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ABSTRACT. We introduce a second numerical index for real Banach spaces with non-trivial Lie algebra,
as the best constant of equivalence between the numerical radius and the quotient of the operator norm
modulo the Lie algebra. We present a number of examples and results concerning absolute sums, duality,
vector-valued function spaces. .. which show that, in many cases, the behaviour of this second numerical
index differs from the one of the classical numerical index. As main results, we prove that Hilbert spaces
have second numerical index one and that they are the only spaces with this property among the class
of Banach spaces with one-unconditional basis and non-trivial Lie algebra. Besides, an application to
the Bishop-Phelps-Bollobés property for numerical radius is given.
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1. INTRODUCTION

Given a real Banach space X, Sx is its unit sphere, X* is the topological dual space of X and £(X)
is the Banach algebra of all bounded linear operators on X. The numerical range of T € L(X) is given
by

V(T) = {z*(Tz) : (z,2%) € II(X)},
where
I(X) :={(z,2") € X x X* : . € Sx, 2% € Sx=, a*(x) = 1}.
The numerical radius of T € L£(X) is given by
o(T) :=sup{|A| : Ae V(T)}.

The concept of numerical range was introduced independently by G. Lumer and F. Bauer in the 1960’s,
and it is an extension of the field of values of a matrix introduced by O. Toeplitz in 1918. We refer the
reader to the classical monographs [3, 4] for a reference. More recent references are [6, §2.1 and §2.9]
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and [20]. It is clear that v is a continuous seminorm which satisfies v(T") < ||T|| for every T € L(X).
Sometimes, v is actually an equivalent norm, and to measure this possibility, we use the numerical index
of X:

n(X):=inf{v(T) : T € L(X), |T| =1}
=max{k >0 : k|T|| < v(T) VT € L(X)}.

This concept was introduced in the 1970’s [9] and we will give in subsection 1.1 an overview of those
known results about numerical index which will be relevant in our discussion. Observe that n(X) =1
if and only if v(T) = ||T| for every T € L£(X) and n(X) = 0 if v is not equivalent to the usual norm
in £(X). There are Banach spaces with numerical index 0 in which the numerical radius is a norm (see
Example 1.8), but the more general situation for a Banach space X with n(X) = 0 is that there exists
a non-null 7' € £(X) with v(T) = 0. This will be the case for most of the spaces that we will consider
from now on. Let us recall some notation. An operator T € L(X) is skew-hermitian if v(T) = 0. The
Lie algebra of X is the set Z(X) of all skew-hermitian operators on X, that is,

Z(X):={S € L(X) : v(S) =0},
which is a closed subspace of £(X). Then, in £(X)/Z(X) we may consider two norms:
IT+ Z(0)| =t {|T - §] : § € Z(X)}
o(T+ Z(X)) :==inf{v(T-8) : Se€ Z(X)} =v(T)

forall T+ Z(X) € L(X)/Z(X) (the last equality follows from the straightforward fact that V(T — S) =
V(T) for every T € L(X) and every S € Z(X)). Observe that v is a norm on £(X)/Z(X), not merely a
seminorm. It is immediate that v(T) < ||T 4+ Z(X)|| for every T € £(X), and we may define the second
numerical index of the Banach space X as follows

n'(X) = inf{o(T) : T € L(X),||T + Z(X)| =1}

i o)
= mf{HT—l—Z(X)H :TeLl(X),T¢ Z(X)}

=max{k >0 : k[|T + Z(X)|| < v(T) VT € L(X)}.

It is clear that n/(X) € [0,1]. The value n’(X) = 1 means that v and the quotient norm coincide on
L(X)/Z(X), while n/(X) = 0 if v and the quotient norm are not equivalent norms on £(X)/Z(X). Of
course, if Z(X) = {0} (in particular, if n(X) > 0), then n’'(X) = n(X). Therefore, this new index would
only be interesting for Banach spaces with non-trivial Lie algebra. This is the reason why we only work
with real spaces as the numerical index of complex spaces is always greater than or equal to 1/e. On the
other hand, as v is a norm in £(X)/Z(X), it does not make sense to define a “third numerical index”
of Banach spaces in the same way, since its value would be the same as the second numerical index.
In subsection 1.1 at the end of this introduction, we include a compilation of known results about the
“classical” numerical index which we will use throughout the paper.

Let us briefly introduce the contents of the paper. The first examples are contained in section 2:
finite-dimensional Banach spaces have positive second numerical index and Hilbert spaces have second
numerical index one. An application is given in section 3: Hilbert spaces have the Bishop-Phelps-Bollobas
property for numerical radius. This answers a question posed in [17]. Next, we study in section 4 the
behaviour of the second numerical index with respect to absolute sums of two spaces showing, for instance,
that the second numerical index of a ¢o- or £p-sum (1 < p < 0o, p # 2) of Banach spaces is smaller than
or equal to the infimum of the second numerical index of the summands. Some examples in which the
reverse inequality is not true are also given. With all of this, we are able to present some interesting
examples. For instance, we show that the set of values of the second numerical index contains the interval
[0,1/2]. Section 5 is devoted to study the duality relation: it is shown that, in many cases, the second
numerical index of the dual of a Banach space is less than or equal to the one of the space, and that there
are examples in which this inequality is strict. Vector valued function spaces are studied in section 6: it
is shown that the second numerical index of C'(K, X), L1 (, X) and Loo (11, X) is not greater than n'(X)
(where K is a Hausdorff compact topological space and p is a positive measure). On the other hand,
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if K contains more than one point and H is a two-dimensional Hilbert space, then n'(C(K, H)) is not
one. Section 7 is devoted to the study of Banach spaces having an absolute structure and of general
absolute sums. We show that, in many cases, the second numerical index of a general absolute sum of
Banach spaces is less than or equal to the infimum of the second numerical indices of the summands.
As an application, we show that the set of values of n/(X) when X runs over all 3-dimensional spaces
with numerical index zero is not an interval and contains a non-trivial interval. Some other results are
given which will be used as tools in the next section. The main result of the paper is presented in
section 8: Hilbert spaces are the unique Banach spaces with normalized one-unconditional basis which
have numerical index zero and second numerical index one. Finally, we include some open problems in
section 9.

Finally, let us present some needed notation. Let X be a Banach space. For x € X and x* € X*, we
will use the notation (z*,x) = x*(x) when needed. If H is a Hilbert space, then (z | w) denotes the inner
product of z,w € H.

1.1. Some known results about numerical index. Let us review here some known results about
the numerical index of a Banach space which will be relevant in the further discussion on the second
numerical index. We are not trying to provide an exhaustive list of all known results, but only those
that are frequently used along this paper. We refer the reader to the survey paper [16] for a compilation
about known results on numerical index of Banach spaces. Since we are only dealing with real Banach
spaces, we are including only the results valid in this case.

The first result shows that, even though the exact computation of numerical indices is complicated, it
is possible to prove the existence of Banach spaces with any possible value of the numerical index.

Proposition 1.1 ([9, Theorem 3.6]). {n(X) : X Banach space of dimension two } = [0,1].

For 1 < p < oo and n € N, we write £ to denote the space R" endowed with the /,-norm. Even
though the exact value of n(f?,) is unknown for 1 < p < oo, p # 2, the result above can be improved as
follows.

Example 1.2 ({9, Theorem 3.6] and [21, Theorem 1]). {n(&}) : 1< p < o0, p # 2} =J0,1[, n(£3) =0,
n(6}) = n(63) = 1, and lim n(£3) = 0.
pP—

It is known that the numerical index is continuous with respect to the Banach-Mazur distance between
(isomorphic) Banach spaces [10, Proposition 2], and this result shows that the set of values of the
numerical index up to equivalent renorming is always an interval. Moreover, this interval is never trivial
and it is maximal in many cases. We say that a Banach space X admits a long biorthogonal system
if there exists {(zx,2})}rea € X x X* such that z3(x,) = dr, for A\, € A and the cardinality of A
coincides with the density character of X. Examples of spaces admitting a long biorthogonal system are
reflexive spaces and separable spaces.

Proposition 1.3 ([10, Theorems 9 and 10]). Let X be a Banach space.

(a) {n(Y) : Y is isomorphic to X} 2[0,1/3].
(b) If X admits a long biorthogonal system, then {n(Y) . Y is isomorphic to X} 2 0,1].

The result above shows that, among a wide class of Banach spaces, every value of the numerical index

except 1 can be reached up to equivalent renorming. On the other hand, it is known that not every
Banach space can be renormed to have numerical index 1.

Proposition 1.4 (2, Corollary 4.10]). Let X be an infinite-dimensional Banach space with n(X) = 1.
Then, X* D {;.
There is a relation between the numerical index of a Banach space and the one of its dual.

Proposition 1.5 ([9, Proposition 1.2]). Let X be a Banach space. Then v(T) = v(T*) for every T €
L(X). Therefore, n(X*) < n(X).
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It was shown in [5] that the inequality above can be strict, solving a long standing open problem.
Actually, the inequality n(X*) < n(X) is the unique possible restriction on the values of n(X*) and
n(X), as the following results show. It does not appear explicitly anywhere, but it can be easily deduced
from the given references.

Example 1.6 ([5, Examples 3.1 and 3.3] and [19, Proposition 4.2]). There are Banach spaces X such
that n(X*) < n(X). Moreover, for every «, 8 € [0,1] with a > 3, there exists a Banach space X, g such
that n(Xa,p) = a and n(X}, 5) = 8.

Our next results deal with the computation of the numerical index. First, a result about direct sums.
Given an arbitrary family {X) : A € A} of Banach spaces and 1 < p < oo, we denote by [®rea X2,
(respectively [@®reaXa] Zp) the co-sum (respectively £,-sum) of the family. In case A has just two elements,
we use the simpler notation X & Y or X @, Y.

Proposition 1.7 ([24, Proposition 1 and Remarks 2]). Let {X) : A € A} be a family of Banach spaces.
Then

(a) n([EBAEAXA}EJ < infy n(X)) for every 1 < p < co.

(b) ”([EBAEAXA]CO) = n([@AeAXA]gl) = n([@AGAXA]gOC) = infy n(X)).
(¢) If n(Xy) > 0 for every A € A, then

Z([@)\EAXA]CO> = Z([EBAEAXA]gl) = Z([GBAEAXA]gOO) = {0}.

As a consequence of this result and Proposition 1.1, the following interesting example follows.

Example 1.8 ([24, Examples 3.b]). There exists a Banach space X withn(X) = 0 such that Z(X) = {0}.

Proposition 1.7.a was extended to a wide class of arbitrary absolute sums of Banach spaces in [22].
We will introduce the necessary notation about arbitrary absolute sums in section 7, but we would like
to mention here a couple of results concerning absolute sums of pairs of Banach spaces. We recall that
an absolute norm is a norm | - |, on R? such that |(1,0)|, = [(0,1)], = 1 and |(s,t)|s = |(|s],[t])]|a for
every s,t € R. Given two Banach spaces Y and W and an absolute norm | - |,, the absolute sum of Y
and W with respect to | - |4, denoted by Y &, W, is the Banach space Y x W endowed with the norm

Iy, w)ll = |yl lwD], (v €Y, wew).

For background on absolute sums the reader is referred to [26] and references therein. Natural examples
of absolute sums are the £,-sum &, for 1 < p < oo, associated to the £,-norm in R?.

The first result is an extension of Proposition 1.7.a to absolute sums of two Banach spaces.

Proposition 1.9 ([22, Corollary 2.4]). Let Y, W Banach spaces and let ©, be an absolute sum. Then
n(Y @, W) < min{n(Y), n(W)}.

The second result allows to calculate the Lie algebra of many absolute sums of two Banach spaces and
will be very useful in our discussion.

Lemma 1.10 ([27, Lemma 5]). Let Y, W be Banach spaces and ©,, be an absolute sum different from the
ly-sum. Then every element in Z(Y @, W) is diagonal (i.e. it commutes with the projections). Moreover,

given T € Z(Y @, W), there exist S € Z(Y) and R € Z(W) such that
T(y,w) = (Sy, Rw)  (y€Y, weW).

Next we deal with vector valued function spaces. We recall some common notation. Let X be a Banach
space. Given a compact Hausdorff topological space, C(K, X) (resp. Cy (K, X)) is the Banach space of
all continuous (resp. weakly continuous) functions from K into X endowed with the supremum norm.
If L is a locally compact Hausdorff topological space, Cy(L, X) is the Banach space of all continuous
functions from L to X vanishing at infinity. For a completely regular Hausdorff topological space €2,
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we write Cp(§2, X) to denote the Banach space of all bounded continuous functions from €2 into X with
the supremum norm. If (A, ;) is a measure space, a strongly measurable function from A to X is
a pointwise limit of a sequence of countably valued measurable functions. The space Li(u, X) is the
Banach space of equivalence classes of those strongly measurable functions f from € to X for which

1l = /Q LF@) dpu(t) < oo,

We write Lo (p, X) for the Banach space of all equivalence classes of strongly measurable functions f
from Q to X for which

[ flloo = nf{A=>0: [[f(H)]| <A ae.} < oo

Proposition 1.11 ([24, Theorems 5 and 8], [25, Theorem 2.3|, [18, Theorem 2 and Proposition 5], and
[8, Corollary 3.3]). Let K be a compact Hausdorff topological space, let L be a locally compact Hausdorff
topological space, let 2 be a completely regular Hausdorff topological space, and let v be a positive o-finite
measure. Then, for every Banach space X,

n(C(K, X)) = n(Cu(K, X)) = n(Co(L, X)) = n(Cy (€, X)) = n(L1(p, X)) = n(Loo (1, X)) = n(X).

We would like to finish this section with two useful results to calculate numerical radius. The first one
was actually used in the proof of the result above.

Lemma 1.12 ([3, Theorem 9.3]). Let X be a Banach space. Write mx : II(X) — X for the natural
projection, and let T' be a subset of II(X) such that mx(I") is dense in Sx. Then

v(T) = sup{|z*(Tz)| : (z,2*) €T}
for every T € L(X).
The second result in this line is very recent and deals with a new numerical range of operators between
different Banach spaces introduced by M. Ardalani [1]. Let us briefly recall this concept. Let G: X — Y

be a bounded linear operator between two Banach spaces X, Y with |G| = 1. Then, for every bounded
linear operator T': X — Y, the numerical range of T with respect to G is defined in [1] as

Va(T) = () {y*(Tz) : = € Sx, y* € Sy+, y*(Gz) > 1 — 4},
6>0

and the numerical radius of T with respect to G is
ve(T) :=sup{|A| : A e Va(T)}.

When G is the identity operator on a Banach space X, it is shown in [1, Lemma 2.4] that Vg (T) = V(T)
for every T € L(X) and so, the new notion of numerical radius and the classical one coincide in this
case. Even more, it is shown in [20, Remark 2.6] that the same is true if in the definition of Vg(T') we
only consider functionals z* in a fixed 1-norming subset of X*. Recall that a subset A of Sx~ is said to
be 1-norming (for X) if ||x|| = sup{|z*(z)| : =* € A} for every x € X or, equivalently, if the weak-star
closed convex hull of A is the whole of Bx~.

Lemma 1.13 ([1, Lemma 2.4], 20, Remark 2.6]). Let X be a Banach space and let A C Sx~ be 1-
norming. Then

o(T) = gngsupﬂx*(Tx)\ cx€Sx, 2" €A 2" (x) >1- 6}
>
for every T € L(X).
2. FIRST EXAMPLES

Proposition 2.1. If X is a finite-dimensional space, then n’(X) > 0.

Proof. This is an obvious consequence of the finite-dimensionality of £(X)/Z(X), from which follows
that the two norms || - +Z(X)|| and v(-) have to be equivalent. O
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In the infinite-dimensional case, we may find examples of spaces with n/(X) = 0.

Example 2.2. There are infinite-dimensional Banach spaces X with n’(X) = 0.

Proof. Tt is shown in Example 1.8 that there exists a Banach space X with n(X) = 0 but such that
Z(X) = {0}. Then, we obviously have that n'(X) =n(X) = 0. O

The main example here is the somehow surprising fact that Hilbert spaces have second numerical
index one. We will see in section 8 that, among Banach spaces with normalized one-unconditional basis,
Hilbert spaces are the only ones having classical numerical index zero and second numerical index one.

Theorem 2.3. Let H be a Hilbert space. Then n'(H) = 1.

We will use the following known results, which we prove here for the sake of completeness. Recall that
in a real Hilbert space H endowed with an inner product (- | -), H* identifies with H by the isometric
isomorphism z — (- | z). Therefore, II(H) = {(z,2) € H x H; x € Sy} and so for every T € L(H),
one has v(T) = sup{|(Tz | z)| : © € Su}.

Lemma 2.4. Let H be a Hilbert space.
(a) Z(H)={T € L(H) : T=-T"}.
(b) If T € L(H) is selfadjoint (i.e. T =T*), then |T|| = v(T).

Proof. (a). For every T € L(H) we have

2((Tz |y) + (x| Ty)) = T(z+y) |z +y) — (z —y | T(z —y)).

Now, if v(T) = 0, then (T2 | z) = 0 for every z € H, so it follows that (Tz | y) = —(z | Ty) for every
xz,y € H, that is, T* = —T. Conversely, if T* = =T, one has (Tz | z) = —(z | Tz) = —(Tz | z), so
(Tz | x) =0 for every x € H, that is, v(T) = 0.

(b). For z,y € Sy, as T is selfadjoint, we have by polarization,
ATz | y)| = [(T(@+y) [z +y) = (T(x—y) |z —y)]
<o)z +yl” + llz —yl?)
=o(T) (2l2|* +2|ly|*) = 4v(T).

Taking supremum on z,y € Sy, we get | 1| < v(T). O

Proof of Theorem 2.53. Fix T € L(H). The result will follow from the following two claims.

T+T*
Claim 1. T+Z(H)‘ +2 .
We have
T+T* T-T* T-T*
T = Z(H
5 T and 5 € (H)
T+T*

by Lemma 2.4.a. This shows that |7+ Z(H)|| < H . On the other hand, for every S € Z(H),

we have that S + S* =0, so

T+T* T+T* S+ 5% T+S5)+(T+5)*
< + _ [EEDETETHEY g,
2 2 2 2
T+T*

Taking infimum on S € Z(H), we get H < |IT+ Z(H)||, as desired.

T+T*
5 .

Cuain 2. () = |
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We use again that
_T+T*+T—T* T-T*
2 2 2

T

by Lemma 2.4.a, to get that

v v (TE), s (5,

*

Since is selfadjoint, Lemma 2.4.b gives us that

U(T):U<T—;T*) _ HT—;T*

More examples will be given in section 4.

3. AN APPLICATION TO THE BISHOP-PHELPS-BOLLOBAS PROPERTY

Our goal here is to give an application of the second numerical index to the theory of numerical radius
attaining operators. We first need some definitions.

Definitions 3.1. Let X be a Banach space.

(a) [13] X is said to have the Bishop-Phelps-Bollobds property for numerical radius if for every
0 < & < 1, there exists n(¢) > 0 such that whenever T € L£(X) and (z,z*) € TI(X) satisfy
v(T) =1 and |z*Tz| > 1 —n(e), there exit S € L(X) and (y,y*) € II(X) such that

v(S)=1ly"Syl =1, [T-S|<e [o-yl<e and [z -y <e.

(b) [17] X is said to have the weak-Bishop-Phelps-Bollobds property for numerical radius if for every
0 < & < 1, there exists n(¢) > 0 such that whenever T € £(X) and (z,z*) € TI(X) satisfy
v(T) =1 and |z*Tz| > 1 —n(e), there exit S € L(X) and (y,y*) € II(X) such that

v(S) =1ly"Syl, IT=Sl<e -yl <e and [a" -y <e.
Notice that the only difference between these two concepts is the normalization of the numerical radius

of the operator S.

The following result is an extension of [17, Proposition 6], where it is proved under the more restrictive
assumption n(X) > 0.

Theorem 3.2. Let X be a Banach space with n'(X) > 0. Then, the weak-Bishop-Phelps-Bollobds
property for numerical radius and the Bishop-Phelps-Bollobds property for numerical radius are equivalent

in X.

Proof. One implication is clear. For the converse, assume that for each 0 < ¢ < 1 we have n(g) > 0
satisfying the conditions of the weak-Bishop-Phelps-Bollobas property for numerical radius. Fix 0 < € <
1. T € L(X) with o(T) =1 and (z,2*) € II(X) satisfy that [z*Tz| > 1 — n(e), there exist S € L(X)
and (y,y*) € II(X) such that

v(S) =1ly"Syl, [IS-Tl<e Jo—yl<e and 27—yl <e.

Observe that
ez ||S=T|=2v(S-T)=2v(T)—v(S)=1-v(5)
so v(S) =1 —¢e >0 and we may and do define S} = ﬁs. Then we have

L=w(S1) =ly"Swyl, llz—yl <e and |27 —y*| <e.
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Finally, we can write

[[(S1+2(X)) — (T+ Z(X))|| < HU(IS)(S +Z(X)) - (S+ Z(X))H +||(S+ 2(X)) = (T+ 2(X))||

S+ Z2(X
< ”v(sg>”|v(5) —1[+[(S+ Z(X)) — (T + 2(X))|
1
< _ _
ST [v(S) = oD+ S =T
1 n(X)+1
< 1 =T ———c.
(i +1) 15 -1 <
So there exists S € Z(X) such that ||(S1 + S2) = T|| < n;f,)(()){;ls Then we have
L=v(S1) = v(S1 + 52) = [y*(S1 + S2)yl.
An obvious change of parameters finishes the proof. O

As a consequence, we obtain that these two properties are equivalent for finite-dimensional spaces but,
actually, both are always true in this case. This was proved in [17, Proposition 2] and the argument
given there is very similar to the above one. On the other hand, it is proved in [17, Proposition 4] that
a Banach space X which is both uniformly convex and uniformly smooth has the weak-Bishop-Phelps-
Bollobds property for numerical radius. When n/(X) > 0, Theorem 3.2 gives that X actually has the
Bishop-Phelps-Bollobds property for numerical radius. An interesting case, which is not covered by [17,
Corollary 7], is the following. It is just a consequence of the above discussion and Theorem 2.3.

Corollary 3.3. Let X be a Hilbert space. Then X has the Bishop-Phelps-Bollobas property for the
numerical radius.

4. DIRECT SUMS OF BANACH SPACES AND MORE EXAMPLES

We present now an inequality for the second numerical index of absolute sums of Banach spaces.

Proposition 4.1. Let X be a Banach space and Y, W closed subspaces of X such that X =Y @, W,
where @, is an absolute sum different from the €o-sum. Then,

n'(X) < min{n'(Y),n (W)}.

We need the following lemma, which is based on Lemma 3.3 of [7] and uses Lemma 1.10.

Lemma 4.2. Let X be a Banach space andY , W closed subspaces of X such that X =Y @&, W, where @,

is an absolute sum different from the ly-sum. Then, given an operator T € L(Y), the operator Te L(X)
defined by

Tly+w)=Ty (yeY,weW),
satisfies |T'| = || T, v(T) = v(T), and [T+ Z(X)|| = [T+ Z(Y)||.

Proof. Fix T € L£(Y). That |T|| = ||T|| and o(T) = v(T) is proved (under weaker assumptions) in
[7, Lemma 3.3]. Let us prove now that |7+ Z(X)|| < |T + Z(Y)|. Indeed, for S € Z(Y), we have
v(S) =v(S) =0, so

1T+ ZX) <IT-=5SI=IT-5I=IT-5]|.
Taking infimum on S € Z(Y), we get the claim.
For the reversed inequality, let us fix Sez (X) and use that @, is not the f3-sum and Lemma 1.10

to get that
s (S O
=V 5)
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where S1 € Z(Y) and S; € Z(W). Now, one has

~ 5 T-S51 0
7-81= ("7 o)z Ir-sizire 2o

where the first inequality is true since we are dealing with an absolute sum. Finally, we just have to take
infimum on S € Z(X) to get the desired inequality, finishing the proof. O

Proof of Proposition 4.1. Fix T' € L(Y) with ||T + Z(Y)|| # 0. By Lemma 4.2, there is an operator
T € L(X) with ||T + Z(X)|| = ||T + Z(Y)|| and such that v(T) = v(T). Then,

n/(X) < _ U(T) — U(T) .
IT+2X) 1T+2)]
Taking infimum with T' € £(Y) satisfying ||T'+ Z(Y)|| # 0, we get n'(X) < n/(Y). O

As a consequence of Proposition 4.1, we obtain the following result for ¢y and £,-sums.

Corollary 4.3. Let {X) : A € A} be a family of Banach spaces. Then

n’([@,\eAX,\]CO) < ir/{f n'(Xy), and n/([@/\eAXA]gp) < ir){f n'(Xy)) for1<p<oo, p#2.

Proof. If we write X = [@/\G\X/\]va then for every A € A, X = X, @, Y for suitable space Y. Then, the
result follows from Proposition 4.1. The case of ¢ is absolutely analogous. O

We will extend this corollary to more general absolute sums of Banach spaces in section 7.

We use now Proposition 4.1 to give some interesting examples.

Example 4.4. The second numerical index is not continuous with respect to the Banach-Mazur distance,
even in the set of Banach spaces with numerical index zero.

Indeed, for 1 < p < o0, let X, = 612, @, (3. First observe that the mapping p — X,, is continuous with
respect to the Banach-Mazur distance. Next, we have that n(X,) = 0 for every p as n(X,) < n(£3) = 0 by
Proposition 1.7. Also, n’(X,) < n'(£2) = n(£2) by Proposition 4.1, so lir% n/(X,) = 0 (see Example 1.2).

p—

On the other hand, n'(X3) = n/(¢3) = 1 by Theorem 2.3.

Observe that in the previous example the Lie algebra of the limit space differs from that of the limiting
spaces. In the next result we show that the second numerical index is continuous with respect to the
Banach-Mazur distance when we restrict to spaces with the same Lie algebra. Its proof follows the lines
of Proposition 2 in [10] from where we also borrow some notation. Given a Banach space X with Lie
algebra Z(X) we denote by £'(X) the set of all equivalent norms on the Banach space X whose Lie
algebra coincides with Z(X). This is a metric space when provided with the distance given by

d(p,q) = log (min{k > 1 : p < kq, ¢ < kp}) (p,q € £'(X)).

Ifpe & (X)and T € L(X), we write v,(T) for the numerical radius of T in the space (X, p), we also use
the symbol p to denote the associated operator norm and so p(T'+ Z(X)) = infgcz(x) p(T' — S). Finally,
n/(X,p) is the second numerical index of the Banach space (X, p).

Proposition 4.5. Given a Banach space X, the mapping p — n'(X,p) from E'(X) to R is continuous.

Proof. Fix pg € &'(X) and r > 0, let B ={p € &'(X) : d(p,po) < log(l + )}, and
S={T € £(X) : po(T + Z(X)) = 1, po(T) < 2}.
Our first aim is to show that the mapping
(,T) — p(T + 2(X))
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is uniformly continuous on B x S. To do so, take T7,T> € S and, fixed 0 < § < 1, take p,q € B satisfying

d(p,q) <log(1l+ 0) which gives p < (14 6)g and ¢ < (14 §)p. Observe that
p(Th + Z2(X)) —p(Te + 2(X)) < p(Ty — T2) < (1 +7)po(Ty — T).

Therefore, we can write

p(Ty+ 2(X)) —q(Ta + 2(X)) = p(T1 + Z2(X)) — p(T2 + Z(X)) + p(T2 + Z2(X)) — ¢(T2 + Z2(X))

<A +7)po(Th — T2) + p(T> + 2(X)) — q(T> + 2(X)).
Now, given € > 0, take S € Z(X) satisfying ¢(T> — S) — ¢(T2 + Z(X)) < ¢ and observe that
p(Ir+ 2(X)) —q(Ta + Z2(X)) <p(T> = 5) —q(T2 + 2(X)) < p(T2 — 5) —q(T> = 5) +¢
<A +0)q(T2 = 85) —q(T2 - 5) +¢
=0q(Ta = S)+e<0q(To+ Z2(X)) + (14 )¢
<O +mpo(Te+ Z(X)+(14+68)e=561+7)+ (1+)e.
So we can continue the above estimation as follows:
p(Ty + Z2(X)) — q(To + Z2(X)) < (L+7)po(Th = T2) + p(T2 + 2(X)) — q(T2 + 2(X))
<A+rpo(Ti —To) +6(1+7r)+(1+0)
and the arbitrariness of € gives
p(Tr+ Z2(X)) = q(To + Z(X)) < (L +7)po(Ty = T2) +0(1 + 7).

Finally, exchanging the roles of p and ¢ we obtain
p(Ti + Z2(X)) — (T2 + Z2(X))| < (L +7)po(Th — T2) +6(1 +7)

which gives the uniform continuity of the mapping (p,T) — p(T' + Z(X)) on B x S.

On the other hand, it is observed in the proof of [10, Proposition 2] that the mapping (p, T') — v,(T)
is uniformly continuous on bounded sets, so it is uniformly continuous on B x §. Therefore, using the

fact that

1
inf{p(T+ Z(X)) : p€ B, T €S} > —— >0

we deduce that the mapping ¥ : B x § — R given by
up(T)
U(p,T)= —=2 2 peB,TeS
=Tz :
is uniformly continuous. This implies that the mapping
pr— inf{¥(p,T) : T eS}=n'(X,p)

is continuous on B.

0

For the classical numerical index, the inequality in Proposition 4.1 is an equality when the absolute
sum is the £;-sum or the /,.-sum. The next example shows that this is not the case for the second

numerical index.

Example 4.6. Let H be a Hilbert space with dim(H) > 2 and W be a nontrivial Banach space. Suppose

that X = H ®o W or X = H @ W. Then n/(X) < %2 < 1.

Proof. Fix two orthogonal elements y1,y2 € Sy and w; € Sy. Choose wi € Sy such that wi(w;) = 1.

We suppose first that X = H &, W and we consider the operator T} € L(X) given by

Ty(y,w) = ((y1 | Y)yr + V2ui(w)y2,0)  ((y,w) € X).
We start showing that v(T7) < 3. Indeed, given ((y,w), (y*,w*)) € II(X), we have that

max{[[y[, [w|} =1, |ly"[ + w*| =1, and 1=y*(y) +w*(w) = [y"[[[lyll + [w[[[w]
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Therefore, y*(y) = |ly*||||lyll and w*(w) = ||w*||||w]|. Since H is a Hilbert space and y*(y) = ||v*||||lvll, we
get that ||y|ly* = ylly*||. If ||y|]] < 1, then necessarily ||w| = 1, so ||w*|| =1 and ||y*|| = 0 (otherwise we
would get ||ly*|||ly|l + ||w*|||jw] < 1). Therefore, in this case, we have that

(v, w*) T (y, w)| = 0.
If, otherwise, ||y|| = 1, we get that y* = y|ly*|| and we can write
(™ w)Taly )] = | (o | 9y () + V207 (w)y" (32)

= lly* (w1 | v) (W | 1) + V2ly*[Jwi(w)(y | y2)]
<y (1w [ 9)PP + V20 | y2)]) < | 1 9)* + V2|(y | ).

This, together with the inequality 1 = ||y||? > |(y1 | ¥)|* + |(v | y2)|?, tells us that

(", w) Ty, w)] <1 —[(y | 92)]> + V2|(y | 52)| < Dax | — V2 =2

We prove next that |77 + S|| > v/3 for every S € Z(X). Indeed, fixed S € Z(X), by Lemma 1.10
there are S; € Z(H) and So € Z(W) such that S(y,w) = (S1(y), S2(w)) for every (y,w) € X. Besides,
we fix 0 € {—1,1} satisfying 6(y2 | S1(y1)) > 0. Finally, observe that (y1 | S1(y1)) = 0 since v(S1) =0
and, therefore, we can write

Ty + S| = [Ty + S)(yr, 0w) || = [[(y1 + 6v/2y2,0) + (S1(y1), 052 (w1)) |
> [ly1 + V20y2 + S1(y1)| = \/(?Jl +V20ys + S1(y1) | y1 + V20y2 + S1 (1))
— 3+ 150w 2 +2v20 (3 | S1() > V3.
Taking infimum in S € Z(X), we get || Ty + Z(X)|| = v/3 which finishes the proof for X = H &, W.
The proof for X = H &; W is somehow dual to the above one. In fact, let T5 € £(X) be given by
To(y,w) = ((n [ 9y, V20 [)wr)  ((y,w) € X).
We start showing that v(T3) < 2. Indeed, given ((y,w), (y*,w*)) € II(X), we have that

Iyl + lwll =1, max{[jy"[], [w*[]} =1, and 1=y"(y)+w"(w) = [ly* [yl + [[w*|lw].

Therefore, y*(y) = |ly*||||lyll and w*(w) = ||w*||||w]|. Since H is a Hilbert space and y*(y) = ||v*||||vll, we
get that [[ylly* = ylly*[. If [[y]| = 0, then

|(y*a w*)T2(y7w)| =0.

If, otherwise, ||y|| # 0, we can write

(", w*) Ta(y, w)| = ‘(yl |9y (y1) + V2w* (w1) (g2 | y)‘

= 1 (1571 10) + VB ) )

Val < (2] + Ve (7

|Z/2

Iyl

<lon 1ol | (% 11) ] ‘

2
This, together with the inequality 1 = Hﬁ“z > ‘(y1 \ HTZJHN + ’(ﬁ \ y2>

, tells us that

3

|<y*,w*>TQ<y,w>|<1—’(y2| Tl ‘ **f’ Tl 2| S %

Let us check that |T» + Z(X)| > V3. Fixed S € Z(X), by Lemma 1.10 there are S; € Z(H) and
Sy € Z(W) such that S(y,w) = (S1(y), S2(w)) for every (y,w) € X. We fix § € {—1,1} satisfying

|yz




12 KIM, LEE, MARTIN, AND MER{

O(y1 | S1(y2)) = 0. Besides, observe that (y1 | S1(y1)) = 0 since v(S7) = 0 and, therefore, we can write

1
T+ 8| > |[T2+58 +V/26 )H ,20w1) + (S1(y1 + V20y2),0
172 + S| ‘[ 2 ](\/3( Y1 Y2), \fH Y1, 20w1) + (S1(n1 y2),0)||
2
+ S1(y1 + V20u)|| + —=
nyl 1 wl+ 2
= U 1810 + VB0 + 2V30(y1 | S1(12)) + — > = = V3.
V3 V3T V3 VB
Taking infimum in S € Z(X), we get | Tz + Z(X)|| = /3 which finishes the proof. O

Even though the above example shows that equality in Proposition 4.1 for the {o,-sum and the ¢;-sum
is not always possible, the next one provides us with a lower bound.

Proposition 4.7. Let X1, X2 be Banach spaces and write X = X1 oo X2 or X = X1 &1 Xo.
(a) If n(X71) > 0 and n(X3) > 0, then n/(X) = min {n(X;),n(X2)}.
(b) Ifn(X1) > 0 and n(X2) =0, then n’(X) > min {n(Xl), %}

(¢) If n(X1) =0 and n(X2) =0, then

/ . n'(X1) n'(Xz)
n'(X) >mm{n’(X1)+1’n’(X2)+1} )

Proof. (a) is given by Proposition 1.7.
We suppose that X = X7 @ X2 and prove (¢). We may assume that n'(X7) > 0 and n/(X3) > 0,
otherwise there is nothing to prove. Every T' € £L(X) can be written as follows:
T(z,y) = (T () + Ti2(y), Tor (x) + To2(y))  ((z,y) € X),

where T}; € L(X;,X;) for all 7,7 = 1,2. By Lemma 1.10, every operator with numerical radius zero
commutes with the projections and, therefore, we get

||T—|—Z(X)|| = inf max sup HT11(],‘1) +S1(J31) +T12($2)||,
zGZI<X 0) [ENEEAES

sup ||T21(£L'1) + SQ(!L‘Q) + ng(l‘g)”} .

lz1l|=|lz2|l=1
Hence

T+ 201 < inf mas(Th + Sl + [ Tial 7] + 155 + Tl
i=1,2
= max{||T11 + Z(X1)|| + [[Tazll, [T21]| + [[T22 + Z(X2)|[}-
Besides, we claim that
o(T) 2 max{v(T11), [[Tr2|, v(T22), | T21 ]|}
Indeed, we note that for ((z1,z2), (27, x3)) € II(X),
o(T) 2 |27Thi(z1) + 21 Tio(22) + 25To1(21) + 25T2(22)].

Given £ > 0, we take 23 = 0 and (z1,27) € II(X;) satisfying that |xjT11(z1)| > v(T11) — &, we take
ya € Sx, and 6 € {—1,1} such that a}(T11(x1))2t(Thi2(y2))0 > 0, and we write x5 = 6ys. Then
((x1,2), (27, 23)) € II(X) and, therefore,

o(T) = |z1Tha (1) + 21 Tha(22)| = [27Th1 (21) + 27 Th2(y2)0] = |27Thn(21)] > 0(Th) — &
and the arbitrariness of € gives v(T) > v(T11).

We turn now to prove v(T) > ||T12||. Observe that we can assume that || T12]| > 0. Then, given
0 < & < ||Ty2|| we take this time x5 = 0, yo € Sx, satisfying that || Ti2(y2)|| > ||Tiz2| — &, we take
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r] € Sx; such that 27 (T12(y2)) = [T12(y2) ||, we write ;1 = % and we take 6 € {—1,1} such that

1 (Th1(z1))x; (Th2(y2))8 > 0, and we write 3 = fyz. Then, we have
o(T) 2 a1 Tha(21) + 21 Thz(22)| = 27T (1) + 21T12(y2)0| = |27Th2(y2)| > [[The] — €
and the arbitrariness of € gives v(T) > ||Ti2||. Symmetric arguments show that v(T) > v(T2) and
o(T) = || T2 |-
Now we are ready to finish the proof. Suppose that ||T + Z(X)| = 1 and we first assume that
|Ti1 4+ Z(X0)|| + | Tha]l = 1. I o(Th1) = 420 then o(T) > X0 Otherwise, we have v(Ti1) <

! n/(X1)+1’ (X1)+
#ﬁl}rl and we can estimate
’U(Tu) 1
1< | Ty + 2(X Tool| < Tioll € ———— + || T0s -
IT1 + Z2(X0)|| + [[The| ) T 1T AT [T
So || T2 = % and, therefore
n'(X1)
T) 2 |Te|| 2 ———-
o) > [Tl > et
On the other hand, if we assume ||Ta2 + Z(X2)|| + ||Z21]| = 1, then an analogous argument gives
n'(Xs)
T 2 ————
U( ) n/(X2)+1

which completes the proof of (c).

To prove (b), one can follow the above proof with some changes. Indeed, consider the operator
T, € L(X, X1) given by T (z1,22) = T11(x1) + T12(x2) for 1 € X; and 25 € X5, and observe that

1T + Z(X)|| < max{[[Th[], [Tor|| + 1T22 + Z2(X2) (I}
since n(X1) > 0. If [|To1]| + || Tee + Z(X2)|| = ||T + Z(X)||, the above proof gives
u(T) < n'(Xa2)
IT+ZX) 7 w(X2) + 1
If |T1|| =2 ||T + Z(X)]| the proof of [24, Proposition 1] tells us that

o) o)
TT 2] - ) 2 M

The proof for X = X; #1 X5 is, in some sense, the dual of the above one. We just point out the main
differences. To check (c), observe that this time, for T' € £L(X), we have

IT4+200I= _ inf s [T+ $ie0) + Tial@)ll + [T (@) + Sa(a2) + Toa(aa)]
Si?i(;(i) ll1 |4+ ]2 ]| =1

< dnf s T + Syl [Tl + [ Tas() |+ 182(2) + Toa(aa)|
Sigi(fi) llzell+]lz2]]=1

< inf sup o]l (ITur + Sull + 1Tea ) + ol (ITall + 1182 + Tea )
Siﬁf’l(;ﬁ) lz1 |+ lz2 =1

s

< inf - max {||Ti + Sil| + [[Tar ||, [ T2l + [[S2 + Toz||}
SieZ2(Xy)
i=1,2

= max {||Th1 + Z(X0)[| + | T2 l], | Th2ll + | T2z + 2(X2) |} -
To prove the inequality
0(T) 2 max{v(Ti1), [|Tozl, v(T22), [| T2}
one can proceed as in the previous case, using an appropriate pair ((wl, xa), (x7, mg)) e II(X) with 2o =0
(for the inequalities v(T) > v(T11) and v(T) > ||T»1]|) or 1 = 0 (for the inequalities v(T') > v(T22) and
v(T) > || Th2]|). From that point the proof follows exactly the same lines of the above one.
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Finally, the proof of (b) is again a combination of the preceding proof and the one of [24, Proposition 1]
for the #¢;-sum. O

A first consequence of the proposition above and Example 4.6 is the following.

Corollary 4.8. If H is a Hilbert space of dimension greater than or equal to two, then

3 1 3
gn’(HeaooH)gg and §<n’(H@1H)<§.

N | =

With this result, we may produce an example similar to Example 4.4 in such a way that the limiting
space is not a Hilbert space.

Example 4.9. For 1 < p < oo, let X, = 8127 @1 (3. First observe that the mapping p X, is
continuous with respect to the Banach-Mazur distance. Next, we have that n(X,) = 0 for every p
as n(X,) < n(f3) = 0 by Proposition 1.7. Also, n'(X,) < n/(€2) = n(f3) by Proposition 4.1, so
lim n’(X,) = 0 (see Example 1.2). On the other hand, n’(Xs) = n/({3 @&, £3) # 1 by Corollary 4.8.

p—2

More examples can also be deduced from the results of this section. For instance, we may show that
the set of values of the second numerical index among Banach spaces with numerical index 0 contains
the interval [0,1/2].

Example 4.10. For every 6 € [0,1/2], there is a Banach space Xy such that n(Xs) = 0 and n'(Xy) = 6.
Moreover, for 0 < 6 < 1/2, the space Xy can be taken to be four dimensional.

Proof. For 6 = 0, the result was given in Example 2.2, and all the possible examples have to be infinite-
dimensional by Proposition 2.1. Consider now 0 < § < 1/2 and pick a two-dimensional Banach space Yy
with n(Yy) = 6 (use Proposition 1.1). Let Xy be the four-dimensional space Yy @ £3, which satisfies
that n(Xg) < n(f2) = 0 by Proposition 1.7. By Proposition 4.1,

n'(Xp) < n'(Yp) =n(Yp) = 6.
On the other hand, Proposition 4.7 gives us that n’(Xy) > min{6,1/2} = 6. O

A similar result can be obtained, up to renorming, in every separable or reflexive Banach space of
dimension greater than 4.

Proposition 4.11. Let X be a Banach space of dimension greater than or equal to four which admits
a long biorthogonal system (for instance, being X separable or being X reflexive). Then, for every
0 < 0 < 1/2, there is a Banach space Xg isomorphic to X such that n(Xp) =0 and n'(Xy) = 6.

Proof. Take a two-dimensional subspace Y of X and write X = Y & W for a suitable subspace W
of dimension greater than or equal to two. We may use Proposition 1.3 to get a Banach space Wy
isomorphic to W with n(Wy) = 6. Now, consider the space Xy = 63 ®oo Wp, which is isomorphic to X.
Then, n(Xg) < n(€3) = 0 by Proposition 1.7. On the other hand,

n/(Xg) g n/(Wg) = n(Wg) =40
by Proposition 4.1, and Proposition 4.7 gives us that n'(Xg) > 6. O
The proof above cannot be done in dimension two or three. In the first case, we actually have the
following result.

Example 4.12. Let X be a two dimensional space with n(X) = 0. Then n'(X) = 1.
Indeed, it is proved in [23, Corollary 2.5] that X is isometrically isomorphic to a Hilbert space and so
Theorem 2.3 gives the result.
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For dimension three, we will show in Example 7.10 that the set of values of the second numerical index
of three-dimensional spaces with numerical index zero contains a non-trivial interval.

Let us also mention that Proposition 4.11 does not imply that for k£ > 4 the set of values of the second
numerical index of k-dimensional spaces with numerical index zero is an interval. We do not know if this
is the case, but we will show in Proposition 7.9 that the set of values of the second numerical index of
three-dimensional spaces with numerical index zero is not an interval.

5. DuALITY

We are interested here in the relationship between the second numerical index of a Banach space and
the one of its dual. Recall that for the classical numerical index, it is known that n(X*) < n(X) for every
Banach space X and that this inequality may be strict (see Proposition 1.5 and Example 1.6).

With respect to the first result, we do not know whether it is always true for the second numerical
index, but we have the following sufficient conditions.

Proposition 5.1. Let X be a Banach space. Suppose that X satisfies any of the following conditions:

(a) the norm of X* is Fréchet-smooth on a dense set (e.g. X = loo);

(b) Bx is the closed convex hull of the continuity points of 1d : (Bx,w) — (Bx,||-||) (in particular,
if X has the RNP, X has the CPCP, X is LUR, X has a Kadec norm, X = X10,Xo where X,
and X have the RNP, or X = L(R) where R is reflexive);

(¢) Y C X* CY* for a Banach space Y which does not contain ¢1 (in particular, if X is a dual
space with the weak-RNP, i.e. X =Y™* for a space Y which does not contain £1);

(&) X" B br;

(e) X is isomorphic to a subspace of a separable L-embedded space;

(f) X isthe (unique) predual of a von Neumann algebra or, more generally, X is the (unique) predual
of a JBW*-triple;

(g) there is a separable reflexive space R such that X* is isometrically isomorphic to a weak-star
closed linear subspace L of L(R) whose intersection with the space of compact operators on R is
weak-star dense in L.

Then n/(X*) < n/(X).

Before giving a proof of the proposition, let us recall that the classical inequality n(X*) < n(X) for
every Banach space X is an obvious consequence of the fact that v(T™*) = v(T) and ||T*|| = ||T|| for
every T € L(X) (see Proposition 1.5). We do not know whether ||T* + Z(X*)|| = [|T + Z(X)|| for every
T € L(X) in general, but this would be true when every element in Z(X*) is the transpose of an element
in Z(X). So the idea behind the proof of the above proposition is to find sufficient conditions to ensure
that. We need a couple of lemmas which are of independent interest. The first one is just an adaptation
of a result of G. Godefroy [11].

Lemma 5.2 ([11, Proposition VII.1 and proof of Corollary VIL3]). Let X be a Banach space such that
there exists a unique norm-one projection w : X*** — X* with weak-star closed kernel. Then every
T € Z(X™) is the transpose of an element of Z(X).

The second result is immediate.

Lemma 5.3. Let X be a Banach space. If every T € Z(X*) is the transpose of an element of Z(X),
then ||T* + Z(X*)|| = |IT + Z(X)|| for every T € L(X) and, therefore, n'(X*) < n/(X).

Proof of Proposition 5.1. We only need to provide references showing that any of those conditions implies
that there is a unique projection from X*** onto X* with weak-star closed kernel, and then apply the
above two lemmas.

Indeed, Theorem II.1, Examples 11.2 and Theorem I1.3 of [11] give directly the result for (a), (b), (¢),
and (d) (actually, in those cases there exists a unique norm-one projection from X*** onto X*).
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(e) [28, Theorem 3] gives that every separable L-embedded space satisfies Godefroy-Talagrand property
(X) and [11, Theorem V.3] shows that this latter property implies what we need. Since property (X) is
of isomorphic nature and passes to subspaces, we get the result.

(f) For von Neumann algebras, this a classical result of Sakai; for JBW™*-triples, it is a result of
G. Horn [15].

(g) It is shown in [12] that, in this case, X has the RNP, and so the result follows from (b). O
Corollary 5.4. Let X be a reflexive space. Then, n'(X*) =n'(X).

We may give another result in this line for M-embedded spaces, for which we actually have a little bit
more. Recall that a Banach space X is M-embedded (or it is an M-ideal in its bidual) if X*** = X+ @, W
for some closed subspace W.

Proposition 5.5. Let X be an M-embedded space. Then n'(X**) < n/(X*) < n/(X).
Proof. Tt is shown in [14, Proposition II1.2.2] that every surjective isometry of X** is the bitranspose
of a surjective isometry of X. As a consequence, we get using the same ideas as in the proof of [11,

Corollary VIL3] that every element in Z(X**) is the transpose of an element of Z(X*) and that every
element of Z(X*) is the transpose of an element of Z(X). The result now follows from Lemma 5.3. O

Next, we would like to present an example showing that the inequality n'(X*) < n’/(X) can be strict,
even when n(X) = 0.
Example 5.6. There exists a Banach space X with
n(X)=n(X*)=0 and n/(X*)<n/(X).
Proof. Let W be a Banach space with n(W) = 1 and n(W*) = 1/3 (see Example 1.6) and let X = (3@, W

which satisfies n(X) < n(¢3) = 0 by Proposition 1.9. Now, n/(X) > 1/2 by Proposition 4.7, and
n/(X*) <n/(W*) =n(W*) =1/3 by Proposition 4.1. O

The next example shows another strong way in which the second numerical index of a space and the
one of its dual can be different.
Example 5.7. There exists a Banach space X with the following properties:

n(X)=n(X)=1, n(X*)=n(X*)=0, Z(X)=Z(X*)={0}.

Proof. Consider a sequence of Banach spaces X with n(Xj) = 1, n(X}) > 0 and limy n(X}}) = 0 (see
Example 1.6). Let X = [,y Xk]co' Then n(X) = 1 (and so Z(X) = {0}) by Proposition 1.7. This
proposition also shows that n(X*) = 0 and that Z(X*) = {0}. Then, n/(X*) = n(X*) =0. O

One more example is the following extension of Example 1.6.
Example 5.8. Given 0 < a < 8 < 1/2, there is a Banach space X g with n(Xq g) = 0 such that

n'(Xop) =8 and n'(X};) =a.

Indeed, Let Y, g be a Banach space such that n(Ya,g) = 8 and n(Y; 5) = a (see Example 1.6), and
consider X, 3 = 3 @oo Yo,3. Then, Propositions 4.1 and 4.7 give easily the result.
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6. VECTOR VALUED FUNCTION SPACES

We deal now with vector valued function spaces. As n'(H @ H) < 1 by Example 4.6, one cannot
expect to have the same result that the one for the classical numerical index (see Proposition 1.11), but
we will see that at least one inequality can be proved. We start with spaces of continuous functions.

Proposition 6.1. Let L be a locally compact Hausdorff topological space and X be a Banach space. Then
n/(Co(L, X)) < n'(X).

Proof. Choose a function ¢ € Co(L) such that ¢(tg) = 1 = ||¢|| for some tg € L. Fix R in L(X) \ Z(X)
and define T' € £(Cy(L, X)) by

[T(HI() = R(f(1))  (teK, feCo(L X))
We claim that v(T) < v(R) and ||T' + Z(Co(L, X))|| = ||R + Z(X)||. This shows that

o(T) C R
1T+ 2(Co(T, XN S TR+ 201

Since R is arbitrary, taking infimum on R we get n'(C(L, X)) < n/(X).

n(Co(L, X)) <

So let us prove the claim. First, consider
(1) P={(f.6:®2%) : f € Scyr,x)t €L, a*€Sxe, *(f(t) =1},

where [0 @ *](f) = 2*(f(t)). Then the numerical radius v(T") can be computed with only those elements
in II(X) which are in I (see Lemma 1.12) and so

o(T) = sup{|(z™, [TfI())] : f € Sco(r,x), t € L, 2 € Sx+, 2*(f(t)) = 1}
=sup{|(z", R(f(1)))| : f € Scyr.x), t € L, " € Sx-, 2*(f(t)) = 1}
<sup{|z*(R(z))| : z € Sx, a* € Sx~, " (z) = 1} = v(R).
To show that ||R+ Z(X)|| < || T+ Z(Co(L, X))||, given U € Z(Co(L, X)), define Vo = [U(p ® x)](to) for

every x € X. Then, V € £(X). Infact, Visin Z(X). Indeed, for each (z,z*) € II(X), [0, @2*](p@z) =1
and

|2*V ()] = |(&*, U(p @ 2)(to))| = |(61, @ 2")U (¢ @ )| < v(U) = 0.
For each x € Sx, we have

IR+ Z(X) <R+ V]

sup |Rx + Vx|

TESx

sup [[Re + [U(p @ )] (to)]|

TESx

sup [|[T(¢ @ z)|(t0) + [U(p @ 2)](to)l| < T+ UJ|.

rzE€Sx

Hence ||R + Z(X)| < ||T + UJ|. Since U € Z(Cy(L,X)) is arbitrary, we have that |R + Z(X)| <
1T+ Z(Co(L, X))|| and this completes the proof. O

Easy modifications of the above proof can be applied to get results for Cy, (K, X) and Cp(£2, X).

Remark 6.2. Let K be a compact Hausdorff topological space, let ) be a completely regular Hausdorff
topological space and let X be a Banach space. Then

n'(Cy (K, X)) < n/(X) and  n/(Cp(Q, X)) < n'(X).

Proof. In both cases, the arguments are the same that the one in the proof of Proposition 6.1. Given
R e L(X)\ Z(X), define T analogously. In the case of C,, (K, X), we just have to replace the set I" in

(1) by
Iy ={(f.0: ®@a*) : f € Sc,kx), [ attains its norm, ¢t € K, z* € Sx~, z*(f(t)) =1},
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and observe that 7mx(T'1) is dense in Sc.(k,x) by [18, Lemma 1], so we may use I'; to compute the
numerical radius of 7. In the case of Cy(£2, X), it is straightforward to show that the set of functions in
Cy(Q, X) which attain their norm is dense in Cy(£2, X), and so the set

Iy = {(f,&t ®x*) : f € S¢,q,x), [ attains its norm, t € K, x* € Sx-, 2*(f(t)) = 1}

can be used to compute the numerical radius of T. The rest of the proof is the same that the one of
Proposition 6.1. O

Another vector-valued function space for which we may give an inequality of the second numerical
index is Loo (1, X).
Proposition 6.3. Let (2, %, u) a measurable space and let X be Banach space. Then
W (Lo (1, X)) < 1'(X).

For a measurable subset F, z € X and z* € X™*, we will use the following notations:

xe®z](t) =z xplt), teQ

e ®°)(f) = (xz ® 2", f) = / S0 du(t), € Li(n X).

E

Proof of Proposition 6.3. As in the proof of Proposition 6.1, given R in £(X) \ Z(X), define T by
[T(HI(E) = R(f(t))  (t€Q f€ Luc(p, X))

Now, as shown in [25, Lemma 2.2], the numerical radius of T' can be computed using the set

_ XE A
F—{(f,M(E)®x> cfeSLux), Fe€X, 0<u(E) <o,

f is constant on E, z*(f(t)) = ||fllco =1 on E}

(since I' is a subset of II( Lo (1, X)) and mx (') is dense in Sg,__(,,, x), so we may use Lemma 1.12). Then,
repeating the argument given in Proposition 6.1, we get v(T) < v(R). Finally, for U € Z(Loo(p, X)),
define V € L(X) by

1
Vl‘zi/ Ulxa®z)|(t)du(t rxeX),
@) =~y |, Wowe )@ @ex)
where Ey C  is measurable and 0 < u(Fy) < oco. In fact, V is in Z(X). Indeed, if (z,z*) € II(X), we

have

|[2*V (z)| = ‘#(;0) /EO 2" U(xa ® x)(t) du(t)‘ = ‘ ®z*, U(xa ®x)>‘ <o(U) =0.

Since [T(xo ® z)|(t) = R(x) on ©, we have
IR+ Z(X)[| < [|R+ V] = sup [[Rz+ V]

rE€Sx

XEq
u(Eo)

= sup
rESx

Rz + @ /E Uxa ® z)(t) du(t)H
1

= s | s [ ([Txo @)+ W © 2](1) du(t)H

SIT(xe®2) +Ulxa @)l < 1T+ U
Therefore, we get |R+ Z(X)|| < |7+ Z(Loo (1, X))|| and so n'(Leo (1, X)) < n/(X). O

Our next result is for spaces of vector-valued integrable functions.

Proposition 6.4. Let i be a positive measure. Then n'(L1(u, X)) < n/(X).
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Proof. Notice that L (p, X) is isometrically isomorphic to the £i-sum of L;(u;, X) for suitable finite
measures ;. So by Proposition 4.1, we may and do assume that p is a finite measure.

Let T' be the set of all (f,g) € Li(p) X Loo(pt) such that f = >0  xixg,, g = >y TixE, for some
n, where z;’s are in X \ {0} and z!’s are in Sx~, E; are disjoint measurable subsets of positive finite
measure, . ||@;||u(E;) = 1 and 2} (2;) = ||z for all 1 < i < n. Since the set of simple functions is
dense in Lj(p, X), the numerical radius v(T) of T € L(L1(p, X)) can be computed using only elements
in I' by Lemma 1.12.

Given R in L(X) \ Z(X), define T' € L(L1(p, X)) by T(f)(t) = R(f(t)). Then for (f,g) € T' with
f = Z?:l TiXE;» 9 = Zz 1 xy i XE;» W€ have

g, T 1)l ZIwaz u(E:) <Y o(R) |2l p(Es) = v(R).
=1

So v(T) < v(R). Finally, for U € Z(Li(u, X)), define V € L(X) by

1
Vi) = s [ [0 © 2l dute).
We will check that V' € Z(X). Indeed, for each (z,z*) € II(X), we have
|[z*V (z)| = ‘M(lm/ﬂx* (Ulxa @ z)(t)) du(t)‘ = ‘<M>§8) ®z*,U(xa ®x)>‘ <wo(U) =0.

Since [T(xo ® z)|(t) = R(z) on €2, we have
IR+ Z(X)[| <[[R+ V] = sup |[Rz + V]

TESx
1
= s e+ W0 du(t)H
1
= s | [ ([T 920+ [0k 0 2)](0) du(t)H
XQ XQ
S feusi/sz {T(M(Q) ®z)] ®)+ [U(u(ﬂ) )} (t)H Ap?)
= su X2 oy X2 o
T oo T(M(Q) @) +U(M(Q) ) 1
<|T+UJ.
Therefore we get ||R+ Z(X)|| < |T + Z(L1(p, X))|| and so /(L1 (p, X)) < n/(X). O

Our last result in this section shows that there is no non-trivial compact space for which equality in
Proposition 6.1 always holds.

Proposition 6.5. Let K be a compact Hausdorff topological space with cardinality greater than one.

Then
n'(C(K, 83)) < ? < 1.

We need to establish some preliminary results. Note that C(K, £3) can be identified with C'(K)&C(K)

with the norm
1,91 = fg}z\/f(t)z +9®)?  ((f,9) € C(K) & C(K)).
Given T € L(X), we write

[T(f.9)](t) = ([T1 (£, 9] 1), [T2(f.9)] (1) (t€ K, (f,9) € C(K) & C(K))
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for convenient bounded linear operators Ty, Ts : C(K)@® C(K) — C(K). For t € K fixed, each T;(-,-)(t)
is a continuous linear functional on C'(K) ® C(K), and [C(K) ® C(K)]" = C(K)* & C(K)*. So, by the
Riesz representation theorem, we have the following representation result:

n0a) 0= ([ sauts, [ gduts) () € Cr) @ o),

where uﬁj are Borel regular measures on K.

Lemma 6.6. Let p be a Borel reqular measure on a compact Hausdorff space K and 0 < a <1 be a real
number. Suppose that for t € K we have / fdu =0 for every f € Scky with f(t) =a. If0 <a <1,

K
then = 0. If a = 0, then u = cd; for some real number c.

Proof. Suppose first that a > 0 and we will show that p = 0. If u takes only nonnegative values or
takes only nonpositive values, then it is clear. So assume that the positive and negative parts are both
nontrivial. Take the Hahn decomposition of pu, K = €7 U2y and assume that the point ¢ is in ;. Then
there are compact subsets K; of Q; such that |u|(; \ K;) < B|p](€;), where |u|(A) is the total variation

of i on the subset A and 8 = 7”22“71 €]0,1[. We may assume that ¢ € K;. Then choose two disjoint
open subsets U; and Uy such that K; C U; and use Urysohn lemma to choose two continuous functions
fi : K —[0,1] for ¢ = 1,2, such that

Xk, < fi and supp(f;) CU; (i=1,2).
Set f =afi — fo. Then f(t) =a and f € S¢(k). However, we get

/K fd'u - /KlUKz fd“ - /Ql\Kl fd“ - /92\K2 fd/j“
> a|p|(K U Ka) — |pl(0\ K1) — |pl(Q2\ K2)

IO + 5 (92) = Bl () = Bl (92:)
_a—B(B+1)
B+l

This is a contradiction. When t is in 25, we can show the contradiction similarly.

>

[ul(K) > 0.

Suppose now that a = 0 and, by homogeneity, we have

/deuzo

for every f € C(K) with f(¢t) = 0. This means that the kernel of §; € C(K)* is contained in the kernel
of p € C(K)*, but this implies p = ¢d; for some real number ¢ as desired. O

The next preliminary result gives us the form of the skew-hermitian operators on C(K, £2).
Proposition 6.7. Let X = C(K,¢3) and T € Z(X). Then, there is A € C(K) such that
[T(f,9)](t) = (\t)g(t), =A(1) f(1)).
Proof. Fix t € K and suppose that f(¢)2 + g(t)?> = 1 and (f,g) € X. Then

(T(£,9),8: @ (£(8),9(8))) = 0.
That is,

(2) f(t) (/deuﬁlJr/Kgduiz) +9(t) (/K fdu§1+/Kgdu§2> =0.

If we consider g = 0, for each f € S¢ (k) with f(t) = 1 we have

/ Fpt, =0,
K
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and then pf; = 0 by Lemma 6.6. Analogously, we have ub, = 0. Now suppose that f in Sc(x) satisfies
f(t) = 1/4/2 and consider the pair (f, f). Then we have

0—/fdu12 /fdﬂz1—/fd/i12+/~‘21)

and Lemma 6.6 gives us that uf, = —pb;.

Now, for any function f € S¢ (k) with f(t) = 0, consider g = \/1 — f2? € B¢ (k) which satisfies g(t) = 1
and f(t)? + g(t)? = 1, and apply (2) to get that

[ sauty =0

K

Another application of Lemma 6.6 gives us that ub; = A(t)d;. By using constant functions, it is easy to
see that A € C(K). This completes the proof. O

Proof of Proposition 6.5. Suppose that t1,ty are two different elements of K and X = C(K, 3). Define
the operator T € L(X) by

T(f.9) = (f, V2f(t2))-
Set
= {((£.9).6:9 (F(®), 9(1))) € TUX) = (f,9) € Sx, F())* +9(t)* = 1}.
Then v(7T) can be computed using only elements of I' by Lemma 1.12. Given ((f, ), ® (f(t),g(t))) in
I', we have
(8¢ @ (F(1),9(1)), T(f.9))| = |f(1)* + V2[ (t2)g(t)]
FO +V2lg(0] < 1—g(1)* + V2g(1)] < 3/2.

Therefore, v(T) < 3/2. Finally, we claim that |7 + Z(X)| > V3. Indeed, fix S € Z(X) and use
Proposition 6.7 to see that there is A € C'(K) such that S(f,g) = (Ag, —Af) for every (f,g) € X. Now,
take a function fi € Sc(x) such that fi(t1)A(t1) < 0, |fi(t1)| = 1, fi(t2) = 1, and consider the pair

(f1,0) € Sx. Then
2

I+ 817 > [|(IT'+ S1(f1,0)) (&)
= fi(t)? + (V2filt2) = At fi(t))”
=1+ (V2= Alt) fi(t))” = 3.
Since S is arbitrary in Z(X), ||T + Z(X)|| = v/3. This completes the proof. O

7. ABSOLUTE SUMS OF BANACH SPACES

In this section we provide all the results about absolute sums of Banach spaces which we will need
later on. We obtain estimates of the numerical index and the second numerical index of absolute sums
of Banach spaces.

Let us first introduce the needed notation. Let A be a nonempty set and let FE be a linear subspace of
RA. An absolute norm on E is a complete norm || - || g satisfying

(a) Given a,b € R? with |a()\)| = [b(\)| for every A € A, if a € E, then b € E with ||a|z = ||b||&-
(b) For every A € A, ey € E with |ex]|g = 1, where ey is the characteristic function of the singleton

{A}.

In such a case, we will say that FE has absolute structure. The following results can be deduced from the
definition above:

(c) Given a,b € R* with |a(\)| < [b(N)| for every A € A, if b € E, then a € E with ||al|g < ||b] &
(d) ¢1(A) C E C £o(A) with contractive inclusions.
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For a € E we will write |a| € F to denote the element given by |a|(A) = |a(A\)| for every A € A.

Observe that E is a Banach lattice in the pointwise order (actually, E can be viewed as a Kothe
space on the measure space (A, P(A),r) where v is the counting measure on A, which is non-necessarily
o-finite). Thus, we say that a € E is positive if a(A) > 0 for every A € A. An operator U € L(E) is
positive if U(a) is positive for every positive a € E. In such a case, it is clear that

Ul = sup{||U(a)|| : a € E, a positive}.
Besides, one has that |U(a)| < U(la|) for every a € E.

The Kéthe dual E' of E is the linear subspace of R defined by

E’:{beRA Bl = sup Y [b(A)|la(X |<oo}

2€BE en
The norm | - ||z on E’ is an absolute norm. Every element b € E’ defines naturally a continuous linear
functional on E by the formula
=Y bNa())  (a€E),

AEA
so we have E/ C E* and this inclusion is isometric.

Given an arbitrary family {X) : A € A} of Banach spaces, for 2 € [, X we will use the notation
2 = (2()\))xea. For a linear subspace E of R* with absolute norm, the E-sum of the family { X : A € A}

is the space
D], = {re [T UeWirea € £}

AEA AEA
endowed with the complete norm |z|| = [|(|[x(A)||)xeallz. We will use the name absolute sum when
the space F is clear from the context. Natural examples of absolute sums are cp-sums and ¢,-sums for
1 < p < o0, ie. given a nonempty set A, we consider £ = ¢y(A) or E = ¢,(A). More examples are
the absolute sums produced using a Banach space E with a one-unconditional basis, finite (i.e. E' is R™
endowed with an absolute norm) or infinite (i.e. F is a Banach space with an one-unconditional basis
viewed as a linear subspace of RY via the basis).

Let A be a non-empty set and let £ C R* be a Banach space with absolute norm. Let {X) : A € A}
be an arbitrary family of Banach spaces and write X = [@ rer X ,\}E. For every k € A, we consider
the natural inclusion I, : X,, — X given by I(x) = x xy,) for every 2 € X,. which is an isometric
embedding, and the image I;(x) is denoted by x ® e(k). The natural projection P, : X — X,; is given
by P.(z) = x(k) for every x € X, which is contractive. Clearly, P, I, = Idx, . We write

-,

and we observe that every element z* = (2*(\))xea € X' naturally corresponds to a continuous linear

functional on X defined by
v S N),a))  (z e X),

AEA
so we have X’ C X* and this inclusion is isometric as we see in the following.

Proposition 7.1. Let Z be the space consisting of all elements (x*(X))xea i [[ycp X3 such that
Y onea @ (X), 2(N))| converges for all (x(X))xea in X. Then the following hold:

(a) Z is a Banach space equipped with the norm

" (A reall = sup{’Z@*(A),I(W D (@(A)aen € Bx}

AEA
(b) Z is isometric to X'.
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(¢) Z is isometrically embedded in X*: each (z*(X))xen € Z defines a continuous linear functional
on X by
@M)rea — D@ (N),2(V)  ((@(M)rea € X).

AEA

Moreover, if E' = E*, then X' = X*.

Proof. Given an element (z*(\))xea in Z, consider the operator T : X — ¢1(A) defined by
T((@M)aea) = (@A), 2(\))ep  ((@(X)ren € X).

Using the closed graph theorem, it is easy to see that T"is bounded and the linear functional

p(@M)ren) =D @ (V)z(V)  ((@(W)rea € X)
AEA
is bounded on X. Hence it is clear that (c¢) holds and || - || is a well-defined norm on Z. We will show
that (b) holds and this implies in particular that Z is a Banach space, which completes the proof of (a).
Indeed, (b) is shown by the following direct computation:
DM (), z(A)

[l (@*(A)reall = Sup{ i ((A))xea € Bx, e(A\) =£1VA € A}

AEA
{ (A (@(M)ren € Bx}
AEA
= Sup{ ) lzM)la(M)] = (lz(A)Daea € B, a(A) € Sx, VA € A}
AEA
= sup {Z M[[[{z"(A), a)] = (l(MDrea € Br, a(A) € Sx, VA € A}
AEA
= sup {Z )= (2D rea € BE}
AEA

To prove the ‘moreover’ part, note that E’ = E* if and only if E is order continuous. We first show that
every element of X is approximated by the finite sum of elements 2(\) ® e(A)’s. Let (z(\))aca be an
element of X. Then, (||x(A\)|)aea is an element of E and so

= ||(lz* (A

Dz @ e(A) = (lz(M)Daea

AEF

Yoz @e(A) = (@(N)aea

AEF

0= hm = lim ,
FeF

where F is the family of finite subsets of A ordered by inclusion. This means that the family S of subsets
of X defined by

S = {Zx(A)@e(A) cFeF,Az(\)eX\Vre F}
AEF
is dense in X. Now, we claim that if ¢ € X*, then there is (z*(A))rea in X’ such that

P((x(M\)rea) = D (@™ (V). z(A).
AEA

Indeed, for each A in A, define [2*(A\)](z(N)) = ¢(x(A) @ e(A)) for all 2(A) € X and observe that
x*(X) € X3. For every (z(A))xea in X and for every finite subset F' of A, we have

>l M= (Z eNz(A) @ G(A)>

AEF AEF

> eNz(N) ®e(N)

AEF

< llell < etz aeallz,
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where £())’s are suitable scalars of modulus one. So ), [{(z*(A),z(A))| < oo for all (z(A))rea in X
and so (x*(\))xea is an element of X’. Since the linear functional defined by (z*(X))xea is then equal to
© on the dense subset S, they are equal on the whole space X, proving the claim. Therefore, X’ = X*,
and this completes the proof. O

We say that an operator S € L(X) is diagonal if P\SI,, = 0 whenever X # p. Equivalently, there is
a family Sy € L£(X)) for each A € A such that S(z) = (Sx(z()))),., for every z € X. Observe that if
S € Z(X) is diagonal, then every element Sy = P,SI) in the diagonal belongs to Z(X) since, otherwise,
the numerical radius of S is not zero.

The following result follows from Lemma 1.13.

Remark 7.2. Let E C R* be a Banach space having an absolute norm such that E’ is norming. Let
{X : A € A} be an arbitrary family of Banach spaces and X = [@AGA XA} . Then, for every T € L(X)
E

6>0

v(T) = inf sup {

Z(w*(/\), [T(w)](A))‘ z€Sx,x" €Sy, Z(w*()\),x()\» >1-— 6}.

AEA AEA
If T € L(FE) is positive, then

o(T) = ggg sup {Z bN[T(a)](N) : a € Sg, b€ Sk, a, b positive, Z b(A)a(A) > 1 — 5} .

AEA AEA

The next result tells us that the second numerical index of an absolute sum of Banach spaces is
bounded above by the infimum of the numerical indices of the addends, provided that E’ is norming and
that all skew-hermitian operators are diagonal. It is the natural analogue of [22, Theorem 2.1] for the
second numerical index.

Proposition 7.3. Let A be a non-empty set and let E C R be a Banach space with absolute norm such
that E' is norming. Let {Xx : A € A} be an arbitrary family of Banach spaces and X = {@)\GA XA} .

E
Suppose that every S € Z(X) is diagonal. Then,

n' (X) <inf{n/(X)) : A € A}.

Proof. For a fixed k € A, we will show that n’ (X) < n/(X,). To this end, given U € L(X,), we
define T € L(X) by T = I,UP,. In the proof of [22, Theorem 2.1] it is shown that v(T) < v(U)
using a stronger hypothesis on E’ to be able to apply Lemma 1.12. Using the same proof, replacing
Lemma 1.12 by Lemma 1.13 (actually its consequence Remark 7.2), one also obtains v(T") < v(U) under
our hypotheses.

All that remains to be proved is ||T+ Z(X)|| = ||[U + Z(X,)||. To do so, fixed S € Z(X), observe that
by hypothesis we have that P,SI,, = S, and S, € Z(X,). Moreover, since P,T1, = U we can write
U+ Z(Xo)ll < U+ Skl = 1Pe(T + S)Lell < T+ S|
which gives ||U 4+ Z(X,)|| < ||T + Z(X)|| just taking infimum on S € Z(X). O

The following result gives an inequality between the numerical index of an E-sum of Banach spaces
and the normalized numerical radius of positive operators on the space E, provided that E’ contains
sufficiently many functionals.

Proposition 7.4. Let A be a non-empty set and let E C R® be a Banach space with absolute norm such
that E' is norming. Let {Xx : X € A} be an arbitrary family of Banach spaces and X = [®A6A Xk] 5
Then, for every positive operator U € L(E),

v(U)

n(X) < W
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Proof. For each A € A we fix (yx,y3) € II(X,) and for each x € X we consider the element a, € F
defined by a;(A\) = y3(z(N)) for A € A. Now, fixed a positive operator U € L(E), we define T' € £(X) by
[T(2)](N) = [U(az)]|(A\)ya (xeX,NeA).
We start checking that ||T|| = ||U]]. Indeed, fixed = € Sx, we can write

1T = || (1[0 @] Nl sen |, = [T @ N e, = 10
< WUl < 10)z] = U]

which gives ||T|| < ||U||. To prove the reversed inequality, fixed a € Sg positive, we define x € Sx by
z(A) = a(N)yy for every A € A, and we observe that a, = a. Therefore, using that U is positive, we have
that

171> 17 = (| e D] = [ T@I0N, 0] = lo@I = @I

which gives ||T|| > ||U|l by taking supremum on a. Now we turn to prove that v(T) < v(U). By
Remark 7.2, fixed € > 0, there is § > 0 such that

sup {Z bN[U(a)](A) : a€ Sg, b€ Sg, a, bpositive, »_ b(\a(A) >1— 5} <o) +e.
AEA AEA

Fixed x € Sx and 2* € Sx/ satisfying ), (z*(A),z(A)) > 1 — 4§ we consider a = (|[z(N)[[)rxer € SE
and b = (||z*(N)||)xea € Sgr which satisfy b(a) > 1 — J. Since |ay| < a and U is positive, we obtain

\U(az)| < U(las|) < U(a).

So we can estimate as follows

2 (Ta)| = | Y [Ulaa)] (W)@ (0, 02) | < D [ [U(az)] (V)] (27 (A), ya)|
AEA AEA
< M [Ua)] (V] <D Il WU (Jaa )] (V)
AEA AEA
<Y WU (@] (A) = (b, U(a)) < v(U) +&.
AEA

Therefore, using Remark 7.2 we can write

> (@ () [T(@)I(N)

AEA

v(T) < sup{

s xeSx, x" € Sxr, Z(m*()\),x()\)> > 1 —5} <vU)+¢
AEA

and the arbitrariness of € gives v(T') < v(U). Finally, we observe that
v(U) 2 o(T) = n(X)|T|| = n(X)|U]],
which finishes the proof. O

The next result gives an analogue of Proposition 7.4 for the second numerical index provided that we

restrict a bit more the class of operators considered on F.
Proposition 7.5. Let A be a non-empty set and let E C R™ be a Banach space with absolute norm so
that E' is norming. Let {X, : A € A} be an arbitrary family of Banach spaces and X = {@/\61\ XA] .
E

Suppose that every S € Z(X) is diagonal. Let U € L(E) be a positive operator and suppose that there is
a sequence {a,} in E such that im ||Ua,|| = ||U]| and supp(Uay) Nsupp(a,) = 0 for every n € N. Then,

D)
") < o




26 KIM, LEE, MARTIN, AND MER{

Proof. For each A € A we fix (yx,y3) € II(X,) and for each x € X we consider the element a, € F
defined by a;(A) = yi(x(N)) for A € A. We define T € L(X) by

[T(2)](A\) = [U(az)] (Nya (reX,NeA).
It is shown in Proposition 7.4 that v(T') < v(U) so it is enough to prove that || T+ Z(X)|| > ||U||. Fixed
S € Z(X), for every A € A there is Sy € Z(X)) such that S(z) = (SA(JC()‘))))\GA for every x € X. For

each n € N we consider z,, € X given by z,(\) = a,(A)y, for A € A which satisfies a,, = a,. Now we
can write

I+ 81> T+ 816l = | (10an O, + (S3(2a(00)

AEA

- [ (wa10m),_, + (en0530)

AEA AEA

> (e om),
where we used in the last inequality that supp(Ua,,) Nsupp(a,) = and so
supp ([U(axn)] (/\)yx) en () supp (an(A)Sx(yx)) =0.

A€EA

= [1U(az,)ll g = 1U(an)ll g

Taking limit in the above inequality, we obtain ||T'+ S|| > |U|| and taking infimum on S € Z(X) we get
IT+ Z(X)|| = |U]| as desired. O

Observe that when E has dimension two, the above result only applies to the multiples of the two shift
operators. However this is enough to obtain an obstructive result about the absolute norm in F when
n/(X) = 1. We gather the remaining work needed to achieve that result in the following lemma which
may have independent interest.

Lemma 7.6. Let E = (R?,|-|) where |- | is an absolute norm, let {e1,ea} be the standard unit basis in
E, let (e3,e3) be its dual basis, and let Uy = e3 @ eq and Us = e} ® ey be the shift operators. Suppose that
there is 0 < k < 1 such that min{v(U;),v(U2)} > k. Then,

max {|e; +eaf,le] + 5|} =1 — V1 —k2+Ek.
Consequently, if k =1 it follows that either |-| = -|l1 or| | =1 lloc-
Proof. Since v(Uy) > k and U; is a positive operator, there are a,b,a, 8 € [0, 1] such that the elements
x1 = aey + beg € Sg and z7 = ae] + fed € S satisfy z7(x1) = 1 and
k< zi(Uixy) = 27 (e1)es(z1) = ab

so we obtain a > k and b > k. An analogous argument for Us gives us the existence of ¢,d, A, u € [0, 1]
such that xo = ce; + dey € Sg and x5 = Aej + pe; € Sg- satisfy x35(x2) = 1 and

k < x3(Uawz) = m3(e2)e] (v2) = pe
so we also obtain p > k and ¢ > k. Now observe that
1> a2}(22) =ac+ Bd > k* + Bd
which implies fd < 1 — k2. Therefore, we get that min{j3,d} < v1 — k2. If d < v/1 — k2 then
1=a}(2s) = e+ pud <A+d <A+ V11— k2
and we get that A > 1 — /1 — k2. Therefore, we can write
1= V1= k2 +k <A+ p=ab(er +e2) < |ojller + ea] = [er + e
which finishes the proof in this case. Analogously, if 8 < v/1 — k2 then
l=zj(r1)=aa+pb<a+B<a+V1—k?
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and we obtain @ > 1 — /1 — k2. Hence,

1—=V1-k+Ek<a+b=le] +e5](x1) < lef + e5|z1| = |e] + €3]
and the proof is complete. O
Corollary 7.7. Let X be a Banach space and Y, W non-trivial closed subspaces of X such that X =
Y @, W, where @, is an absolute sum. If n'(X) =1, then ®, = ®oo 07 By = By or By = PDa.

Proof. Let Uy and U, be the two normalized shift operators on E = (R?,|-|,) as in Lemma 7.6. If
®q # D2, Lemma 1.10 tells us that every element in Z(X) is diagonal and, therefore, Proposition 7.5

can be applied. It gives that
. U(Ul) ’U(UQ)
1n'(X)<m1n{ , :
1] " [|U]]

Finally, Lemma 7.6 finishes the proof. |

We finish the section showing that for three-dimensional spaces with numerical index zero, the set of
values of the second numerical index is not an interval, but contains a non-trivial interval. To prove the
former result we need the following easy lemma.

Lemma 7.8. Let E = (R2,]|-|) where | - | is an absolute norm and let {e1,ex} be the standard unit basis
in E. If leg +ea| =& for 1 < £ <2, then

laey + bea| < |laer + bez|l1 < (3 —&)|aer + beg| Va,b € R.
Proof. Observe that the first inequality always holds for absolute norms. To prove the second one, using

homogeneity and that | - | is an absolute norm, it is enough to show that |lae; + bea|ls < 3 — & for
aey + bey € By with a,b € [0,1]. So let ae; + bes € Bg with a,b € [0, 1] be fixed. We claim that

if a<b then bl—-1)<1-a and if b<a then a(6é—1)<1-0.

Indeed, suppose first that a < b, call o = 1-‘:—17%& € [0, 1], and observe that
— = 1 - B .
b a(el + e2) = a(ae; +bez) + (1 —a)e; € Bp

This, together with the fact that |e; +eq| = &, tells us that H_bbié_a < 1 and, therefore, b(§—1) < 1—a. The

case b < a is proved analogously using this time o = ﬁ and the element o(ae; +bes)+(1—a)es € Bg.
To finish the proof, suppose that a < b and use the claim to write
llaes +bea|i =a+b=a+b¢—-1)+b2—-¢ <a+l—-a+2-¢6=3-C¢
If b < a a similar argument gives the result. O
Proposition 7.9. Let A= {X Banach space : dim(X) = 3, n(X) = 0}. Then,
a:=sup{n/(X) : X c A X #06}<1.

Therefore {n'(X) : X € A} is not an interval.

Proof. Suppose to the contrary that there is a sequence {X;} C A such that lim; ,,, n/(X;) = 1 and
X # {3 for each j € N. Since dim(X;) = 3 and n(X;) = 0 for every j € N, we can use [23, Corollary 2.5]
for each j € N to get the existence of an absolute norm | - |4, on R? such that X; = ¢3 ®q,; R. Moreover,
since X; # (3, we have that ©a; # P2 s0 we can apply Lemma 1.10 to get that every element in Z(Xj) is

diagonal. Thus Proposition 7.5 can be applied. It gives, taking into account that U; and U; in Lemma 7.6
have norm one for every |- |q,, that

n/(X;) < min {v(Uy),v(Us)} .

Now we can use Lemma 7.6 for each j € N to get

* * 2
max {|e1 + €2]a,, le] + €5la, } = 1 — /1= (n/(X;))” +n' (X))
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and, therefore,

ngomaxﬂel + €2la;, €] + €5la, } = 2.

J

Passing to a convenient subsequence we may and do assume that either lim; .o |e1 + €2]q, = 2 or
lim;_, oo |€} +€3|q, = 2. This, together with Lemma 7.8, tells us that either {(R?,|-|q,)} or {(R?,]-|4,)*}
converges to ¢7 in the Banach-Mazur distance. So {X;} converges to ¢3 @& R or to {3 ® R in the
Banach-Mazur distance. Now observe that, since @,; # ©2, all the spaces X J’»s and the spaces /3 ®; R
and /2 ® R share the same Lie algebra:

0 XA O
-2 0 0] : AeR
0 0 0

Hence, we can use Proposition 4.5 and Example 4.6 to get that

3
lim n'(X;) = n' (2 ® R) < £ or lim »n'(X;) = n (2 Do R) <

Jj—o0 2 j—oo

SEN

which gives the desired contradiction.

Finally, as n/(£3) = 1 (use Theorem 2.3) and 1 < n/(R &1 £3) < § (use Example 4.6 and Proposi-
tion 4.7), it follows from the above that the set {n’(X) : X € A} is not an interval. O

Let us comment that we do not know the exact value of « in Proposition 7.9 or even whether o > 1/2
or not.

Next, we show that the set of values of the second numerical index for three-dimensional spaces with
numerical index zero contains a non-trivial interval.

Example 7.10. [1/¢,1/2] C {n/(X) : X Banach space,dim(X) = 3, n(X) = 0}.

Proof. Let | - |o be the absolute norm on R? defined in [7, Example 2.2] and let @ denote the absolute
sum associated to it. It is shown in the mentioned result that the shift operator S on (R?, |- |o) satisfies
ISl = 1 and v(S) = 1/e. Therefore, the space Xq = 3 ®g R satisfies n(Xy) = 0 and n/(Xy) < 1/e by
Proposition 7.5. Now, for each a € (0, 1] we consider the absolute norm on R? given by

[la=0=a)]-Jo+allle

and we denote by @, the associated absolute sum. Define X, = ¢3 @, R for every a € (0,1] and let || - ||
denote the norm in the space X,. Observe that for every 0 < s < 1/e one has [(s,1)]o = 1. Therefore,
the equality |(s,1)], = 1 also holds for every a € (0,1] and 0 < s < 1/e. So, the unit ball of (R2,] - |,)
contains line segments and thus &, # @9 for every « € [0,1]. Hence, we can apply Lemma 1.10 to get
that every element in Z(X,,) is diagonal and so all the spaces X, share the same Lie algebra:

0 XN O
-A 0 0] : AeR
0O 0 0

Finally, Proposition 4.5 tells us that the mapping p — n’(R3,p) from &'(R3) to R is continuous. So,
using the fact that the set {|| - ||o : « € [0,1]} C &'(R?) is connected, n’(Xy) < 1/e, and taking into
account that the space X; = (3 @, R satisfies n’(X;) > 1/2 by Proposition 4.7, we deduce that

[1/e,1/2] € {n'(R3,]| - |la) : a€[0,1]} C {n'(X) : X Banach space,dim(X) = 3, n(X) = 0}

as desired. 0
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8. SPACES WITH ONE-UNCONDITIONAL BASIS AND SECOND NUMERICAL INDEX ONE

We devote this section to characterize Banach spaces with one-unconditional basis and second nume-
rical index one. We start recalling the concept of (long) one-unconditional basis. Let I' be a non-empty
set and let E be a Banach space. We say that {e,}cr is a (long) one-unconditional basis for E if the
following conditions hold:

e For every z € E there is a unique family of real numbers {a, } cr such that = > a e, in the
sense that for every € > 0 there is a finite set F' C I' such that

o 5 e <
~YEF'
holds for every finite subset F’ of I" with F' C F’. Observe that, for fixed z € E, only countably
many coordinates a, are non-zero.
e Whenever z = > aye, € E and {b,} is a family of scalars satisfying |b,| < |a| for every v € T
it follows that y = > bye, € E and ||y|| < ||z
o |les|| =1 for every y € T.

Remark that when T' is finite or countable this notion leads to the usual concept of one-unconditional
Schauder basis.

Observe that if E has a one-unconditional basis, it can be seen (via the basis) as a subspace of R with
absolute norm satisfying E/ = E* (see [22, p. 209]). Therefore, if {X, : v € '} is a family of Banach

spaces it makes sense to consider the E-absolute sum of the family X = [@yer X’Y}E which satisfies
X' = X* (see Proposition 7.1).

Theorem 8.1. Let X be a Banach space with one-unconditional basis. Suppose that Z(X) # {0} and
n/(X) =1. Then, X is a Hilbert space.

Prior to give the proof of this theorem, we state some consequences.

Corollary 8.2. Let X be a Banach space with one-unconditional basis. If n'(X) =1 then either n(X) =1
or X is a Hilbert space.

Proof. If n(X) < 1 =n/(X), then Z(X) # {0}. Therefore, we can use Theorem 8.1 to get that X is a
Hilbert space. O

Corollary 8.3. Let X be a real finite-dimensional space with one-unconditional basis. If n'(X) =1 then
either n(X) =1 or X is a Hilbert space.

Corollary 8.4. Let X be an infinite-dimensional real Banach space with one-unconditional basis and
such that n'(X) = 1. Then, either X* D £y or X is a Hilbert space.

Proof. Suppose X* 2 {;. By Proposition 1.4 we have that n(X) < 1, so Corollary 8.2 tells us that X is
a Hilbert space. O

For the proof of Theorem 8.1, we need a number of auxiliary results. The first one, which gathers
a series of results appearing in [29], allows us to write a Banach space with one-unconditional basis
and non-trivial Lie algebra as the absolute sum of suitable Hilbert spaces in such a way that the skew-
hermitian operators are diagonal. In order to present the result (we include the deduction of its proof
as a consequence of the results in [29] for commodity of the reader) we need some notation that we also
borrow from [29].

A subspace H of a Banach space X is said to be orthogonally-complemented in X if there is a subspace
Y of X such that X = H® Y and for every he H,y €Y, |h+y| = ||h — y|. In such a case, the space
Y is unique, it is called the orthogonal complement of H, and denoted by Y = O(H). The subspace
H is said to be well-embedded if there is a subspace Y of X such that X = H ®Y and for all h € H,
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y € Y, and every onto isometry U € L(H), ||h + y|| = |[Uh + y||. If, moreover, H is euclidean, H is
called a well-embedded Hilbert subspace. H is said to be a Hilbert component of X if it is a maximal
non-zero well-embedded Hilbert subspace. Hilbert components exist as soon as there is a well-embedded
Hilbert subspace (see [29, Theorem 1.12]). The Functional Hilbertian part of X, denoted by FH(X), is
the closed linear span of the union of all Hilbert components of X with dim > 2 and the orthogonal part
is Or(X) ={z : [z] is a Hilbert component of X} U {0} where [z] denotes the (closed) linear span of x.
X is said to be pure if it has no rank-two operators in Z(X).

Lemma 8.5. Let I' be a non-empty set and let X be a Banach space with a one-unconditional basis
indexed on the set T'. Suppose that Z(X) # {0}. Then, there are a non-empty set A, a subset T'p, C T,
Hilbert spaces {H, : a € AUTo,}, and a pure space V' with a one-unconditional basis indexed on the

set AUT o, so that
X = { [ Ha]v.

aceAUT o,
Moreover, the following hold:

(1) dim(Hy) = 2 for every o € A.
(2) Every S € Z(X) is diagonal, i.e. for every oo € AUT o, there is So € Z(H,) such that

[S(@)](a) = Sa(z(e)) (2 € X).

Besides, one has S, = 0 for every a € T'o,-.

Proof. Since Z(X) # {0} and X has a one-unconditional basis, we can use Theorem 3.10 in [29] to obtain
that X is not pure. So there is a rank-two operator in Z(X). The image of such an operator is a well-
embedded Hilbert subspace of X (see the first lines of page 435 of [29]) and so the Functional Hilbertian
part of X is non-trivial. Since X has a normalized one-unconditional basis, FH(X) is orthogonally
complemented in X (see Remarks (1) right after Theorem 3.1 in [29]). We use now [29, Theorem 3.6] to
get the existence of a non-empty set A, a subset I'o,, C T, Hilbert spaces {H, : a« € AUTp,}, and a
pure space V with a one-unconditional basis indexed on the set A U T o, so that the following hold:

e For every o € A, H, is a Hilbert component of X with dimension greater than or equal to two.

.X:[ D Ha}v.

a€eAUT o,

Moreover, Corollary 3.11 (see also Theorem 3.8) in [29] tells us that every S € Z(X) is diagonal and
So = P,SI, =0 for every a € T'p,. O

Lemma 8.6. Let E C R™ be a Banach space with absolute norm so that E' is norming. Suppose that
there is p € A such that || -[| g, ., = || [l2 for every A € A\{u}. If v € A\{u}, then the positive operator
U € L(E) given by U = e}, @ e, satisfies

lU|=1 and  w(U) < 1.

Proof. Tt is obvious that |U|| = 1. Assume that v(U) = 1 and use Remark 7.2 to ensure the existence
of two sequences of positive elements {a, }nen in Sg and {by, }nen in Sgr such that lim,— oo (bp, an) = 1
and limy, o0 (bn, Ua,) = 1. Since the family ), an(A)bn(A) = (bn, an) is summable for every n, there
is a countable subset A; of A such that a,(A)b,(A) = 0 for every A € A\ A; and every n € N. We will
assume that g =1, v = 2 and Ay U {u,v} = N. Since {a,} and {b,} are coordinate-wise bounded, we
may assume that lim,_,. a,(k) = a(k) and lim,_,o b, (k) = b(k) for each k € N by considering proper
subsequences. Since lim, o0 (bn, Ua,) = 1, we have lim, o an(1)b,(2) = 1. That is, a(1) = 1 and
b(2) = 1. Notice that for k in N\ {1}, we have

a(1)* + a(k)? = le (an(1)? + an(k)?) < li_)m llan||* = 1.
Similarly, we have

2 2 _ 2 2y _ 2 <y 2 _
b(1)? +5(2)* = lim (b,(1)% +b,(2)%) = lim [[bul,, ., 1> < lim_[lbg]? = 1.
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This shows that a(k) =0 for all £ # 1 and b(1) = 0. Hence lim,, o0 a,(k)b, (k) = 0 for all k € N. So we
can extract further subsequences and assume that the sequence {a, (k)b,(k)}nen is monotone decreasing
and convergent to 0 for each k > 1.

Finally, notice that

1= lim (by,a,) = lim Zan bn(k) =0

n—oo n—oo

where the last equality holds by the Lebesgue dominated convergence theorem. This is a contradiction
and the proof is complete. O

Proof of Theorem 8.1. By Lemma 8.5 there are a non-empty set A, a subset I'g,, C T', Hilbert spaces
{H, : a € AUTp,} such that dim(H,) > 2 for every a € A, and a pure space V with a one-unconditional
basis indexed on the set A UT'p, so that

@

aceAUT o,

Moreover, every S € Z(X) is diagonal and X* = [@ae/\urm HZ]V .

Our goal is to show that AUT' o, is a singleton. Since A is non-void we may and do fix 4 € A. Suppose
for contradiction that there is v € AUTo, with v # u. We write V;, .y for the linear span of {e,, e, }
and we consider the constants of equivalence

M= max Va2 + b2 and K= max |ce, +dey|v,,,
aeu-l-be,,EBv{#_y} c24+d2<1 i

which obviously satisfy M > 1 and K > 1
Claim: M <1 and K < 1. Therefore, we have that || - |lv,, ,, = |- ll2-

Once the Claim is established the result follows easily. Indeed, observe that the coordinate v is

arbitrary so the claim also applies to every o € A UT'g, such that a # u. Therefore, we can apply

Lemma 8.6 for V' to get that the positive operator U = e}, ® e, satisfies % < 1. Now Proposition 7.5

tells us that n/(X) < % < 1 which is a contradiction. So AUTo, = {u} and X = H, is a Hilbert
space.

Proof of the Claim: Since dim(H,) > 2 and H, is non-trivial we can fix orthogonal elements ui,us €
SH;L and uz € SH,,-

Step 1: M < 1. Consider the operator T; € L(X) given by

Ti(z) = %Iﬂ((ul | z(w))ur + (us | x(l/))uQ) (x € X),

and observe that, for z € Sy, we have

1T ()] = %\/(m | 2(1))? + (us | 2 \/Hx P+ [lz(@)]? <1

and, therefore, |77 + Z(X)|| < ||T1|| < 1. Let us show now that |77 + Z( )|l = 1. Indeed, fixed
S € Z(X), there is S, € Z(H,) for every a € AUT o, so that [S(z)](a) = Sa(z (a)) for every z € X.
Besides, we fix § € {—1,1} satisfying 0(ug | Su(u1)) > 0 and we observe that (u1 | S,(u1)) = 0 since
v(S,) = 0. Moreover, we take ag, by € [0, 1] satisfying ape, + boe, € By, ,, and M = \/ag + b3 which
give

u(aour) + L (0bous) || = llave, + boeulvy,, ,, < 1.
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Thus, we can write

1Ty + S|l = [|[Ty + S](Lu(agur) + L, (8bous)) |

1
’ > HM(a0u1 + Obous) + aoSy(u1)

i

Iﬂ(aoul + 9[)0’[1,2) + CL()IM(SH(U1>) + GboL,(S,,(ug))
1

1
= \/(M(aoul + HbQUQ) + aOSM(ul) | M(aoul + ob()UQ) + aoSM(ul))

o CL% + bg 29&0()0 Clg + bg -1
o M? M M2
Taking infimum on S € Z(X) we get ||T1 + Z(X)|| > 1 and so ||T1 + Z(X)|| = 1. Thus, using that
n/(X) =1, we obtain v(Ty) = 1. Therefore, for each n € N there are z,, € Sx and 2, € Sx- satisfying

+ag | Su(ua)* + (ug [ Sp(ur)) >

(3) (), xn) =1 and lim |<x:,T1(xn)>} =o(Ty) =1
n—oo
This gives, in particular, that lim ||[Ti(zy)|| = 1 and so lim |[(u1 | @n(p))us + (us | 2n(v))uz|| = M.
n—oo n—0o0

By passing to a convenient subsequence we may and do assume that there are a,b € [—1, 1] so that
(4) lim (uy |z, (1)) =a and lim (uz | z,(v)) = b.
n—oo n—oo

Now, we can write

M = V(W) + za ()2
> V(ur [ ()] + [(us [ 20 (V)2 = [|(ur | 20 (m))ur + (us | 2 () uz|| — M,
which implies that

Jim [z (@) = fal, - lim 2, (V)] = 8], and a? +b* = M.

Observe that if a = 0 or b = 0 we obtain M < 1 so we may and do assume that ab # 0. Using this and
the fact that u; and us strongly expose themselves, we deduce from (4) that

(5) nl;rr;o Tn(p) = auy and nlLH;O xn (V) = bus.

For each n € N consider the element &, € X given by
auy if a = p,
&n(a) = < bus ifa=uv,
@) ifa ¢ ().
It is clear that lim, o ||, — 2, || = 0 by (5), so using (3) we obtain
Jim (2, Ty(€n))] = 1.

This, together with T4 (&) = ;1. (aus + bus), allows us to write
. N 1
i [{a (), = + b)) = 1.
Therefore, using that ﬁ(aul + buy) € Sy, strongly exposes itself and passing to a subsequence, we can
find 6; € {—1,1} such that

. . 0
(6) lim ) (p) = Hl(aul + bug).

Finally, for each n € N we consider the element y,, € X given by

le) = {M( Fbus)ra()] i =p.
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which obviously satisfies ||y,|| = ||| = 1. Observe that
L= (y, n) 2 (5, yn) — (@5, Tn) = (€3, Yn — Tn)
= (@ (1), yn (1) — wn () = (23 (1), yn (1)) — (23, (1), 2 (1))
Taking limit in this inequality and using (3), (5) and (6), we obtain

01(1

W

01&2
M

. . . , s
0> lim (2, (), yn(p)) — lim (@, (1), 2n(p)) = 375 llaws + bus||?|af -

n—oo n—oo
Therefore, it follows that
|al

< <M

la] <

SR

91&
M
which forces M < 1 since a # 0.
Step 2: K < 1. Consider the operator Ts € L(X) given by

Ty(@) = o ((ur | o) () + (2 | () o)) (1 € X).

For x € Sy we have that \/|(u; | 2(p))|2 + [(u2 | z(1))[? < ||2(p)]| < 1, so using the definition of K we
obtain

1 1
ITo(@)l = gl | 2Go)len + 12 | 2@lelly,, ) < 7o max lleew+deulv,., =1

which gives || To + Z(X)|| < ||T2]] < 1. We show now that || 1o + Z(X)|| > 1: fixed S € Z(X), there is
So € Z(H,,) for every a € AUT o, so that [S(z)](a) = (Sa(z(a)) for every € X. We take 0 € {—1,1}
such that 6a(u1 | S, (u2)) > 0 and co,do € [0,1] satisfying /cg +dg = 1 and ||(co,do)||v;,.,, = K. Then
[lcour 4+ O2dpuz|| = 1 and so we can write

C 0-d,
?Ofﬂ(ul) + %L,(ug) + 1,(S,(cour + 02d0u2))H .

Observe that (u; | S,(u1)) = 0 since S, € Z(H,). So

T2 + S| = [[[T2 + S|({u(cour + O2douz))|| = ‘

H %Oul + co Sy (u1)+02do Sy, (u2) H2

c
— ’—ulH + llco Sy (u1) + 02do Sy, (u2)||* + 2(%”1 | coSu(u) + HQdOS“(uz))
. Oacod ¢
- ’%ulu + Il S (ur) + Bado ()2 + 2202 1 | Sy(u2) > || ua
and, therefore,

Using this we can continue the estimation above as follows:

02d,
e+ 1> | S 0) + P50 1)+ 1,8, coms + G|
c 02d, 1
> || o) + =21 (us)| = (e, do) v, = 1.

Taking infimum on S € Z(X), we obtain ||T2 + Z(X)| > 1 and so || T2 + Z(X)|| = 1. Therefore, the fact
that n’(X) = 1 tells us that v(T3) = 1. Hence, we can find z,, € Sx and z} € Sx« satisfying

(7) (), xn) =1 and ILm |25, To(wn))| = v(T2) = 1.
This gives in particular that lim,, HTg(xn)H =1 and so

Jim [ (ur [ @n(m)ley + (w2 | 2a(@)len]]y, =K.
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By passing to a convenient subsequence we may and do assume that there are ¢,d € [—1, 1] so that

lim (u |z, (@) =c¢ and lim (ug | z,(p)) = d.

n— oo n— oo

Therefore, ce, + de,|v,, ,, = K. Besides, as |(u1 | zn(p))[* + [(u2 | 2n(10)]* < [za(p)|* < 1 we also
have that v/c? +d? < 1. In fact one obtains vc? +d? = 1 since |ce, + de,|v;,,, = K. Observe now
that ||z, (n)] < 1 and

lim (cup + dug | 2, (1)) = +d*> =1
n— oo
so, taking into account that cu; + duz € Sg, strongly exposes itself, we get that

lim z,(u) = cuy + dus.
n— oo

For each n € N consider the element w,, € X given by

wa () = cup +duy  if a=p,
T () if a # p.

It is clear that lim, . ||wy — 2, || = 0. So, using (7) we obtain

lim |(z), Ta(wy))| = 1.

n—00

This, together with Ts(w,,) = +(cl,(u1) + dI,(u3)), allows us to write

IS
(8) K = fean (p), un) + dla, (v), us)| < fel[(ay (i), wa) |+ |d] (a7, (v), us))|

<|
< efllar, ()l + 1dlllz, ()| < K.
By passing to a suitable subsequence we can assume that there are a’,b’ € [—1, 1] such that

: * o : * _ g
nh_}rr;(;vn(u),ul) =a and nh_}rr;@(xn(u)mg} =V

Using (8) we deduce that lim, o |25 (1) || = |@|, limy—eo [|25 (V)| = V], and |c||a’| + |d||b'| = K. We
observe that if |a’| = 0 then K < 1 and we are done, so we assume that a’ # 0 from now on. Since
uy € Sp,, strongly exposes itself, a’ # 0, limy, o0 (2}, (1), u1) = @, and lim,, o ||z}, (1)[| = |a| we obtain
that limy, 00 25 (1) = a’uy.

Finally, for each n € N we consider the element z,, € X given by

Zn(@) if a#p

which clearly satisfies ||z, || = ||zn||. Observe that

_ {,gi,ulxnw)u if o = g,
zn(a) =

L=z, wn) 2 (25, 2n) — (25, Tn) = (T3, 20 — Tn)
= (n()s 2n (1) = 2 () = (@3 (1), 20 (1)) = (25 (1) 20 (1))
Taking limit in this inequality, using (7), and recalling that lim, o ||zn(@)]] = 1, limy, 00 2% (1) = auy,
and lim, o0 Zn (1) = cuy + dus, we can write

/

. * . % a /
0> Tim () (1), 20 (1) — Tim (@ (), () = (a'ur | ) = (@'un | v +dus) = [a'] ~ de.

n—00 n—00 ‘a’|

Therefore, it follows that |a’| < a’c. This obviously implies |¢| = 1 which, together with v/¢? + d? = 1,
gives d = 0 and hence K = 1. So the claim is established. g
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9. SOME OPEN PROBLEMS

We would like to finish the paper presenting some open problems in the subject.

First, we do not know which are the possible values of the second numerical index when restricted to
Banach spaces with numerical index zero.

Problem 9.1. Which is the set of values of n/(X) for Banach spaces X with n(X) = 0?

Next, we do not know whether the inequalities for the second numerical index that we get for absolute
sums can be extended to f3-sums (that is, whether the fact that skew-hermitian operators are diagonal
is essential in the proofs). In particular, the following is unknown.

Problem 9.2. Let Y, W be Banach spaces. Is n/(Y @2 W) < min{n/(Y),n'(W)}?

It is also unknown whether the results about vector valued function spaces (section 6) can be extended
to other spaces such as L, (u, X) or, even more, to general Kéthe Bochner spaces.

Problem 9.3. Let X be a Banach space and let F be a Kothe space. Does the inequality n'(E(X)
n/(X) hold? In particular, if u is a positive measure and 1 < p < o0, is it true that n'(L, (1, X)) < n/(X)?

IV/AN

The relation between the second numerical index and the duality has not been completely determined.
In particular,

Problem 9.4. Is n'(X*) < n/(X) for every Banach space X?

We do not know whether the results of section 8 can be extended to general Banach spaces.

Problem 9.5. Are Hilbert spaces the unique Banach spaces with numerical index zero and second
numerical index one?

Let X be a complex Banach space and write Xg to denote the underlying real space (i.e. X viewed
as a real space). Then, n(Xgr) = 0 and, moreover, Z(Xg) is not empty as it contains the multiplication
by the complex unit.

Problem 9.6. Given a complex Banach space X, compute or at least estimate the value of n'(Xg).

The following particular case could be a first step.

Problem 9.7. Let @, be an absolute sum and consider X = C ®, C. What is the value of n’(Xg)?

For instance, if &, = @2, then n'(Xg) = 1, while if &, = B, or &, = P1, then 1/2 < n'(Xg) < 73
(see Corollary 4.8).

Finite-dimensional real spaces with numerical index zero were characterized in [23], where a structure
result is given. By Proposition 2.1, the second numerical index of all of them is positive. It would be
interesting to get results in this line.

Problem 9.8. Study the second numerical index of finite-dimensional real spaces with numerical index
Zero.

Acknowledgment: The authors are grateful to the anonymous referee for helpful suggestions which
improved the final version of the paper. In particular, we have included Examples 4.9 and 7.10 to answer
two questions of the referee.
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