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ABSTRACT. We study the existence/nonexistence and multiplicity of spacelike graphs
for the following mean curvature equation in a standard static spacetime

div aVu . 9(Vu,Va) CNH
V1= a?|Vul? V1= a?|Vul?
with 0-Dirichlet boundary condition on the unit ball. According to the behavior of H

near 0, we obtain the global structure of one-sign radial spacelike graphs for this prob-
lem. Moreover, we also obtain the existence and multiplicity of entire spacelike graphs.
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like graph
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1. Introduction. In a spacetime M, a unit timelike and future pointing vector fiel
U is called an observer field [22] p. 358] (or reference frame in the terminology of [26],
Def. 2.3.1]). Each integral curve of U models a physical observer parametrized by its
proper time. The spacetime M is said to be static respect to U if it is irrotational (i.e.,
the distribution U+ is integrable) and there exists a smooth function a > 0 on M such
that the vector field aU is Killing. Thus, given any (local) flow {¢;} of this Killing vector
field and a leaf S of Ut through p € M, such that {p;} is defined on S, we have ;(.9)
is a leaf of UL through ¢;(p) € M. Physically this means that the spatial universe looks
the same, at least locally, for each observer in U.
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Given a static spacetime M, relative to U, for each p € M there is an open neighbour-
hood of p which is isometric to the product manifold I x S, endowed with the Lorentzian
metric —a?dt? + g, where S is a leave of U+ through p, I an open interval of R, ¢ the
Riemannian metric on S obtained by restriction of the Lorentzian metric of M and a > 0
an smooth function on S [22] Prop. 12.38]. Moreover, U is represented in this decom-
position just as the coordinate vector field 9/0t. When this decomposition is global [1],
then M is called a standard static spacetime [22, Def. 12.36]. In other words, a standard
static spacetime is a product manifold I x S, endowed the Lorentzian metric

g=—ad’dt* + g, (1.1)

where [ is an open interval of the real line, g is a Riemannian metric on the manifold S
and a > is a smooth function on S. In the terminology of [22 Def. 7.33], the manifold
with the Lorentzian metric is a warped product with base (S, g), fiber (I, —dt?) and
warping function a.

Let us consider here the case S = € an open subdomain of RY, N > 1, with its
canonical metric ¢ and @ invariant by certain isometry of Q. Taking into account that an
isometry ¢ of the base such that ao¢ = a clearly induces an isometry of the standard static
spacetime, this mathematical assumption may be interpreted as a natural symmetry of
the spacetime. This is the case when Q = I x S¥~1 I C R, an open interval (£2 may be
seen as an open domain in RY),

g= E2(r)dr2 + rldo?, (1.2)

where £ > 0 is defined on I, do? denotes the usual Riemannian metric of the unit
sphere S¥~! and a = a(r). In particular, for I = (2m, ), m > 0 constant, N = 4,

2N —1/2 2N 1/2
E(r) = <1 — _m) and a(r) = (1 — _m) , the corresponding standard static
r r

spacetime is the Schwarzschild (exterior) spacetime of mass m, [22, Def. 13.2].
For any u € C*(Q), consider its graph
Yo ={(u(z),z) : x€Q}

in the standard static spacetime M := (I x ), g) which is spacelike, i.e., the induced
metric on ¥, from (1.1)) is Riemannian, if and only if a|Vu| < 1 holds on all 2, where
Vu is the gradient of the function u and |Vu| its g-length. In this case,

= 1 1

/—1 — QQ‘VUP ( aa GVU)

is the unit timelike normal vector field on ¥, in M in the same time-orientation as 0/0;.

If H is the mean curvature of the spacelike graph >, with respect to the unit time-
like normal vector field given in , the function u may be seen as a solution of the
mean curvature spacelike hypersuface equation (derived in Appendix, for the sake of

completeness)
div( aVu ) N g(Vu,Va) N,

V1 —a?|Vul? VI—a?[Vu? (1.4)

1
Vul < —.
a

When ¢ = 1, H = 0 and Q = R", equation reduces to the well-known maximal
hypersurface equation in (N + 1)-dimensional Lorentz-Minkowski spacetime. In this
case, Calabi [6] proved that the only entire (i.e., defined on all RY) solutions are the
affine functions defining spacelike hyperplanes for N < 4. Further, Cheng and Yau [§]
extended this result for all N. This uniqueness result contracts with the behaviour of the

(1.3)




GLOBAL BIFURCATION IN STANDARD STATIC SPACETIMES 3

entire solutions of the classical minimal hypersurface equation whose entire solutions are
affine functions only for N < 7 and counter-examples exist for each N > 7, [23].

When a = 1 and H is a non-zero constant, some celebrated results for equation (|1.4])
were obtained by Treibergs [28]. If a = 1, Q is a bounded domain and H is a bounded
function defined on €2 x R, Bartnik and Simon [2] proved that the equation ((1.4) with
Dirichlet boundary condition has a strictly spacelike solution. By topological degree
or critical point theory, the authors of [5, O] studied the nonexistence, existence and
multiplicity of positive solutions for it in the case of ¢ = 1 and () being a bounded
domain. When a = 1 and Q = By := Bg(0) = {:c eRN :|z] < R} with R > 0, Bereanu,
Jebelean and Torres [3, 4] obtained some existence results for positive radial solutions of
equation with w = 0 on 0. Recently, when a = 1, the first author [10] studied
the nonexistence, existence and multiplicity of positive radial solutions of equation (|1.4])
with u = 0 on 002 and NH = —\f(z,s) on the unit ball via bifurcation method, which
were extended to the general domain in [13] [14].

The main objective of this paper is to investigate the existence/nonexistence of one-
sign radially symmetric spacelike solutions for equation on the unit ball B mainly
by bifurcation method in the same philosophy as in [I5]. The solution is understood in
the classical sense.

For this aim to be achieved, we consider the following 0-Dirichlet boundary value
problem

, aVu g(Vu,Va) _
—div - =—-ANH in B,
(\/1—a2|Vu\2> V1 —a?|Vul? (1.5)
u=20 on 0B,

where, here and that follows, the constrain |Vu| < 1/a is understood, A is a nonnegative
parameter which can represent in some sense the strength of mean curvature function,
a : B — R is a smooth positive radially symmetric function, H : B x [-0,6] — R is
a continuous function and is radially symmetric with respect to x with some positive
constant 0 determined later.

Taking ¢ as in and following [19], we have that the problem ((1.5]) can be reduced
to the following boundary value problem

1 rNlay! ' a'v’
B _ = —ANH (r,v), re(0,1),
rN-1E (E\/l —_a2v’2> E2V1 — a?0”? ) oy (1.6)
v'(0) = (1) =0,

where r = |z|, v(r) = u(|z|) and a(r) = a(|z|). Letting 6 = maxg (F(z)/a(z)), since the
graph associated to v is spacelike, we deduce that ||v||ooc < . This is the reason we only
require that H is defined on B x [—4, d].

Let A\; be the first eigenvalue of

— rN_lmu’ / =N "la(r)E(ru, r
( ) = Al EE. e 0., .
uw'(0) =u(l) =0.

It is well known that A; is simple, isolated and the associated eigenfunctions have one
sign in [0,1) (see for instance [29 p. 284]). Let

X ={ueC'0,1] : ¥/(0) =u(l) =0}
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with the norm ||ul| := [|(a/E)v/|| . Clearly, one has ||v]|s < [|¢/]| and ||| /p < ||V ||eo <
|v]| 9, where p = max 1 (a(r)/E(r)).

It follows that the norm |[v]| is equivalent to the usual norm ||v||_ + ||v'|. Let
Pr={veX:v>00n0,1)} and P~ = —P". From now on, following [25], we add
the point oo to our space R x X.

The main result of this paper is the following theorem.

Theorem 1.1. Assume that H(r,t)t < 0 for any r € [0,1], t € (=4,6) \ {0} and
there exists Hy € [0,400] such that

t—0

uniformly for r € (0,1). Then,

(a) if Hy = 1, there are two unbounded components, €+ and €, of the set of nontrivial
solutions of problem bifurcating from (A1,0) such that €7 C (R x P)U{(A\,0)},
(A1, +00) C pr (€7), |luall < 1 and limy_ o [Joa]| = 1 for (N\vy) € (€TUE) \
{(A\1,0)}, where v € {+,—} and prg (€") denotes the projection of € on R,

(b) if Hy = 400, there are two unbounded components, €+ and €, of the set of
nontrivial solutions of problem (1.6) emanating from (0,0) such that €¥ C (R x P¥) U
{(0,0)}, joins to (+00,1) and ||vs|| < 1 for (A, vy) € (€T UE)\ {(0,0)},

(c) if Hy = 0, there are two unbounded components, € and €=, of the set of non-
trivial solutions of problem (1.6)) such that € C R x PY, joins (+00,1) to (+00,0) and
loall <1 for any (A\,vy) € €% with A < +o0.

Figure 1 illustrates the global bifurcation branches of Theorem 1.1. The existence and
multiplicity of one-sign solutions of problem (|1.6)) can be easily seen from these diagrams.
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[ Sy S 1+r——-———-—-—-—-— == — =
v>0
v>0
- -
0 A1 A 0 A
v <0
v <0
(A) Ho=1 (B) Hy =+
XA
1 ______________
v>0
-
0 A
v <0
(c) Hy =

Ficure 1. Bifurcation diagrams of Theorem 1.1.

The following result is concerning the nonexistence.

Theorem 1.2. Assume that a(r) is nondecreasing and there ezists a positive constant o
such that

for any s # 0 and r € (0,1). Then there exists 0. > 0 such that problem (1.6) has not
any one-sign solution for A € (0, o).

By arguments similar to those of Theorems 1.1-1.2, we can also show that the con-
clusions of Theorems 1.1-1.2 are valid for equation (1.4) on any annular domain with
the Robin boundary condition. Concretely, let Ry, R, € R with 0 < R; < R, and
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A:={z € R : Ry <|z| < Ry}. Consider the following problem with the Robin bound-

ary condition
—div( avu ) L IV vg 4,

V1= a?|Vul? V1 —a?|Vul? (1.8)
0

au =0 on 0Bgr,, u=0 on 0Bg,,

v
where H : Ax (—(Ry — R1) 8, (Ro — R1)6) — R is a continuous function and is radially
symmetric with respect to x, v/ is the outward normal derivative of v and a : A — R

is a smooth positive radially symmetric function. As that of ((1.6)), the problem (|1.8) is
reduced to the following one

!/
1 N—1 !,/
(Er av ) - av = —ANH (r,v), r € (Ry, Rs)

TN-R 1— f20? 2, /1 f22 T (1.9)
v (Rl) = <R2) =0.

Let A; be the first eigenvalue (see [20

- ( N 1a ) (ME(r)u, e (Ri,Ry),

w (Ry) =u(Ry) =
and

X ={ueC"[R,Ry)] : v (R1)=u(Ry)=0}
with the norm |lu|| := |[(a/E)v'||,. Then, in particular, we have the following conse-
quence.

Corollary 1.1. Assume that a'(r) < 0 for any r € (Ry,Rs) and H(r,t)t < 0 for
any r € [R1,Ry), t € (— (Ro— R1) 6, (Ra — R1)0) \ {0} and there exists Hy € [0, +00]

such that
NH (r,t)

lim = —H,

t—0

uniformly for r € (Ry, Ry). Then,

(a) if Hy = 1, there are two unbounded components, €+ and €, of the set of nontrivial
solutions of problem (1.9) bifurcating from (A\1,0) such that € C (R x P¥) U {(A1,0)},
(A1, +00) C prg (€7), |val] < 1 and limy_ 4 ||ua]| = 1 for ()\ vy) € (TUE)\

{()\170)},

(b) if Hy = 400, there are two unbounded components, €+ and €, of the set of
nontrivial solutions of problem (1.9)) emanating from (0,0) such that € C (R x P¥) U
{(0,0)}, joins to (+00,1) and |Jvs|| <1 for (A, vy) € (€T UE )\ {(0,0)},

(c) if Hy = 0, there are two unbounded components, €+ and €, of the set of non-
trivial solutions of problem (1.9) such that €¥ C R x P, joins (+00,1) to (+00,0) and
|loall < 1 for any (A, v)) € €% with A < +o0.

The rest of this paper is arranged as follows. In Section 2, we introduce an approxima-
tion problem of problem and investigate its global bifurcation phenomenon. Section
3 is devoted to the study of the convergence of solutions of our approximation problem as
¢ — 0T. The proofs of Theorems 1.1 and 1.2 will be given in Section 4. In Section 5, on
the basis of Theorem 1.1 (or Corollary 1.1) and the standard prolongability theorem of
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ordinary differential equations, we study the existence of entire radially spacelike graphs
of equation ([1.4) for Q = R (or exterior region). Two examples are also given in this
section. Finally, the derivation of equation (1.4]) is given in Appendix.

2. Bifurcation for an approximation problem. If v is a solution of problem

(1.6)), then we have that

\NH 1 rN=lay! / a'v’
N (rv) = - N-1R E\/1— f2? N E2,/1 — f2072
1 / 1

= - (" (a/EW) i

rN-1F

av’ 1 , a'v'
B2\ /1= T2 N T2
a v N—-1a v’
E2 (1 _ f2vl2)3/2 r E?2./1— fQU/Q
(a/E)V av’ f(r)f'(r)v”
1— f20? E2 (1— fzvxg)i%/?
a'v’

E2\/1— f2?

where f(r) = a(r)/E(r). Furthermore, we obtain that

2 _
o U” — _ANE?H (T,U) (1 . f2v12)3/2 + NT 11}/ (1 . f2U/2)
1.,/ 1.,/
+fo (1_ 21)'2)—|—ff'v'3—|—aav (1_ 2?}/2)‘

Note that the above equation is singular at » = 0. To overcome this singularity, we
consider the following approximation equation

E? 32 N—1
—v" = -AN—H 1 — F2? DT — £22
v - (r,v) (1= f*0") +T+€U( F202)
!,/ 7
+ffv (1= f2%) + ff° + _a;) (1— f2?)
for any € € (0, 1]. It follows that
b —1,1/ 1% 32 N—1
~rrgr (T = AN (o) (1= ST S R
"y 1,0
+fo (1= £207) + fo* + 25 (1= £207)
a
E? 32 N—1
— —)\N H 1_ 2,02 _ 2,13
- (r,v) (1= f*0") —7’—|—er

2a'v EW adv®

a E E?2
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Consequently, we have that

ot (r+ E)N_l—CLQ(r>U' / = —ANaEH (r,v) (1 - fzv'2)3/2 e 1af31/3
(r+¢e)N-1 E(r) ’ r+e
a’ (2av'  E L3 s a?\’
+E< . E>—af“ _(E>
N -1
_ —)\NEH 1— 2/23/2_ 3,13
a (r,v)( f’u) —T’—l-Ean
—a,f3U,3-
So, we have that
2 /
— ((T+€)N_ICLE’((T)>U/> = —AN(r+ )" 'aEH (r,v) (1 — f2v'2)3/2
r

—(N = 1D)(r + eV 2af* — (r + )V td f0®
= F(\ruv).

Now, we consider the following problem

_ <(r 4 E)N—I?v), =F(\ruv,0),
v'(0) = v(1) = 0.

(2.1)

Using the above expanding process, we can see that if v is a solution of the following
approximation problem

/
1 (r+e)N"tar/ a'v’
B - ————— = _ANH (r,v), r €(0,1),
(r+oN1E (E 1— f22 E2,/1— f202 (r;) (0,1) (2.2)

v'(0) =v(1) =0,

then v is a solution of problem ({2.1).
Conversely, the following lemma implies that v is a solution of problem (2.2)) if v is a
solution of problem ({2.1J).

Lemma 2.1. For any solution v of problem (2.1)) with e > 0, we have that |v'| < E/a on
0, 1].

Proof. Suppose, by contradiction, that (a|v’|) /E can achieve 1 on [0,1]. Let r* be
the first such kind of point. Since v/(0) = 0, one has that r* € (0, 1]. Note that v satisfies
N—-1_1,,

(+ O 16 (7)) = ANGr+ " EH (r,0) - L8

where ¢ (s) = s/v/1 — s2. Since a (r*) |/ (r*)| = E (r*), there exists r, € (0,7*) such that
fV'|>1/2for all r € (r,,7*). It follows that

re (0,r),

(r+ o (fv) | EH(rv) d
o o() " o) a
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for r € (r,,7*). Integrating this equality from r, to r € (r,,7*), we obtain that
W [(r+ ™ o) = |+ Vo (M) ()]

EHTU
= N d—/—d
o O(fu)

Letting » — r*, we see that the left side term tends to infinity while the right one is
bounded, which is a contradiction. [

Due to Lemma 2.1, problem ([2.2)) is equivalent to problem ({2.1)). Furthermore, we have
the following monotonicity result.

Lemma 2.2. Assume that H(r,t)t < 0 for any r € (0,1), t € (=6,0) \ {0}. Then,
for any nontrivial solution v with v >0 (v < 0) of problem (2.2) with € > 0, one has that
v>0(w<0)onl0,1) andv' <0 (v >0) on (0,1].

Proof. We only prove the case of v > 0 because the proof of v < 0 is similar. Note that

(r+e)V 1o (fv’))/ - %,(7" + )N (fV) = AN(r + )N LEH(r,v).

By the variation of constants formula, we have that

(r+eoN o (fv) = / 1AN(t+e)N—1EH(t,v)e—./?%'d8dt
0

= AN /l(t +NTIE()H(t, u)@ dt.

It follows that
s AN ' N-1 a(t) )
fu'=¢ ((r—i—e)N1 /0 (t+¢€) E(t)H<t’v)a(r) dt |,

where ¢! is the inverse function of ¢. It is easy to verify that ¢~! is an odd increasing
diffeomorphism. It follows that v" < 0 on (0,1]. Since v is nontrivial, we must have

v(0) > 0. In view of v(1) = 0, we get that v > 0 on [0, 1). |
Next, we give a Dancer’s type unilateral global bifurcation result which will be used
later. Let E be a real Banach space with the norm || - || and O be an open subset of

R x E. Consider the following operator equation
u=ALu+ H(\u), (2.3)

where L : X — X is a linear compact operator and H : O — prp, (5) is completely
continuous with H = o(||ul|) at v = 0 uniformly on bounded X intervals in pry (O). Let

= {(\u): (A u) satisfies equation (2.3) and u # 0 }O.
Let r(L) be the characteristic value set of L. By an arguments similar to that of [I7, The-

orem 2| (or [I8, Theorem]) with obvious changes, we obtain the following result, which
is the local version of Theorem 2 of [17].

Lemma 2.3. If p € prg(O) Nr(L) is geometric multiplicity 1 and odd algebraic multi-
plicity, then .7 possesses two mazimal continua 6,7, €~ C O such that (,0) € (ff and
one of the following three properties is satisfied by ‘5:[:

(i) €, and €, are both unbounded in O,
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(i) €, and €, both meets 0O,
(i) 6 16 # {1, 0)}.

To investigate the bifurcation phenomenon of problem ([2.1)), we consider the following
eigenvalue problem

- ((7’ - G)N_IC;?T(:))U’> = Ar+ eV la(r)E(r)u, r € (0,1),

u'(0) = u(l) = 0.

(2.4)

From [29] p. 269], we know that problem ({2.4) has a principal eigenvalue A (€), which is
simple and isolated. Then, we have the following unilateral global bifurcation result for

problem ([2.1)).

Theorem 2.1. Under the assumptions of Theorem 1.1,

(a) if Hy = 1, there are two unbounded components, €. and €, of the set of non-
trivial solutions of problem bifurcating from (\i(€),0) such that €* C (R x P”) U
{(M(€),0)}, (M(e), +o0) S pr (€F), [[oSll < 1 and limy_poo [[05]] = 1 for (A, 05) €
(U )\ {(M(e),0)},

(b) if Hy = 400, there are two unbounded components, €.t and €, of the set of
nontrivial solutions of problem emanating from (0,0) such that €¥ C (R x P¥) U
{(0,0)}, joins to (+00,1) and [[v§]] <1 for (A,05) € (4.7 V%) \ {(0,0)},

(c) if Hy = 0, there are two unbounded components, €7 and €., of the set of non-
trivial solutions of problem (2.1)) such that €¥ C R x P, joins (+00,1) to (+00,0) and
o5 ]| < 1 for any (A\,v5) € €% with A < +o0.

Proof. (a) Define {(r,t) = NH(r,t) + t, then we have that
)

t—0 t

=0.

Consider

{ L = /\(T + E)N_l (1 - f2vl2)3/2 ak (U - §<T’ U)) - K <)‘7 T, U/) ) (25)

v'(0) =v(1) =0,

where Lv = — ((r + e)N—lﬁv’)/ and

K\ r0,0) =+ 30 + (N = 1)(r + )" 2af3(r)v?.

Let G(r, s) be the Green’s function associated to the operator -Zv with the same boundary
condition as problem ({2.5). Then problem ([2.5)) can be equivalently written as

v=ALv+ H(\v):=V(\0),
where

Lo = /0 G(r,8)(s + )V E(s)a(s)o(s) ds
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and

H\v) = )\/1 G(r,s)(s +e)N ' Eav [(1 — fzv'2)3/2 — 1] ds
0
—)\/1 G(r,s)(s+e)V 1 (1 - f20’2)3/2 Ea&(s,v)ds
0

—(N —-1) /0 G(r,s)(s + )V 2af?(s)v* ds — /0 G(r,s)(s+ )N td f2" ds.

It is well known that L : X — X is linear compact (see [24]). It follows from f|v/| <1
on [0,1] that ||v]| < 1. By the conclusion of [24], we know that H : R x B — B is
completely continuous, where B = {v € X : ||v|| < 1}.

We claim that H = o(||v||) near v = 0 uniformly on bounded A intervals. Let

E(ryu) = 1|’11|§X’£<7’, s), r € (0,1).

Then 5 is nondecreasing with respect to v and

lim 5(7’, u)

u—0F U

= 0. (2.6)
It follows from (|2.6)) that

§00)| _ Eno) _ €0 o)
ol | =

loll = ol

Elr vl _ 55(7", [l 0)
loll = ]l

< —0as |jv]| =0

uniformly in r € (0,1). So, we have that

Ea (1 — )" ¢(r,0)
o]

uniformly in r € (0,1). Clearly, one has that 1/(r +¢) < 1/e for any r € [0,1] and

v [(1 ) 1] o fiu’3 af?
— 0, — 0,
o] o]

uniformly in r € (0,1). It follows the claim as desired.

Applying Lemma 2.3 with O = R x B, there exist two continua, ¢." and €., of solution
set of problem (2.5) emanating from (A;(€),0) which satisfy one of the following three
properties:

(i) €+ and €~ are both unbounded in O,

(ii) €7 and € both meets R x 9B,

(iii) 6" N6 # {(M(e), 0)}-

By Lemma 2.1, we have [|v]| < 1 for any (\,v) € €.f U%, . Thus, the second alternative
does not occur. From the variation of constants formula, we can see that problem (2.2)
has only trivial solution if A = 0. Since 0 is not an eigenvalue of problem ([2.4)), we have
that € N ({0} x X) = 0.

Let ¢ be an eigenfunction corresponding to A;(€). Lemma 1.24 of [24] implies that if
(A, v) € € U% and is near (A(€),0), then v = ap§ + w with w = o(]a|) for o near 0.
So, there exists an open neighborhood .4 of (A;(€),0) such that

((ZZ\{(\(e), 00}) nA) < (R x P¥).

We claim that €* C (R x P%)U{(\i(€),0)}). Suppose, by contradiction, that there
exists (A, v) € ((€F\ {(M\i(€),0)}) N (R x dP*)) such that (), v) is the limit in R x X of
(An,vn) € R x PE. Thus, v has either an interior zero in [0,1) or v/(1) = 0. It follows

—0as v =0

— 0as [|v|| =0
o]
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from Lemma 2.2 that v = 0. So A = ), is an eigenvalue of problem for some 7 > 1.
By Lemma 1.24 of [24], we have that v,, = g +w, with w, = o(|a|) for a near 0, where
¢§ is an eigenfunction corresponding to A;j(e€). It is well known that ¢ changes its sign
(see [20, 29]). Thus, v, must change its sign for n large enough, which is a contradiction.
Therefore, we verify this claim. It follows that €+ N %~ = {(A\i(€),0)}. So, both €
and ¢ are unbounded in (0, +00) x B. Obviously, the projection of €= on (0, 400) is
unbounded. Therefore, we have that (A;(€),+00) C pry (€7).

Next, we show the asymptotic behavior of vy as A — 400 for (A, vy) € €7\ {(A\1(€),0)}.
Suppose, by contradiction, that there exist a constant g > 0 and (\,,v,) € €~ \
{(M(€),0)} with A, — +o0 as n — 400 such that ||v,|* < 1—062 for any n € N. Without
loss of generality, we assume that (A, v,) € €.\ {(Ai(€),0)}. Note that (\,,v,) satisfies
the following problem

!/

(00 O U) = T+ NP FANC P B

_ —H (o)
m(r) = o)

Our assumptions of H imply that there exists a positive constant py such that
m(r) = po

for any r € (0,1). By some elementary calculations, we find that problem (2.7) is equiv-
alent to

_ L) = AN(r + )" ta(r)ym(r)E(r)v, (2.8)

Bry/1-f2072
v'(0) =v(l) =0.

Multiplying the first equation of problem ({2.8]) by ¢, we obtain after integration by parts
that
1

5 /01<r+e>N1a<r>E<r>vnsoidr -5 /01("’+6)N1afv;(soi)' dr

> /l(r + E)J\HM dr
0 V1= 2l

= )\nN/O (r + )N ta(r)ym(r)E(r)v,¢S dr

1
> AN / (r + N a(r) E(r)u,g dr.
0

It follows that A, < Ai(€)/ (Ndoppo), which is a contradiction.
(b) For any n € N, define

H"(r,s) =
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Clearly, we see that lim,_, . H"(r,s) = H(r,s) and H} = n. Consider the following
problem

a/

(4 ) = S+ PG () - ANG P BH (), o
v'(0) =v(1) = 0.

By the conclusion of (a), there exist two sequences unbounded continua .}, and %, of
the set of nontrivial solutions of problem emanating from (A;(€)/n,0) and joining
to (400, 1) such that
%ej,[n < ((R X Pi) U{(A(e)/n, 0)}) :

Taking z* = (0,0), clearly, one has that z* € liminf, ., ‘ijl The compactness of ¥
implies that (U247 ) NBg is pre-compact, where B = {z € R x X : ||z[| < R} for any
R > 0. By Theorem 2.1 of [II], 4* = limsup, .., €7, is unbounded and connected
such that z* € €+ and (+o00,1) € €=

For any (\,v) € €%, the definition of superior limit (see [30]) implies that there exists
a sequence (A\,,v,) € €5, such that (A, v,) — (X, v) as n — 400, which implies that v
is a solution of problem (2.1). We claim that €= N ((0,+00) x {0}) = 0. Suppose, by
contradiction, that there exists u > 0 such that (u,0) € €*. There exists Ny > 0 such
that > Ai(€)/n for any n > Np. It follows that (;1,0) € €%, for any n > Ny. So, we have
that (u,0) ¢ €+, which is a contradiction. Clearly, v € P for any (\,v) € €\ {(0,0)}.
Further, by Lemma 2.2, we have v € P* for any (\,v) € €+ \ {(0,0)}. By Lemma 2.1,
we have that |[v|| < 1 for any (\,v) € € U%, .

(c) For any n € N, define

—S s€[—mals
pee ) EEDE Gk s (b2,
| (H(r—2)+)n(s+3)+a se(-2-3)
H(r,s), s € (—oo,—%} U [%,—f—oo)

Then, we consider the following problem

—((r+e 1o (fv/))l = %/(r + )N Lo (fu') = AN(r + )N LE(r)H,, (r,v), (

2.10)
v'(0) =v(1) =0.
It is easy to see that lim,, ., H,(r,s) = H(r,s) and
Hy(r, I .
lim Hu(ris) _ 1 uniformly in 7 € (0, 1).
s—0 S n

By the conclusion of (a), there exist two sequences unbounded continua ¢, and %,
of one-sign solutions set of problem (2.10) in R x X emanating from (\;(e)n,0) for any
n € N and joining to (+00,1) := z,.

Taking z* = (400,0), clearly, we have that z* € liminf,,_ . 67, with [|2*]|5, ¢ = +00.
Let

S ={(+o0,v): 0 < ||v| < 1}.

For fixed n € N, we claim that %j; NS = (). Suppose, by contradiction, that there exists
a sequence (A, Un) € €2, such that (Ap, vp) — (+00,v.) € S with |[v,|| € (0,1). Then
by the argument as that of (a), we obtain that A, < ¢, for some positive constant c,,
which is a contradiction. It follows that (UI>%6%) NS = U (65,nS) = 0. Letting
€* = limsup,_,, ., 62, since €+ C U262, we have that €* NS = 0. Therefore, we

en? €,n’

have that €+ N {oco} = {2.,2*}.
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Now we show that €% \ {oo} # (). It is enough to show that the projection of €+
on R is nonempty. From the argument of (a), we have known that %, has unbounded
projection on R for any fixed n € N. By Proposition 2 of [12], for any fixed o > 0 there
exists an Ny > 0 such that for every n > Ny, 65, C V, (6F), where V, (=) denotes the
o-neighborhood of 4% in R x X. It follows that

(A1(e)n, +00) C pry (€2,) € pra (Vo (7)) -

So, we have that (n\;(€) + o,+00) C prg (€F), which implies €* \ {oo} # (. Using
Lemma 3.1 of [T4], we obtain that €= is connected. By an argument similar to that of
(b), we can show that €+ N ([0, +00) x {0}) = 0 and v is one-sign solution of problem

for any (\,v) € €*. ]

Note that the monotonicity of a is only used to obtain the asymptotic behavior of vy
as A — +oo for (A, vy) € €Y\ {(A1(€),0)}. If we don’t care the asymptotic behavior, this
condition can be removed.

3. Convergence of solutions as ¢ — 0. From Theorem 2.1, we can obtain the
existence and multiplicity of solutions of the approximation problem . To study the
convergence of solutions of problem as € — 01, we first provide a boundary deriva-
tive a priori bound estimate as follows.

Proposition 3.1. For any solution v of problem (2.2)), there exists v € (0,1) such
that (1) [o'(1)] < 7.

Proof. Let u = —frlf(r)v’(r) dr. Then, clearly, one has that v/ = fv" and v =
— f: u'(1)/ f(7)dr := T[u]. So, we have that
1 (r+e)N 1\’ a'u/
— — = —-ANEH (r,T c (0,1
e (o) — s (r Tlu)) 7 € 0,1),
u'(0) = u(l) = 0.
Consider the following elliptic operator
1 (T‘—i—G)N_lw, / au
Q) =~y () — s
(r+¢) 1 —w a1 —uw'
Define w* : [1/2,1] — R by
1—r 1
w(r) =

0o 14 06(t) dat,

where ((t) = aet with positive constants o and p which will be determined later.
Clearly, w™(r) is decreasing and

1

(w ) (r):_\/m'

1 {N -1 u  dd
Bl—r)Lr+e 2
For any p > 0, choose a € (0,e7#]. It follows that, for any r € [1/2, 1],

Qu (w™) (r) > []7\:: - g - ﬁao] :

Then, we have that

Qu (w¥) (r) =

1+ oze”(l—r)} )
a
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where a’

Let

= max(i 2,1 (|a'| /a).

0 = max{—)\NEH(r,t) s [%, 1] e [—(5,(5]}
and choose p large enough such that
5= V2 +0.
So, we obtain that, for any r € [1/2, 1],

Qu (w+) (1) > Qu(u)(r).

If wt(1/2) > u(1/2), then by the Comparison Principle of [21, Theorem 4.4], we have
that

wH(r) > ulr), 1€ [%1} |

Since wt (1) = u(1) = 0, we conclude that
1
Vita

From now on, we assume that w*(1/2) < u(1/2). Set K := maxp 2] |v/|. By Lemma
2.1, one has that K < 1. For any fixed ro € ((1 + K)/2,1), we have that

u(1) > (wh) (1) = -

> >
o) () e 5
Then, choose «a, > 0 such that

2

. o — 3 _u

o, < min< « —1])e 2
“ ’ <u (3) —wt (7“0))

o if s €[0,1—r],
a(s)=1< h(s) ifse(l—ry,1—r,
o, ifse (1—7’0,%]

and define

for any fixed 1 € (rg, 1), where h is a decreasing function such that @ being differentiable.
Define w : [1/2,1] — R by

1—r 1
w(r —/  ——
«7) o /1+a(t)er
It follows that
(

—w™ (rg) .

1 1
1 2 1 2 1 1
d ()= [ a(})
2) "l Vira@e T e et 2

Letting ro — 1, we obtain w; (1/2) > u(1/2). It follows from the monotonicity of @, (w™)
with respect to a, we have that

Qu (wy) (r) = Qu (w*) (r).

Then, reasoning as the above case, we can derive that
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Similarly, considering —w™(r) and —w; (), we can obtain that
1
Vit+a

u'(1) <

for some positive constant a. Taking

1 1
= max , ,
7 {\/1+& \/1+a}

' ()] <.
Therefore, we obtain that f(1) [v'(1)] < . |

we have that

The following convergence conclusion is our main result of this section.

Theorem 3.1. For any one-sign solution (A, v.) of problem (2.2) with any fized A\, up to
a subsequence, the limit of v. exists as € — 0 which is denoted by v, and (\,v) is the

solution of problem ((1.6]).

Proof. By Lemma 2.1, we can easily verify that |lve|| . < § and ||v||,, < . By the
Arzela-Ascoli Theorem, up to a subsequence, there exists v € C|0, 1] such that v, — v in
C10,1] as e — 0. Note that

= WS H () (1—f%;2)3/2+ Yl e
ff ( f2 /2) +ff/ /3 ( f2 /2) L g (T Ve, v €>’ (3'1)

which implies that |v”| is uniformly bounded on [/@, 1] with respect to e for any fixed

€ (0,1]. Thus, {v'} is equicontinuous and uniformly bounded on [k, 1]. Applying the
Arzela-Ascoli Theorem again, we obtain that v/ — w in Clk, 1] as € — 07. Using the
Dominated Convergence Theorem, we have that

:[Tv;(f)dfﬁ[w(r)dfz

for any r € [k, 1]. It follows that w = v’ and v. — v in C'[k, 1] as € — 0.
We shall show that (A, v) is the solution of problem (1.6]). Firstly, integrating equation
(3.1) from x to 1, we derive that

vi(k / Ge (T, Ve, v

Obviously, G. is uniformly bounded on [k, 1] with respect to e and
N -1

hr(]gl+ Ge (r,ve,v)) = —)\N%H (r,v) (1 - fgva):z/z N o (1= )
—i—ffv (1 _ f2,vl2) +ff'v'3+ % (1 . fQUa) — Q(T,v,v’)

for any r € [k, 1]. Then, by the Lebesgue Dominated Convergence Theorem, we obtain

that )
V(k)—0'(1) = / G (r,v,0) dr
In view of the arbitrariness of x, it follows t}fat
—v" =G (r,v,0"), re(0,1). (3.2)
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Since v.(1) = 0, we have that v(1) = 0. So, it suffices to verify the existence of
lim, g+ v/(r) := ¢/(0) and v'(0) = 0.
From problem ([2.2)), we can see that

fol N-1
1_—]321)22 — )\NEH (7", ’Ug) \ 1— fQUéz — T—_{_efvé

P

! !
Jue 1 — f2072 a
It follows that
fvé,—i_f/vé _ 2.2 N—1 /
= ANEH (r,v.) /1 — f2v! e fol
—fl — e _ a fu i [

1 — f2? a 1— f2u?

. 1go
— ANEH (rv) JT= o = YLy dIve

r+€ a

Lo (L4 fu\\ _ ol £
2 \1—fu)) 1—f22’
Define ¢ : (=1,1) — R by
1 1+s
= -1 .
o) =3 (1)

Clearly, ¢ is an increasing diffeomorphism. So, we obtain that

(6 (fol)) = ANEH (r,0) VT 202 — "Lyt

T+ € a

It is easy to verify that

a' fug

Integrating the above equation between 0 and 1, we have that
1 1 ! £
N -1
—fudr =~ (f)u(D)) +/ ()\NEH (r,ve) /1= f202 — ﬂ) dr.
o T+eE 0 a
By Proposition 3.1, the right term of the above equation is uniformly bounded with

respect to €. Hence, there exists a positive constant C' which is independent on € such
that

b fu

o Tte

dr‘ <C.

Without loss of generality, from now on, we assume that v, is positive on [0,1). In view
of Lemma 2.2, we have that

lﬂdrz lwdr:
o rte o Tt+e€

1 /
ﬂdr‘<a
0 r+e

By virtue of the Fatou Lemma, we infer that

| Y N
/ UdrSC,
0 T

_fv’

r

which shows that
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is an integrable function on (0, 1]. It implies that

—fv (1 . f21/2)

r

is also an integrable function on (0, 1].
For any r € (0, 1], integrating equation ({3.2)) from r to 1, we get that

V) — (1) = /Q(T,v,v’) dr

_ / f2 /2 )\N/ —H 7_ U f2 12)3/2

f// 2 12 ! 13 2/2)
+[(f( ) R (1 )

Now, we can see that the limit of the right term exists as r — 0. Therefore, we verify the
existence of lim, g+ v'(r), which is denoted by v'(0). Then, by integrability of — (fv') /r
and f(0) > 0, we derive that v'(0) = 0, which is just our desired conclusion.

4. Proofs of Theorems 1.1 and 1.2. From Theorem 3.1, for any solution v. of
problem , we have that v = lim._ ¢+ v. is a solution of problem . It follows
that € := limsup,_y+ ¢~ is the solution set of problem , where €7 is obtained in
Theorem 2.1. To study the structure of €, we first present the following eigenvalue result.

Lemma 4.1. Passing to a subsequence, we have that lim o+ A1(g) = ;.

Proof. Let 1 be the first eigenvalue of

— (r+ 1)N*1mu’ / = XN la(r)E(r)u, r € (0,1)
E(/]”) ) ) Y

u'(0) = u(R) = 0.
By the Comparison Theorem for eigenvalues of [29, p. 276], we have that

)\1(5) < 1.

Up to a subsequence, we have lim. g+ A;(g) = p for some p € [0, 1]
Let .1 be the positive eigenfunction with Hgo’&l HOO = 1 corresponding to A;(g). Passing
if necessary to a subsequence, there exists @1 € C[0, 1] such that

tim fleen =il =

Note that

‘<W+w“%%%g):me+aN1mEm%mre®U-

It follows that
N -1 2¢’E — E'a E?
V= L T T A (6) . 0,1). 4.1
= o T MO, TE (0,1, (&)

Consequently, for any x € (0, 1] and r € [k, 1], we have that

1
+ Crpg + Cy

N_
=
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for some positive constants C;, ¢ = 1,2, which are independent on €. Reasoning as that
of Theorem 3.1, we have that ¢.; converges to ¢; in C'[k, 1]. Integrating equation (4.1))
from k to 1, we obtain that

1 I 1 2
N -1 2d'E — E'a E
¢l =) = [ (St T L e M@ )

Applying the Lebesgue Dominated Convergence Theorem, we have that

1 / ! 2

N -1 2d'E — E'a E
(k) — o (1) = ! ! — dr.
Ph(r) — (1) A ( P I T <m+ua¢0 r

It follows that

N71a2(7’) / /_ N-1
) < E(r)901> — " a(r)E(r)e, 7 € (0,1). (42)

Noting ¢;(1) = 0, it is sufficient to show that ¢/ (0) = 0.
Integrating equation (4.1)) from 0 and 1, we have that

1 / 1 2 1 / !
Ve E 2 — E'a
(N — 1)/ Loy = —l (1) — / A (g)—e1dr — / ——— ) dr.
0 ' 0 a 0 ab

r+e
1 /
/ S0571 dr
0 r+e

for some positive constant (s independing on e. It is easy to verify that ¢, is decreasing

in [0, 1]. So, we have that

1 / 1 ! 1 /

u—m/‘%szmum/W%ﬂm:qu)/ %1ﬂgcg
0 r+e¢ 0 T+€ 0 7""’5

It follows that

(N 1) < Oy

Using the Fatou Lemma, we have that (1—N)y] /r is integrable on (0, 1]. Since ||90;’1 HOO =
1, one has that |} (r)| <1 for any r € (0,1]. It follows from equation (4.2)) that
N—-1, 2JFE—-Fa E?

— ¢ = "+ =y, re(0,1).
o7 T 2T (0,1)

Integrating it between r and 1 with any r > 0, we obtain that

1 / / ! 2
© 2d'E — E'a E
A - = [ (-nB e 2EZT P ) ar

T aF

Therefore, the limit of the right term exists when r tends to 0. Then, by integrability of
¢ /r, we conclude that lim, o+ ¢ (r) = 0. Clearly, we have that ¢; is nonnegative with
1¢]l, = 1. Therefore, we obtain that lim._o+ Ai(e) = p = Ay. u

To give the proof of Theorem 1.1, we take ¢ = 1/n and rewrite € by €.

Proof of Theorem 1.1. (a) By Lemma 4.1 and Theorem 2.1, we know that (A1,0) €
liminf, ., €Y. The compactness of ¥ implies that (UZ?&%,’L’ ) NBg is pre-compact. Ap-
plying Theorem 2.1 of [I1], ¢ = limsup,,_, . €, is connected. Since (+o00,1) € €/ for
every n, we have (+00,1) € €¥. So, €” joins (A1,0) to (400, 1). From Theorem 2.1 and
Theorem 3.1, we see that v € P¥ for any (\,v) € ¥ with A # ;. By Lemma 2.2, v =0
if v € OP”. Define

!
1 rN=1lav’ a'v'
F(A\v) = iy <E — f%lz> + NS — ANH (r,v)
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for v € B. Then, by some elementary calculations, we obtain that

F(\ tv a’(r '
Fo(N,0)v = tli:rgl+ % = (er E((r)) U/) + MV ta(r)E(r)v.
By the Implicit function theorem, A must be an eigenvalue of problem . S50, A = \;
for some 7 > 1. Then, by an argument similar to that of Theorem 2.1, we can get a
contradiction. So, we have that €V C (R x P”) U {(A1,0)}. Lemma 2.1 implies that
(A1, +50) € prg (€7).

(b) Clearly, one has that (0,0) € €”. Applying Theorem 2.1 of [I1], we have that € is
connected. By Theorem 2.1, we know that €™ joins (0,0) to (+00,1). Reasoning as that
of (a), we see that (), 0) is a bifurcation of problem if and only if AH| is an eigenvalue
of problem ([1.7]), which combining Hy = +oo implies that €” N ((0,+o0) x {0}) = 0.
Furthermore, by Lemmas 2.1-2.2 and an argument similar to that of (a), we can obtain
the desired conclusions.

(c) It is easy to see that z* := (400,0) € €% and z, := (4+00,1) € €. It follows from
¢ NS =0 for each n that €¥ NS = . So, we have that € N {oo} = {z.,2*}. The
fact of €7\ {00} # () combining Theorem 3.1 implies that €” \ {oo} # 0. By Lemma 3.1
of [I4], we obtain that € is connected. Since Hy = 0, reasoning as that of (b), we can
show that €~ N ([0, 4+00) x {0}) = 0. Then, the desired conclusions can be derived from
Lemmas 2.1-2.2 immediately. [ ]

Finally, we present the proof of Theorem 1.2.

Proof of Theorem 1.2. Assume that v be any one-sign solution of problem ([1.6)
with some A > 0. Multiplying the first equation of problem (1.6 by v, we obtain after
integrations by parts that

1 1 f 12
_ _ v
/ TN 1f,U/2 dT S TN 1
0

—dr
i
1 7 1 —H
= /%T’N_l¢(fUI)UdT+>\N/ rN_lE(r)—(r’v)vzdr
0

0 v
1 1
AoN
< /\Ng/ TN E@) v dr < Q—/ N o dr,
0 M1 Jo

where 1 is the first eigenvalue of

{ = PV L) = XY E G, e (0,)

v (0) = u(l) = 0.
It follows that A > py/(oN). |
5. Entire radially spacelike graphs. In this section, we study the existence of

entire radially spacelike graphs of equation ([1.4]) in Schwarzschild spacetime with a pa-
rameter, i.e., the following equation

/
1 rN=lay’ a'v'
— — = —-ANH 0

rN-1F <E 1_ f2v’2> E2\/1— f22 (r,v), 7 € (0, +00), (5.1)

v'(0) =0,

where )\ is a nonnegative parameter.

Theorem 5.1. Besides the assumptions of Theorem 1.1, assume that a : RY — R
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is a smooth positive radially symmetric function, H : RY x R — R is a continuous
function and is radially symmetric with respect to x.

(a) If Hy = 1, then there exist at least two entire radially symmetric spacelike graphs
of equation (5.1)) for any A € (A, +00).

(b) If Hy = 400, for any X € (0,400), there exist at least two entire radially symmetric
spacelike graphs of equation (5.1]).

(c¢) If Hy = 0, there exists \* > 0 such that equation (5.1) has at least four entire
radially symmetric spacelike graphs for any A € (\*, +00).

In addition, the spacelike slice t = 0 intersects these graphs in the unit ball.

Proof. We only give the proof of (a) because the proofs of other cases are completely
analogous. Theorem 1.1 provides at least two solutions v and v~ of problem (1.6)) such
that vv” > 0in (0,1). It suffices to show that v” can be extended to (0, +00) such that
they are also solutions of equation . We consider the following system

v =2z,

E? s N -1

2= AN (1= f222)F H(r,v) + £

f

sz -v+ (B D) s -y - e

r

which we can abbreviate

!/
( > ) = F(r,(v,2)), (5.2)
where F : R, x R x (=4,6) — R? is continuous.

We can see that (v¥, z) is a solution of system ([5.2)) on (0, 1) such that ||v]|. < d. By
Lemma 2.1, we can derive that |z| = |[v/| < . Thus, for some sequence r,, € [1/2,1)
converging to 1, we have (v”, z) € [—6,6] x [=4,d]. By Corollary 2.15 of [27], there exists
an extension of (v¥, z) to the interval (0,1 + ¢) for some € > 0.

Let [0,b) with b > 1 be the maximal interval of definition of (v”,z). Suppose that
b < +oo. By Corollary 2.16 of [27], the solution (v”, z) must eventually leave every com-
pact set C' with [1/2,0] x C C Ry xR x (=4, ) as r approaches b. By an argument similar
to that of Lemma 2.1, we can show that f |(v*)'| <1 on [0,8]. It follows that |z| < d for
any r € [1/2,b]. It is easy to see that |v”| < b6 for any r € [1/2,b]. So, (v”, z) cannot
go out of the compact subset [—bd, bd] x [—4, ] as r approaches b. This contradiction in-
dicates b = +o00. Therefore, v” can be extended a radially entire of equation in RY m

Similarly, we consider the existence of radially spacelike graphs of equation (|1.4)) on
exterior domain, i.e., the following equation

/
1 rNlay’ a'v’
(E ) = = —ANH (r,v), r € (Ry,+00), (5.3)

—erlE 1— f2vl2 /1 — f?va o
v (Rl) =0.
Using Corollary 1.1 and an argument similar to that of Theorem 5.1, we can obtain the
following corollary.

Corollary 5.1. Besides the assumptions of Corollary 1.1, assume that a : RN\ Bpg, (0) —
R is a smooth positive radially symmetric function, H : (RY \ Bg,(0)) x R — R is a
continuous function and is radially symmetric with respect to x.

(a) If Hy = 1, then there exist at least two entire radially symmetric spacelike graphs

of equation (5.3)) for any A € (A1, +00).
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(b) If Hy = 400, for any X € (0,400), there exist at least two entire radially symmetric
spacelike graphs of equation (5.3)).

(c) If Hy = 0, there exists \* > 0 such that equation (5.3 has at least four entire
radially symmetric spacelike graphs for any A € (\*, +00).

In addition, the spacelike slice t = 0 intersects these graphs in a ball of radius Rs.

2 1
a(r) = “1__m and E(r) = ——,
r 1 2m

T

Consider

where m is the mass of a star or black hole in certain unit system. Taking R; > 2m
and Q = RV \ Bg,(0), M is the Schwarzschild exterior spacetime which models the
exterior region of a spacetime where there is only a spherically symmetric non-rotating
star without charge. The value of the radius r = 2m is known as Schwarzschild radius.
When r < 2m, we are in presence of a Schwarzschild black hole. It is not difficult to
verify that a and FE satisfy the assumptions of Corollary 1.1 and Corollary 5.1. So, the
conclusions of Corollary 5.1 can be used on the Schwarzschild exterior spacetime.

Another example is the Reissner-Nordstrom exterior spacetime in which the mass has
non-zero electric charge [7, 26]. In such case, we have

2m | T¢ 1
a(r) = 1——m—l——§2 and E(r) = —,
r T 1_2_m+r_§

where 7 > 0 is a characteristic length relative to the charge ) of the mass. Taking
Ry > m+ /m?—r} and Q = RV \ B, (0), M is the Reissner-Nordstrém exterior
spacetime, which can be seen a generalization of the Schwarzschild exterior spacetime.
The value of r = m + /m? — ré is the exterior event horizon. Clearly, a and F still

satisfy the assumptions of Corollary 1.1 and Corollary 5.1. Therefore, the conclusions of
Corollary 5.1 can also be applied to the Reissner-Nordstrom exterior spacetime.

Appendix: derivation of equation (|1.4

For the convenience of readers, we establish here equation ((1.4) again by slightly
different strategies from [19]. For u € C?(Q) consider its graph ¥, = {(u(z),z)) : x € Q}
in the standard static spacetime (M, g), where g is given in (L.1). Assume ¥, is spacelike,
that it |Vu| < 1/a holds everywhere on €. Replace now the metric g by

1

¢*=—dt? +¢ where ¢ = — 9, (5.4)
a
being ¢ the usual Riemannian metric of RY induced on 2. Note that
* 1 —

thus these Lorentzian metrics on M are pointwise conformally equivalent, Moreover, ¢
and ¢ are Riemannian metrics on 2 also pointwise conformally equivalent.

The graph ¥, is also spacelike in (M, ¢g*), which is a Lorentz product manifold. The
unit timelike normal vector field, pointing to future, on ¥, in (M, g*) is

5*:4(1,%6), (5.6)
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where V/u means the ¢’-gradient of u and |V'u|'? = ¢/(V'u, V'u) and therefore |V'u|’ < 1
holds on all €2. Comparing this expression for £* with the one for the unit timelike normal
vector field € on ¥, in (M, g) given in (1.3)), we have

£ =a&. (5.7)
A direct computation shows that the mean curvature function H* of ¥, in (M, ¢*) with

respect to ([5.6]) satisfies

v/
div' [ ——e— | = N, (5.8)
V1= |Vu|'?
where div’ represents the divergence operator in (2, ¢').
From the relationship (5.4]) we have

Vu=a*Vu and |V'ul'?=a?|Vu|? (5.9)
On the other hand, we have
1
div'(X) = div(X) — N g(X,Vloga) = div(X) — N= g(X, Va), (5.10)
a
for any vector field X on Q. Now, from (5.9 and (5.10), we can rewrite (5.8)) as follows

2
div( a*Vu ) N ag(Vu,Va) _ N

V1 —a?|Vu|? V1 —a?|Vul?

that is,
o div ( aVu ) ag(Vu,Va) N ag(Vu,Va)

V1= a?|Vul|? V1= a?|Vul|? \/1—a2|Vu|2:
Denote by a* (resp. @) the second fundamental form of 3, in (M, g*) (resp. of ¥, in
(M,g)). Taking into account (|5.5)), we have

NH*,. (5.11)

oA (X,)Y)=a(X,Y) + 25(}(, Y)(Va)*

for all tangent X,Y, where (Va)t is the tangent component of the g-gradient of the
function a (considered on M) (see for instance [16], p. 132]). Equivalently,

* * * * — (= 1 — — I
On the other hand, from ([1.3)) we obtain
= ag(Vu,Va)
Va, &) = . 5.13
Using and (5.13) in (5.12) we get
A —qa 4 VY9 g, (5.14)

V1= a?|Vul?

where A* (respe. A) is the shape operator of ¥, in (M, g*) (resp. in (M,7)) relative
to & (resp. relative to &) and Id is the identity transformation. Taking in mind that

the corresponding mean curvatures functions are given by H* = —(1/N) trace(A*) and
H = —(1/N) trace(A), formula (5.14) gives
=g — 29V Va) (5.15)

V1 —a?[Vu|?
Finally, equation ([1.4}) is obtained by substitution of ((5.15) in (5.11]).



24

1]

[29]
[30]

GUOWEI DAI, ALFONSO ROMERO AND PEDRO J. TORRES

REFERENCES

J.A. Aledo, A. Romero and R.M. Rubio, The existence and uniqueness of standard static splitting,
Class. Quantum Grav. 32 (2015) 105004 (9 pp).

R. Bartnik and L. Simon, Spacelike hypersurfaces with prescribed boundary values and mean cur-
vature, Comm. Math. Phys. 87 (1982), 131-152.

C. Bereanu, P. Jebelean and P.J. Torres, Positive radial solutions for Dirichlet problems with mean
curvature operators in Minkowski space, J. Funct. Anal. 264 (2013), 270-287.

C. Bereanu, P. Jebelean and P.J. Torres, Multiple positive radial solutions for a Dirichlet problem
involving the mean curvature operator in Minkowski space, J. Funct. Anal. 265 (2013), 644-659.
C. Bereanu, P. Jebelean and J. Mawhin, The Dirichlet problem with mean curvature operator in
Minkowski space-a variational approach, Adv. Nonlinear Stud. 14 (2014), 315-326.

E. Calabi, Examples of Bernstein problems for some nonlinear equations, Proc. Sympos. Pure Math.,
Amer. Math. Soc. 15 (1970), 223-230.

S. Chandrasekhar, The mathematical theory of black holes, Oxford University Press, Oxford, 2009.
S.-Y. Cheng and S.-T. Yau, Maximal spacelike hypersurfaces in the Lorentz-Minkowski spaces, Ann.
of Math. 104 (1976), 407-419.

C. Corsato, F. Obersnel, P. Omari and S. Rivetti, Positive solutions of the Dirichlet problem for the
prescribed mean curvature equation in Minkowski space, J. Math. Anal. Appl. 405 (2013), 227-239.
G. Dai, Bifurcation and positive solutions for problem with mean curvature operator in Minkowski
space, Calc. Var. Partial Differential Equations 55 (2016), 72 (17 pp).

G. Dai, Two Whyburn type topological theorems and its applications to Monge-Ampere equations,
Calc. Var. Partial Differential Equations 55 (2016), 97 (28 pp).

G. Dai, Bifurcation and one-sign solutions of the p-Laplacian involving a nonlinearity with zeros,
Discrete Contin. Dyn. Syst. 36 (2016), 5323-5345.

G. Dai, Global bifurcation for problem with mean curvature operator on general domain, Nonlinear
Differential Equations Appl. 24 (2017), 30 (10 pp).

G. Dai, Bifurcation and nonnegative solutions for problem with mean curvature operator on general
domain, Indiana Univ. Math. J. 67 (2018), 2103-2121.

G. Dai, A. Romero and P.J. Torres, Global bifurcation of solutions of the mean curvature spacelike
equation in certain Friedmann-Lemaitre-Robertson-Walker spacetimes, J. Differential Equations
264 (2018), 7242-7269.

M. Dajczer, Submanifolds and isometric immersions, Math. Lecture Ser., Publish or Perish, 1990.
E.N. Dancer, On the structure of solutions of non-linear eigenvalue problems, Indiana Univ. Math.
J. 23 (1974), 1069-1076.

E.N. Dancer, Bifurcation from simple eigenvalues and eigenvalues of geometric multiplicity one,
Bull. London Math. Soc. 34 (2002), 533-538.

D. Fuente, A. Romero and P.J. Torres, Entire spherically symmetric spacelike graphs with prescribed
mean curvature function in Schwarzschild and Reissner-Nordstrom spacetimes, Class. Quantum
Grav. 32 (2015), 035018 (17 pp). Corrigendum: Class. Quantum Grav. 35 (2018) 059501 (2 pp).
E.L. Ince, Ordinary differential equation, Dover Publication Inc., New York, 1927.

J.L. Kazdan, Applications of partial differential equations to problems in geometry, Grad. Texts in
Math., Springer, 2004.

B. O’Neill, Semi-Riemannian Geometry with applications to Relativity, Pure and Appl. Math. 103
Academic Press, 1983.

R. Osserman, The minimal surface equation, Seminar on nonlinear partial differential equations,
Math. Sci. Res. Inst. Publ., Springer, New York, 2 (1984), 2370C6-259.

P.H. Rabinowitz, Some global results for nonlinear eigenvalue problems, J. Funct. Anal. 7 (1971),
487-513.

P.H. Rabinowitz, On bifurcation from infinity, J. Differential Equations 14 (1973), 462-475.

R.K. Sachs and H. Wu, General relativity for mathematicians, Grad. Texts in Math. 48, Springer-
Verlag, 1977.

G. Teschl, Ordinary differential equations and dynamical systems, Grad. Texts in Math. 140, Amer.
Math. Soc., Providence, 2012.

A.E. Treibergs, Entire spacelike hypersurfaces of constant mean curvature in Minkowski space,
Invent. Math. 66 (1982), 39-56.

W. Walter, Ordinary differential equations, Springer, New York, 1998.

G.T. Whyburn, Topological analysis, Princeton Univ. Press, Princeton, 1958.



E-mail address:
E-mail address:
E-mail address:

GLOBAL BIFURCATION IN STANDARD STATIC SPACETIMES

daiguowei@dlut.edu.cn
aromeroQugr.es
ptorres@ugr.es

25


mailto:daiguowei@dlut.edu.cn
mailto:aromero@ugr.es
mailto:ptorres@ugr.es

	1. Introduction
	2. Bifurcation for an approximation problem
	3. Convergence of solutions as 0
	4. Proofs of Theorems 1.1 and 1.2
	5. Entire radially spacelike graphs
	REFERENCES

