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Interplay between Randers metrics and stationary

spacetimes

lightlike geodesic (t, x),

N

rmat geodesic x

(R x S,/) is a standard sta-
tionary spacetime

I((1.y):(1.y))=80(y.y)+
2g0(57y)7—_ﬁ(x)7—2’

Ly =Observer

where 3(x) > 0.

S is naturally endowed with
a Randers metric F called
the Fermat metric F(x,v)=

%go(v,é)—i-\/%go(v,v)—i-ﬁ%go(vﬁ)z




Interplay between Randers metrics and stationary
Spacetimes (R x S,/) is a standard sta-

tionary spacetime

I((T7y)7(77y)):g0(y7y)+

L1 =Observer 2g0(§,y)T7,3(X)T2,

where 3(x) > 0.
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This is because arrival time
of lightlike curves is AT(y)=
3 Jy (Beo(%0)+/Fgo(x5)+ Jr0(x.6)? ) d

rmat geodesic x
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lightlike geodesic (t, x),
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at geodesic x

L, =Observer

Causal properties of
(RxS,1)

Hopf-Rinow  proper-
ties of (S, F)
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Interplay between Randers metrics and stationary
spacetimes

Differential properties
H*(A) of the Cauchy hori-
zons in (R x S, /)
)

Differential properties of the
distance function to a subset
in (S,F)
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Causality through the Fermat metric

Theorem

Let (R x S, g) be a standard stationary spacetime.
Then (R x S, g) is causally continuous and

(a) (R x S, g) is causally simple iff the associated
Finsler manifold (S, F) is convex,

(b) it is globally hyperbolic if and only if
Bt (x,r) N B~ (x,r) is compact for every x € S
and r > 0.

(c) aslice {to} x S,to € R, is a Cauchy hypersurface
if and only if the Fermat metric F on S is forward

and backward complete.

t(p,r)={q:d(p,q) <r} and
“(p,r) ={q:d(q,p) < r} d(p,q) # d(q, p)!!!
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Cauchy developments and distance function to a subset

Theorem

Let (R x S, g) be a standard stationary
spacetime such that {to} x S is Cauchy, and
A, = {to} X A. Then

C H+(Ato) = {(tvy) : infxgEA d(Xv.y) =t- tO}

C H_(Ato) = {(tv)/) : infxgEAd(y7X) =t—to} )

Cauchy horizons
can be seen as the
graph of the
distance function
to a subset!!!!

infoA d(Xay):d(Ac’y)

ianQA d(y,X):d(y,AC)
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@ any point in H"(A) admits a “generator”: a
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lightlike geodesic segment contained in HT(A) \
/\/\/\/\/\‘
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Measure of the crease set

@ any point in H"(A) admits a “generator”: a Achronal corve +
lightlike geodesic segment contained in HT(A) \
which is past-inextedible or has a past endpoint in
the boundary of A.

o Let H! (A) be the set of points p € H(A)\ A
admitting more than one generator.

J7 ()

/

As a consequence of a Theorem for Finsler metrics by
Li and Nirenberg (Comm. Pure Appl. Math. 2005):

Cauchy surface S

(R x S, g) (n—+ 1)-standard stationary, with S Cauchy
an Q C S, open connected with Cli’cl -boundary 09). If
Ay, = {to} X A and B is bounded then

bn_l((R X B) m Hr;il—ul(A)) < +OO 'ANYAN L1 AND LouiS NIRENBERC
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(1) Is there any relation between the flag curvature of the Fermat
metric and the Weyl tensor of the spacetime?:

(2) In the paper

[ G. W. GiBBONS, C. A. R. HERDEIRO, C. M.
WARNICK, M. C. WERNER, Stationary Metrics and
Optical Zermelo-Randers-Finsler Geometry.,
Phys.Rev.D79: 044022,2009

the authors show that Fermat metrics with constant flag

curvature correspond with locally conformally flat stationary

spacetimes, but the converse is not true.

(3) Which is the condition in the Fermat metric that characterizes
conformally flatness for the stationary spacetime?
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