GH + |F| oG

Moreover, let us define

1\ /A
B(¢) = (a:oiG) +zo(w(t) —mw) +0(t) —ms  for t € [0,u]

and assume that o(t) = 9(t)

least one positive solution.

51+7£(t) verifies the property (P). Then the problem (1), (2) has at
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Corollary
Let G >0, F <0, 0 € ACL([0,w]; R) be such that

|F]

a(t) = Eg(t) + f(®) for a. e. t €[0,w],

and let
(My — mo)“|F| <@G.

Let, moreover, either

L
H‘IFI H g(t) T\ 2
(Gl/“ — |F|1/l"(]\4(7 _ O'(t)))1+“ < (;) for a. e.
" S g(s)
pIF| / (GY/1 — |F|*/n (M, (S)))1+uds

Then the problem (5), (2) has at least one positive solution.
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Corollary

Let G >0 and F < 0. Let, moreover,

1
(%MG) T p|L/e %F_|F\1/” <Gg\/n,

Then the problem (5), (2) has at least one positive solution.
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Lemma

Let there exist positive functions o, 3 € ACL([0,w]; R) such that

o' (t) > agu('(fz) _ ;}\(2) + f(t) for a. e. t € [0,w],
BU() < ﬂgu(zl)f) 5}1(2 + f(®) for a. e. t € [0,w],

)
Bl Salt)  for te 0wl
Let, moreover, there ezists ¢ € L([0,w]; Ry) with the property (P) and such that

g@t) _ h() _ ( g() _ h(t) )

ut(t)  wr @) \we() v ()

(1) (v(t) — u(t)) for a. e. t€0,w],

whenever B(t) < u(t) < v(t) < oft) fort € [0,w]. Then there exists at least one positive
solution to (1), (2).
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R

o) hw (o) b » ey
it~ (g ) SPOLO u0) e )

whenever 8(t) < u(t) < v(t) < a(t) for t € [0,w],




w(t) = Bl;f"(‘t()t) for t € [0,w],
t h(t t h(t
ug“((i) B u’\((t)) - (vi((Z) - UA((t))> < @(8)(v(t) ~ u(t))

whenever 8(t) < u(t) < v(t) < a(t) for t € [0,w],

Proof.

is nondecreasing for y > .

for a. e. t € [0,w],
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e(t) =

for ¢t € [0,w],

> <o) (v(t) — u(t)) for a. e. t € [0,w],

Proof.

% 1
ﬂ1+ﬂ Y+ yH

P(y) =

is nondecreasing for y > 3.

n 1 h(t) 1 h(t)
9t <B1+“(t)u(t)+ u~<t>) Py =40 (ﬁ““(t) v+ <t>) T el

whenever 3(t) < u(t) < v(t) for t € [0,w].
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% 1
gire? * yH

P(y) =

is nondecreasing for y > 3.

o) (G0 + 75 ) — i <90) (G + o ) — B

Blr(t) uk(t) (t
whenever 3(t) < u(t) < v(t) for t € [0,w].

g(t)  h(D) g(t)  h(t) pg(t)
uk(t)  uMt) (w(t) - Wt)) g U0 -

BE(t) vk (t)

u(t))-

> <o) (v(t) — u(t)) for a. e. t € [0,w],

for t € [0, w]
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Theorem
Let A\ > p, H>0, G >0, F=0, functions w,o € AC}([0,w]; R) be such that
w' (t) = Hg(t) — Gh(t) for a. e. t €[0,w],
a”(t) = f(t) for a. e. t € [0,w],
and let there exist o €0, +oo[ such that
1 1/X 1 1/p
t) — muw ) —moe < —— —(— te[0,w],
zo (w(t) — mw) + o(t) — mo < (xoG) <:r0H) for t € [0,w]

where
my = min {w(t) : t € [0,w]}, me = min {o(t) : t € [0,w]}.

Then the problem (1), (2) has at least one positive solution.
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VO = T W
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for a. e. t € [0, w],

Corollary
Let A\ > p, H>0, G >0, and let w € AC([0,w]; R) be such that
w' (t) = Hg(t) — Gh(t) for a. e. t € [0,w]

is fulfilled. Let, moreover,

1ta (42
H>r ((14+XNp\ = A—p
Mw — My S 1+p )
i N+ A (1 + p)A
where
My = max {w(t) : t € [0,w]}, my = min {w(t) : t € [0,w]}.

Then the problem (3), (2) has at least one positive solution.
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SO G

Then the problem (3), (2) has at least one positive solution.
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Theorem
Let p> X, H>0,G>0, F=0, functions w,o € AC}([0,w]; R) be such that
w' (t) = Hg(t) — Gh(t) for a. e. t €[0,w],
a(t) = f(t) for a. e. t € [0,w],

and let there exist xo €]0,+o0[ such that

2o (w(t) — mw) + () — me < (WLH) v (

1

1/A
— te [0,w].
=2) pricna

Moreover, assume that ¢(t) = ﬁf_fitgt) verifies the property (P), where B is given by

1/x
B(t) = (1‘0%) + 20 (w(t) — mw) + o(t) — mo for t € [0,w].

Then the problem (1), (2) has at least one positive solution.




9®) A
ut(t)  ur(t)
u(0) = u(w),

u// (t) —

for a. e. t € [0,w],



s 9(t) _ h(t) or a. e w
u''(t) = W) wh) f .e. t€[0,w], (3)
uw(0) = u(w),  w/(0) =1 (w) (2)

Corollary
Let p> X, H>0, G >0, we ACL([0,w]; R) be such that

w' (t) = Hg(t) — Gh(t) for a. e. t €[0,w]
is fulfilled, and let

1+p [CETRN
Gr=X ((14+ A\ r=r  p—2A
My —mqy < o .
Hisx \(@+A)p 1+ Ap

Moreover, let us define

0= ()7 ()7 ()™ K - s

and assume that o(t) = %ff()t) verifies the property (P). Then the problem (3), (2) has at

least one positive solution.




" _ g(t) h(t)
O = T W@
u(0) = u(w),

for a. e. t € [0,w],



g(t)  h(t)

V0= a0
u(0) = u(w), u’'(0) = v/ (w)

for a. e. t € [0,w],

Corollary

Let w> X, H >0, and G > 0. Let, moreover,
1+p H—X (1T+p)A _ m=A
e==(G) (@) @)
GHr — \w A+ T +Mp

L+ ANAA /(@4 p)a) D0+
X min ¢ 1, ( ) ( ) .
=2 I+ N

Then the problem (3), (2) has at least one solution.




Open problem:

A=pand F =0.

u//(t) —

g(t)
uk(t)

h(?)
uA(t)

+ f(t)

for a. e. t € [0, w],



Open problem:

9(t) _ h()

ut(t)  ur(t)

u”(t) = + f(t) for a. e. t € [0, w],
A=pand F =0.
e J. L. Bravo, P. J. Torres (preprint)

=2 w0 =uw), W0 =v W)

a(t) = at for t € [0,to]
Tl —a_ for t € [to,w]

with a4,a— > 0.



Open problem:

9(t) _ h()

ut(t)  ur(t)

u’(t) = + f(?) for a. e. t € [0,uw],
A=pand F =0.
e J. L. Bravo, P. J. Torres (preprint)
0 ) — ), W (0) = ')

a(t) = at for t € [0,to]
Tl —a_ for t € [to,w]

with a4,a— > 0.

Theorem. (8) has a positive solution iff [;" a(s)ds < 0.



