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Abstract. In this papel' we study the stability character of thú linear differential cquation

x' = Ax, wilerc A = A(t) is a piecewise constallt matrix fUllCtioll of period T > O, with

A(t) E Cn rOl' all t al1d a fixed dassCn of matrices of order n. COlJcretely, we are interested

in the characterÍzation of tbe permut.ations of the pieees of A which do llol; change the

sta.bility character of the equation. We completely solve the problem fol' a generalized

version of IVleissner equation which is also of interest from the pbysical point of view.
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1 Introduction

Let Cn be a certain fixecl class of matrices of order 11.E N, and let A( t) be a
piecewise-constallt periodie matrix fUllction of period T > O,

A(t) = Ai, t E Ii = (h(i - 1), hi]; Ai E Cn fol' all i < Ni (1)

where N h = T. Let tIa consicler the linear systern of differelltial eqllatiollS

(2)

Such a. system is éLspecial case of the so-caUeel switched systerns. A
switched Systelll is typically definecl by a falllÍly of continuOllS systenls and a
s'llJitching signal describillg the jumps between them (in our case, the switch-
ing sigllal is perioclic). This topie has becOlne very popular, specially in the
fl'a111eof control theol'Y, aud a considerable aUlOunt of l'eferences are avaiable
(Ree fol' instance [1,3,9,10,14,15] only to mentían SO111eof them). In applica-
tiOllS, switchecl systems al'ise in a natural way froln processes which pl'esent
abrupt challges of the cOllc1itions. In this seuse, the survey [10] presents (1,11
extensive bibliogaphy with big l1uu1.ber of applicatiolls.

V/e say that (2) is stable if allits 8o1utions are bounded ancl we say that
it is asym.ptotically stable if

x/(t) = A(t)x(t).

IÍln 11:1:( t ) 11= Ot-HXJ
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for all solution of (2). Finally, we say that the equation is unstable if it is
not stable. In this papel' we are lTIainly interested in the probleln:

(P) Characterize the sets of permutations t7 E SN such that the stability
character of x/(t) =Au(t)x(t) (where Au(t) = Au(i), t E li , i < N is
also T -periodic) is the Sallleas the stability character of (2).

Definition 1 We say that a- E S N is an admissible permutation for the class
Cn if the stability character' of Xl (t) = A( t )x( t) is the same as the stabilíty
character of Xl (t) = Au(t)x(t) for- all choices of the matrix functíon A given
by (1). We say that a- ís a genernl adm'issible permutation if it is adm,issíble
for the classes Cn = Aln{]R),11, > L

e

A classical exaluple in which (P) can be cOlnpletely solvecl (see [2]) is
given by ]\ieissner's equatiol1

x" + a(t)x = O (3)

where a is a T-periodic piecewise constant fUllction defined as

a:(t) = 'Wi t E «i - 1)11.,ih], í = 1, ..., N,

h = T /N and 'Wi > O for all i. In Section 2 SO111egeneral stability consiclera-
tions are useel in order to earacterize the set of general adnlÍssible penl1uta-
tiOll. In Section 3, probleln (P) is solved fol' a generalized Ivleissner equation
whic:h is the Il-cliInensional version of the clm;;sical one [12].

2 Characterizationsof stability

It is cIear that we can prove a Floquet type theorern for the equations
we have in consicleration, sil1ce the continuity of A(t) is used in the proof of
FIoquet theorenl only to gllarantee the unicity ol' the solutions of (2) (with
a general T-perioclic function A(t» for each initial conclition x(O) = Xo (see
[4]), but this is also true in our case, since we wiU undel'stand that our solution
is constructecl by gllleing the sollltions of Xl = AiX, t E (h(i - 1), hí] where
the initial conditiol1 is

x«(i - l)h) = lhn x((i - l)h - e).~->o+

Hence it is easy tu prove the following

Theorern 1 (Floquet-type Theorem). Let <D(t) be Q,fundamental matríx
sol'lttion of (2), and let B E Mn(R) be such that exp(TB) = <D-1(O)<D(T).
Then there exists a T -periodic matri::r;function P (t) B'lLchthat

<D(t) = P(t) exp(tB)

holds fOT all tER.

,.
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Corollary 2 The follo'Wing claims ar'e equivalent:

(a) a.ll solutions of (2) a.r>euniformly bO1.Lnded

(b)

(e)

There exists a consta.nt e > o s7.J,Chthat 11exp(tB) 110;:) < e for all t E IR.

spec(B) e IHI= {z E <C : Rez < O} and, if /\ E 8IHIis an eigenvalue 01
B, its rnultiplicity is one.

(d) p(rI>(T)) < 1 and, if A E BID= {z E cC : Izl = 1} is an eígenvalue of
<D(T), its multiplicity is one.

Proof. P(t) = <l'>(t)exp( -tB) is clearly a (T-periodic) continuous functíon.
Furtherrnore, P(t) is nonsingular fol' a11t. This Íll1plies that there are con-
stants a, (3 > O such that

a < IIP(t)Uoo < /3 for a11t E IR

and proves the eq uivalence of (a) alld (b). Obviously, (b) is eq uivalent to
say that aU solutions of x/(t) = Bx(t) are l1niformly boundecl, which is
known to be equivalellt to (d) (see [4]). Now, it follows frOlll the equality
spec( exp (B)) = exp (spec(B)) for aU matrix B, where lnultiplicities are also
preserved (see [4]), that (e) alld (d) are equivalent daiuls. .

COl1clition (d) oí Corollary 2 apPears in the study oí stability of certain
numericalluethods fol' the solution of ODE. Concretely, the Lineal' :Nlultistep
:NIethocl given by

k k

¿ Q:.¡Yn+i = h ¿ {3'ifn+i
i=O i=O

is knOWll to be stable if ancl only if the roots of the first characteristic polyno-
luial assodated to the l1lethod, pez) = L~=o Ctiz'i all belong to the unit elise,
and, if Izol = 1, p(zo) = O, then pIeza) =1=O. This property W~l..";diseovered by
Dahlquist in [5) (see also [7]).

Definition 2 We say that the rnatrix A satisfll the Dahlsq'uist condition if
aU its eige7l:val1.LeSbelong to the 'unit disc l[])and tJw8e eigermalues of A which
belong to the unU cirde ül[])o'7'esimple.

It follows fl'O1l1Corollary 2 that the study of adrnissible pel'mutations
associated to eLcertain class Cn of ruatrices is precisely the stucly of perm.u-
tations a E SN such that the 11lOl1odromy lnatrix cD(T) of x/(t) = A(t)x(t)
satisfies the Dahlqllist condition if aucl only if the nlOllodl'orny lluLtrLx<I>(7(T)
of x' (t) = Ao- (t )x( t) satisfies the Dahlquist conclition, for al! choiees of A
with the aclitional restl'ictiol1 Ai E Cn fol' aU 'l.

It is weU kllown (see [11]) the fact tha.t p(AB) = p(BA) fol' allluatrices
A, B E l\'{n(1R), where p(A)(z) = det(A - zIn) denotes the characteristic
POlyuOlllial of A. This does not imply the equality oí the polynomials

P(Ao-(1)Aa(2) . . . Ao-(N)

,.
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for arbitrary l11atrices Ai E 1I1n(JR) and arbitrary permutations O" E SN
(N > 3, n > 2), as it is proved by the following example

Exam.ple 1

Then

A - ( 1 1/2 ) - (
1 O

) - 3 (
O

Set - -1 O ..' B - -1 1 and C - '4 1

(
3 3

)
3 3

p(ABC)=p g ~~ =(z+4)(z-8)

~l ).

and

p(ACB) =p ( 1
4

i~ ) = (z 3(5 + V57) )( z - a(-5 + V57)
43 + 32 32

ThiBproves the existence of matrices A,B, e E .Af2(IR) such that peA), p(B),
p(C) < 1, p(ACB) is less than 1 but p(ACB) > 1. In paTticular, p(ABC) ::j:.
p(ACB).

So, it is of intel'est to know for which pennutatibns a we can guarantee
that

P(Au(1)Aa-(2) . ..Au(N)) = p(A1A2' . . AN)

fol' arbitrary lnatrices Ai E 1\.Jn(JR).

vVe will ollly consider the case n = 2 since if P(Au(1)Au(2) ... Au(N) =1=-

p(A1A2 . . .AN) fol' 80111e perm.utation a E S N ancl SOlne lnatrices Ai E
l\J2(JR.), then fol' all n > 2 we can take

Bi = ( ~i ~n- 2 ) , i = 1, ..., N,

(whel'e Ik denotes the iclentity lnatrix of order k) and it is cleal' that

p(Bu(1)B(j(2) . . . Bu(n)) i= p(B1B2 . . .Bn)

Theorem 3 Let N > 3 be fixed. Then O" E S N satisfies

p(Au( l)Au(2) . . .Au(N) = p(A1A2 . . . AN)

foro a7'bitrary matrices Ai E A1n (:IR) if and only if

a E span{r} = {Id,T,r2,...,TN-l},

wher-e T is the N-cycle T =(1 2 3 ...N ).

Proof First of a11,we note that the set

G = {a E SN : p(Aq{l)Acr{2) . . .Acr(n») = p(A1A2 . . .An) fo!' a.ll Ai E Afn(I~)}

is a. subgroup of SN. This fo11ows frO111the fact that if 0"], 0"2 E G, then

P(A(T2(udl))Au2(U¡(2)) . ..Aq2(u¡(n») = P(A(71(1)A(Tl(2)'" Au¡(n))

- p(A1A2. . . An)

,.
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for arbitrary Inatrices Ai E 1\In(:IR) ancl that all elements of SN are of finite
arder. What we want to prove is that G = span{r}, where T(k) = k + 1 for
all k < N and T(N) = 1.

It is cleal' that span {r} is a subset of G since

p(A1(A2... AN» - p«A2'" AN)Ad

p(AT(1)AT(2) . . .AT(n»-

fol' arbitrary lnatrices Ai E l\.fn(~).
On the other hancl, let us assume that (J' tj: span {r }. Let p = a (1). Then

TN-p+la(l) = TN-p+l(p) = 1. Now, it is cleal' that TN-p+1a =/= Id since

a fj. span{T}. Let io be the least integel' 8uc:h that rN-p+la(i) =/= i ancllet
jo = TN-p+1(J'(io). Then jo > 'io and TN-p+la is of the fonn

TN-p+l(J" =

(1 .., ~o - 1
1 . . . ~o - 1

1.0

Jo

'io + 1
TN-p+l(J"(io + 1)

k
io TN-P~<T(N))

Let A, B, e E J\.12(lR)be such that p(ABC) ::1 p(ACB) and set Al = A,
Ai!) = B, A.io = e, and Ak = In for all k ~ {1, io , jo }. Then

p(ACB) - p(ATN-t.+11T(1)ATN-¡,+llT(2}ATN-IJ+la(:3) ... ATN-IJ+llT(N»

p( AT7'- 1 (TN -/l+IIT( 1» ATfJ-l (TN -1'+ 10'(2» . . . Arl.-1 (rN -¡J+la(N»)

P(Aa(1)Aa(2) .. .AlT(fV»

-
-

and

p(AIA2Aa . . , AN) = p(ABC) =fp(ACB) = p(Au(1)Aa(2} .. . Aa(N»

SO that a fj. G. .
Corollary 4 O"E S N is a gene'ral adrnissible peTrn:utation if and onl1) 'í! O"E
span{r}.

Proof. It follows frOll1 Theorem 3 that the elements a E span{ T} are general
achnissible pennl1tations. Let A, B, e E lH2(JR) be the rnatrices given in

Exarnple 1, cÚ1d let a E S N \ span {T }. We know fl'ol1l the proof of Theorern
3 that there exists él.way to choose lnatrices Ai E 1\12(1Fg,)(i < N) such that
ABC = AIA2A:3'" AN ancl ACB = AlT(1)Acr(2) ,.. Aa(N)' For each TI.> 2,
we set

Ai=(~-i

o
)1 , i = 1

'2In-2 ,2, ..., N.
1t is cleal' that

(
ABC O

)AIA2Aa'" AN = O ~In-2

,. .
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satisfies Dahlquist condition, but - 3(5~f7) is an eigenvalue of

Aa(l)Au(2)' .. Au(N) = ( ~CB ~1 In-2 )
Hencea is not a general achnissiblepermutation. .

Remark 1 11a E S N is not a general adm,issible perrnutation, then there a7'e
matrices {Adf' 1 such that p(A,d < 1 for all i, and P(AlA2A3' . . AN) < 1
bui P(Acr(l)Acr(2)" . Acr(N)) > 1. This pr'oves that general adm,issible per-
mutations a're also the only permutations which pTeserve the spectral radius.
This is also true in the B(Lnach Algebra setting.

Proof. We have already proved the existence of lnatrices Ai such that
p(Ai) = 1fOl"all i, P(AlA2A3' . . AN) < 1 and p(Aa(l)Au(2)' . . Aa(N») > 1.

Now set Bi = (1 - c)A'h i < N for e > O sl11.allenollgh. Then

N .

P(BlB2B:3' . .EN) < (1 - é) < 1,

p(Bi.) = 1 - é < 1 fol' all i, H..ud

P(Bu(l)Bc.r(2)" . Bcr(N») = (1 - €)N p(Ac.r(l) Au(2)' . . AQ"(N») > 1. .
3 Generalized Meissner Equation

Now we wiU stucly the second order linear clifferential equation

x" + A(t)x = O (4)

whel'e A(t) is a T-periodic piecewise constant rnatrix fundion definecl as

A(t) = Ai t E «i - l)h, ih], -i= 1, ..., N;

where h = T IN and O í spec(Ai) for a11 i. Frolll the physicaJ poiut of view,
this is a Han1iltollian systeln that can llloclel several 111echanical and electri-
ca.l systenls, fol' installce lnechanical machines cOlllposecl by severa! bocHes
connected by springs with variable coefficients 01' andel' abl'upt changes in
the lllasses of the bodies (see fol' instance [13]).

Of coul'se (4) is eqllivalent to the first order linear clifferential equation

X'(t) = ( O A(t) ~n ) X(t).

It is very easy to verify that the 11lol1odl'o111Ylnatrix is

«l>(T) = BNBN-l'" Bl,

where

l'
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B ( O hln )
"

2 N
',

i = exp - hAi O ' ~ = 1, ,... ,

Ifx(t) issolutionofx"+A(t)x =0 thenx(-t) issolutionofx//+A(-t)x =0
al1d, in consecuence both equations have the sallle stabilíty character. :rvlore-
over, the monodrolny lnatrix of the second equation is

w(T) = B1Bz'" BN,

where 4'(T) = BNBN-l" ,Bl is the rnonoclrolny 111atrix of the original
equation. Hence DahIquist conclition is satisfied by B1Bz"" BN if and only
if it is satisfied by B NB N -1 . . . B 1 for alllnatl'ices B.i of the form

B i = exp ( OhAi ~In ) (5)

This is not in cOlltraclictioll with Corollary 4, It only claims that the set of
perrnutations which preserve DahIquist condition of a product of matrices of
the form (5) is bigger than span{r}. In what follows, we will denote by Nn
the set of all lnatrices of the form (5) ancl by VN the set of pennutatiolls
G' E SN such that Dahlquist conditioll is satisfied by BIB2" .BN if and only

if it is satisfied byBa{1)Bu(2)' , .Bu(N) for aU l11.atrices Bi E ~t'

Remark 2 We will 'use in the Test o] the paper the ]ollowing notation:

BIB2""" BN rv C1Cz""" CN

rnea7/.,c;that theTe e;r;ists (l ce'f'tain CTE D N such that

C1C2... CN = Bu(1)Bo-(2)"" Bu (N) ,

It is denr that span{ T, (} is a subset of VN, whel'e T is the N-cyde T =(1
2 3 .,. N ) and ((k) = N - k + 1 for all k. Furthennore, ir N < :3 thcn
span{T, (} ='DN = SN. 111what follows we will assume that lV > 4.

Now we can write the Il1ain result of this sectioll, which is the following

Theorem 5 The following claims hold true

(A) DN = span{ T, (}, 1I101'eOVe7','DN iB (Lgroup with the composition o]
.functions as operation, '!ohich ÚJ isomO'lphic to the diedral gTml.p oi orde7'
N {(1:nd th:i8 j'lLstifies O'lLTnotation).

(B) For' aU CTE SN \ span{ T, (} the7'c exists a geneTal'ized lVlc'issner's eq'll,a-
tian x" + Ax = O which is stable. such that x" + Ao-x = O 'ir:;not .<dable.

To prove this Theore111, we will first prove the Lenlll1as:

Lemlna 6 span{r, (} is isornorphic to the &¿edral grO'lL]Jof oTder' N.

1"
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Proof It follows frO111the fact that T is an n-cycle that it has arder N. On
the other hand,

(2(k) = «(N - k + 1) = N - N + k - 1 + 1 = k

for all k, so that ( is an eleInent of order two. Hence we ollly need to prove
that the relation (T = TN-1( holds. Now, taking in consideration that

rN -1 = T-1 = ( iv
2
1

:3

NN 1 ) ,2

it is easy to check the relatioll

N-1 (
1 2

T (= N-l N-2

Lernma 7 Let H E J\;[.n(C), Then

3
N-3 ~ ) = (r ..

A E spec ( OH
In )

')

O ~ -A~ E spec(H)

Proof The proof follows fro111the relation

( O H ~) ( : ) = Á (: )- { ~2a -
Aa
-Ha

Lemma 8 Let Dn = diag[l - él, 1 - é2, .",1 - En] be a per-t7L'l'bationol the
identity, whem we assurne that the é:i are pairwi8e distinct, éi E [O,1] for' all
i. Let us denote by A and B the rnat1-'¿'ces

A - ( O 'J.

exp - ;:;'2D';L

B

;;~ln ) = ( cos(~Dnl D~l ~in(;;'2Dn) )O -Dn S111.(N'J Dn) cos( N2 Da)

(
7r l

) (
') 1

)O N'J 12 O Ñ2 nexp 11" N4 = N2
- N~ . 41n O - 2 In O

where N is b'1J"pposedto be an integer' N > 4, and let p, q E {l",., N - 3} be
such tha.t p + q = N - 2. Then AN-2B2 satisfies the Dahlquist condUian hut
APBA qB doest not sa.tisfy the Dahlquist condition.

Proof It follóws frOlTI the relation B2 = -I2n and frOlll Lelluna 6 that

AN-2B2 = -AN-2 hns aU its eigenvalues sim.ple alld in the boundary ofthe
unit elise, since

( (
O 7r 1

))
N-2

spec( -A)N -2 = - specexp - ¡;~ Dn {f'2 n

( (
O 7r 1

))
N-2

= - expspec - 7r N'J n
"i\fIDn O

{
. (:I:(N-2h!7r(1-e:d .)

-

(:I::(N-2)V7r(1-e:n) "

) }= - exp NI, . . . , - exp N 1

l' I.
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Hence AN-2B2 satisfy the Dahlquist condition.
011 the other hand,

AA: - (
O k7r 1

)N2 11

exp - k1r D2 ON2 n

( cos(~~Dn) D~lsill(';.,~Dn) )-Dn sine 'N~ Dn) cos( ';.,1Dn)
-

fol' all il1teger k. Hence

tr( APBA qB)

= tr (~.tD;;:-2 + J.¡D;)sin(~~Dn)sill(;z,,~Dn) - 2cos(~~Dn)cOS(~Dn))

= ¿:~=l ~(~<I (1 - ék)-2 + J4 (1 - Ek)2) sine Nfr(1 ~ ék)) sine Jv~(1 - éh~)))
-2 L~=l cos( ~(1 - é'k)) cos( ~(1 - 8J.:))

It is ea.":iYto check that, (where we need to use that sin 7rX > 2V2x for aU
x E (O,*L allcllnax{~~ (1 - ék), J.v~(1 - ék)} < .¡, since nu:\'x{~, 7v~} < :¡:

ir a,nd only if N2 > 4111ax{p, q}, which obviously follows frolll the relation
p + q = N - 2)

tr(APBAQB) >
n

(
N 4 4 8

)_? 2 pq ?

{;. (-¡-(l-é/.:) -+ N4(1-E:AJ)N"l(l-e¡J- -2n

~ 2pqN8 + 32(1 - E:k)4pq ')
~ N8 - ...n
k=l

~ 32(1 - ék)4pq
~(2(pq - 1) + N8 ) > 2n (since pq -1 > 1).k=1

-

This proves that the 1110clulus of at least one of the eigellvalues of APEA qB
is grea.ter tlmn 1. Hence this rnatrix does l1ot satisfy the Dahlquist conclition..
Lemlna 9 The.Tea.mm.a.tTÍcesA, B ENn such that A 2B2 satísfieB the Dahlq'wi8t
condition but ABAB does noto

Proof. \Ve set

A -
exp ( o D.~

In ) = ( cos(D,,;) D~l sin(Dn) )O -Dn sm(Dn) cos(Dn)

ln

)
-

( O 7f ~ In ) ,
O -:fIn O

B -
exp ( O ~.'ln

!'
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where Dn = diag[d1, ..., dn], dk = ~ + 2krr; k < n. Then A 2B2 satisfies the
Dahlsquist condition sil1.ce its spectnnll

spec(A2B2) = {-e::l::2i.J~+2br : k E {1, 2, ..., n}}

has a11its eigel1values shnple al1d al! of them. belong to the unit circle. On
the othel' hand, the spectral radius of AB ls greater than 1 sillce

Itr(AB)1 ~tr(D;l sin(Dn» + 2 tr(Dn sin (Dn»2 7r

2:
n

( 2 7r 2 (2k + 1)71")- + - > 211.
(2k + 1)7r 2 7r 2k=l ,

Hence

p(ABAB) = p(AB)2 > 1..
Proof of the main result vVeonly need to prove clai1ll (B) of the Theoreln,
since (B) irnplies (A) obviously. To do this, it.will be enough to prove that
for al! (j E SN \span{ T, (} there are matrices Ai E Nn, i = 1, ..., N such that
AIA2 . . . AN satisfies the Dahlquist cOl1ditiollbut Ao-(1)Ao-(2). . .A"'(N) doest
llot satisfy the Dahlquist cOllclition.

There i8 no lost ofgenerality i11assmnillg that 0-(1) = 1, sínce span{r} CVN
il1lplies that

Aa(1)A(7(2) . . .Ar.r(n) , ,Ar.'O"(l)Ar.'¡j(2) . . .Ar--<a(n) fol' 8 = 1, ...,N.

Let k = l11ax{i : a(í) < 'i}. It is dear that k > 2 ancl that lTl{k+l,...,N} =
11{k+l ,N}' We rnake the following cases:

Case 1: k < N. Then there exists SOlne t E {2, ..., k - 1} such that
a(t) = k and taking

A.i={~
iE{k,k+l}
otherwise

we have that

A . =
{

B i E {t, k + 1}
.,.(~) A otherwise

whel'e A, B are defined in Lellllua ,,:1.Hence

AIA2" .AN = Ak-lB2AN-k-l rv AN-2B2

satisfies the Dahlquist conclitioll, sil1ce A N -'2B2 satisfies this conclitioIl. On
the other hand,

A A A - A t-l BA k-t+l BA N-2-k A PBA q B.,.(1) a(2)'" a(N) - rv

where Jl + q = N - 2, IJ = N + t - k - 3, and q = k - t + 1; but Lemma 8
proves that APEA t]B does not satisfy Dahlquist condition. This proves our
clahn fol' the case 1.

l'
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Case 2: k = N. Then thel'e exists some t E {2, ..., N - 1} such that
a(t) = N. If t = 2, then

A1ANA(]"(2) . . . A"'(N)

Au(N) . . .Au(2) AN Al

AlA"'(N) . .. Ao-{2)AN
AO(1)AO(2) . . .AO(N)

fol' a certaill e E SN \ span{T, (} which is in the first case. If t > 2, taking

Acr( l}Ao-(2} . . . Au(N)
f"V

f'.J

t'v

rv

Ai= { ~
iE{l,N}
otherwise

we have that

{

B
Acr(-i) = A

i E {l,t}
otherwise

Hence
AlA2' . . AN = BAN-2B f"V A N-2B2

satisfies the Dahlquist condition and

A"'(l)Au(2) . . .Ao-(N) r-.JBAPBA q f"'J APBA qB

fol' certain integers p, q such that p + q = N - 2. We use a.gain Lenulla 8 to
prove tha.t Au(l)Au(2) . . . AU{N) does not satisfiesthe Dahlquist condition..
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