ON THE NUMERICAL INDEX OF REAL L,(u)-SPACES
MIGUEL MARTIN, JAVIER MERI, AND MIKHAIL POPOV

ABsTRACT. We give a lower bound for the numerical index of the real space Lp(u) showing, in
particular, that it is non-zero for p # 2. In other words, it is shown that for every bounded linear
operator T on the real space Lp(u), one has

1 . M,
sup{\/ jafP~L sign(z) Te dy| : @ € Lp(w), |1zl = 1} > 2y
7=t — 4]
max —————
te0,1] 14 tP
operator T on the real space Lp(u), one has

_ 1
sup { [ ol Tal du + € Ly, ol = 1} > 5117,

where M, = > 0 for every p # 2. It is also shown that for every bounded linear

1. INTRODUCTION

The numerical index of a Banach space is a constant introduced by G. Lumer in 1968 (see [3]) which
relates the norm and the numerical radius of (bounded linear) operators on the space. Let us start by
recalling the relevant definitions. Given a Banach space X, we will write X* for its topological dual
and £(X) for the Banach algebra of all (bounded linear) operators on X. For an operator T' € L(X),
its numerical radius is defined as

o(T) :=sup{|z*(Tz)| : z* € X", z € X, ||z"] = ||z] = =™ (x) = 1},

and it is clear that v is a seminorm on £(X) smaller than the operator norm. The numerical index
of X is the constant given by

n(X) = inf{o(T) : T € LX), |T| =1}

or, equivalently, n(X) is the greatest constant & > 0 such that k||T| < v(T) for every T € L(X).
Classical references here are the aforementioned paper [3] and the monographs by F. Bonsall and
J. Duncan [1, 2] from the seventies. The reader will find the state-of-the-art on the subject in the
recent survey paper [7] and references therein. We refer to all these references for background.

Let us comment on some results regarding the numerical index which will be relevant in the sequel.
First, it is clear that 0 < n(X) < 1 for every Banach space X, and n(X) > 0 means that the numerical
radius and the operator norm are equivalent on £(X). In the real case, all values in [0, 1] are possible
for the numerical index. In the complex case one has 1/e < n(X) < 1 and all of these values are
possible. Let us also mention that n(X*) < n(X), and that the equality does not always hold.
Anyhow, when X is a reflexive space, one clearly gets n(X) = n(X™*). Second, there are some classical
Banach spaces for which the numerical index has been calculated. For instance, the numerical index
of Lq(u) is 1, and this property is shared by any of its isometric preduals. In particular, n(C’(K)) =1
for every compact K and n(Y) = 1 for every finite-codimensional subspace Y of C[0,1]. If H is a
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Hilbert space of dimension greater than one then n(H) = 0 in the real case and n(H) = 1/2 in the
complex case.

Let (Q, X%, 1) be a measure space and 1 < p < co. We write L,(u) for the real or complex Banach
space of measurable scalar functions z defined on €2 such that

1
el i= ([ o di)” <o
Q

We use the notation /)" for the m-dimensional Ly-space. For A € ¥, x4 denotes the characteristic
function of the set A. We write ¢ = p/(p — 1) for the conjugate exponent to p and
Pl —¢ Pl —¢
M, = max Lt |:max7| |7
tefo,1] 14tP t>1 14tP
(which is the numerical radius of the operator T'(z,y) = (—y, z) defined on the real space Eg, see [8,
Lemma 2] for instance).

The problem of computing the numerical index of the L,-spaces was posed for the first time in the
seminal paper [3, p. 488]. There it is proved that {n(¢}) : 1 <p < oo} = [0,1[in the real case, even
though the exact computation of n(£3) is not achieved for p # 2 (even now!). Recently, some results
have been obtained on the numerical index of the L,-spaces [4, 5, 6, 8, 9].

a) The sequence (n(%"))meN is decreasing.
n(Ly(p)) = inf{n(¢;) : m € N} for every measure y such that dim(L,(p)) = oo.

(a)
(b)
1
(c) In the real case, max {21/13, 21/(1} M, < n(62) < M,
)

(d) In the real case, n({;') > 0 for p # 2 and m € N.

The aim of this paper is to give a lower estimation for the numerical index of the real L,-spaces.
Concretely, it is proved that

M

p

(1 n(Lyl() > 15

As M, > 0 for p # 2, this extends item (d) for infinite-dimensional real L,-spaces, meaning that the
numerical radius and the operator norm are equivalent on E(Lp (,u)) for every p # 2 and every positive
measure . This answers in the positive a question raised by C. Finet and D. Li (see [5, 6]) also posed
in [7, Problem 1].

The key idea to get this result is to define a new seminorm on £(Ly(p)) which is in between the
numerical radius and the operator norm, and to get constants of equivalence between these three
seminorms. Let us give the corresponding definitions.

For any = € L,(u), we denote

4 ) lx[P~"sign(z) in the real case,
|z[P~tsign(Z) in the complex case,

which is the unique element in L,(x) such that
lzllh = [l«*[§  and /QM# dp = |||, [* g = .

p

With this notation, for T’ € £(L,(p)) one has

o) =su{| [ #Tod| e L. el =1}
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Here is our new definition. Given an operator T € L£(L,(p)), the absolute numerical radius of T is
given by

[v|(T) := sup {/Q |2#Tx|dp = x € Ly(p), |z|, = 1}

—sup { [ ol el an s 2 € 2,00 el =1
Obviously,

o(T) < PlT) <N (T € L(Lp(w))-
Given an operator 1" on the real space L,(u), we will show that

M, n(LS (1))
Moy ana iy > 220

where n(L5(p)) is the numerical index of the complex space Ly(u). Since n(L5 (1)) = 1/ e (as for
any complex space, see [1, Theorem 4.1]), the above two inequalities together give, in particular, the
inequality (1).

o(T) = Il

2. THE RESULTS

We start proving that the numerical radius is bounded from below by some multiple of the absolute
numerical radius.

Theorem 1. Let 1 < p < oo and let p be a positive meassure. Then, every bounded linear operator
T on the real space Ly(1) satisfies
M

o) > 22 (),
P —¢
where M, = max g
t21 14-tP
Proof. Since |v| is a seminorm, we may and do assume that ||T|| = 1. Suppose that |v|(T") > 0

(otherwise there is nothing to prove), fix any 0 < € < |v|(T) and choose z € L,(u) with ||z| = 1 such
that

/ le#Tx| dy > |v|(T) — e = 26y > 0.
Q
Now, set A= {t € Q : 27 (¢)[Tz](t) > 0} and B = Q\ A. Then
/ T du —/ e T dy = / le# Tx| dp > 260
A B Q

and so at least one of the summands above is greater than or equal to 3. Without loss of generality,
we assume that

i / e# T dp > By
(otherwise we consider —7T instead of T'). Ren?ark that
@ |[ATedf<um) || T du] < wxe)?], laxsl, o) <o)
Now, put yx = « + Az p for each A € [-1,00). Observe that
3) I Lalllls =l = [ 1ot diot (1 0P [ fol? s < max{1, 1+ 27},

which obviously implies that

(4) | [t dn] <o) [uf | Il < o) mase{n, (14 273,
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On the other hand, using that y7 = z#x4 + (1 + AP~ 12#yp and (2), we deduce that

‘/yf\#TyAd,u‘ = ‘ﬁ—l—)\/ x#T(:cXB)du+(1+)\)p_1/
Q A

e Trdp + N1+ )Pt / e T(xxp)du
B

B

> [54a [ a#Taxa)du— @+ A

A
-1 —I—)\)p_l‘ / x#Txd,u‘ — A1+ /\)p_ll/ x#T(J;XB)d,u‘
Q B
> ‘(1 — 1+ )P+ A/ = T(xxp) d,u‘ — (T4 A @+ X)P o(T).
A

This, together with (4), gives us that

(5) o)+ AN+ X7+ max{l, (14 X)7}) > |(1= (1 )78 + A / #T(ax5)dnl.
A
Therefore, putting a = 87! / ¥ T(xxp)dp and
A

FO) = (AN AP Fmax{L (14 AP)) (A€ [~Loo)\ {0)),
and multiplying (5) by |A\|7!37!, we obtain that
L— (14 APt

g = [

for every A € [-1,00) \ {0}. Thus,
B7(T)(1+ f(N) = B~ (D) (f(=1) + F(V)

_ p—1 p—1 _
1—(14A) _a‘>‘(1+/\) 1

-1
A A

>|_1_ay+‘

for every A € [—1,00) \ {0} or, equivalently,
|1+ AP~ =1 =)
AL+ (14 A (1 + AP~ + max{1, (1+ \)*}

for every A € [—1,00). Now we restrict ourselves to A > 0 and setting ¢t = 1 + A\, we obtain that

o(T) =

[tP=1 —¢| [tP=t —t| 1+t
T) > -
v T e = T 1o
for every ¢ € [1,00). Since it obviously holds that
P
1+¢ > 1
t—142tP = 3

for each ¢ € [1,00), one obtains that

O et €0 O et O U [ € B

v(T) > — su > su = M,
( )/3t;f 1+t = 6 1 14t 6 g
which is enough in view of the arbitrariness of ¢. |

Our next goal is to prove an inequality relating the absolute numerical radius and the norm of
operators on real L,-spaces.

Theorem 2. Let 1 < p < oo and let p be a positive measure. Then, every bounded linear operator T'
on the real space L, (1) satisfies
n(Ly (1)

2
where n (L5 (1)) is the numerical index of the complex space Ly (j).

[0|(T) > Il
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Proof. We consider the complex linear operator Tc € £(L5 (1)) given by
(6) Te(z) = T(Rex) +iT(Imz) (v € LS(n)).

m .
Evidently, ||T|| < ||T¢||. Now, consider any simple function 2 = Y a;e"% x4, € Lg(u) where m € N,
j=1

m
a; >0, 0; € [0,2m), the sets Ay,...,A,, € ¥ are pairwise disjoint, '21 aé’u(Aj) =1, and observe that
=

# € Lg(u) is given by the formula
o = Zaﬁv’*l e~ XA, -

Then, writing

asn= [ Tebeaddu= [ T du
j j
we obtain that

m m m m
‘/ I#T@(x) d,“’ = ’ E a?ileﬂej E ay e ozjyk’ < g a?il‘ E ay, €% ach‘
Q j=1 k=1 j=1 k=1
m m m
—1 .
(7) < g a? ’ E a, cos(O) oszf‘ + ‘ E ay, sin(6y) ozjvk‘
j=1 = k=1
m m
<2 max g a ‘ E akzkajvk’ = 2 max E a ’ g R 205 k|,
k=1 RE{=L1m k=1

Zk)e

where the last equality follows from the convexity of the function f:[—1, 1] — R defined by

m m
f§ : p—1 § : )
9, - s .
f(Zl ---,Zm) a; ’ AR 2R Q5 k’
j=1 k=1

On the other hand, for any finite sequence (2;) € {—1,1}™, putting

Y(z) = Z a;jzixa; € Lp(p),
j=1
one has [|ly.,)|| = 1 and that

/|yu (0| e = /\Z“p x4, Zaksz xa,)| dp

:Z/ ag-’_lszaksz(XAk) o
j=174A k=1

:Zaf_l/ ZakszXAk d,u
j=1 Aj k=1
Zag’ 1‘/ ZakszXAk d,u‘ Za Zakzkoz%
7j=1 Jk 1

This, together with (7), implies that
2|(T) zér{la)fl}/‘ Yoo TWen) | di

max Za ‘Zakzka]k’ > ‘/ x#TC(gc) d,u‘.
Q

Z[E{ 1 1}
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Since the set of all simple functions is dense in LT (u), it follows from [1, Theorem 9.3] that the above
inequality implies that

20|(T) = v(Te) = n(Ly ()| Tell = n(Ly () |1 T1- 0

It remains to notice that n(Lg(u)) > 1/e (as happens for any complex Banach space, see [1,
Theorem 4.1]), to get the following consequence from the above two theorems.

Corollary 3. Let 1 < p < oo and let u be a positive measure. Then, in the real case, one has

M,
n(Ly(p)) = 126

|t — 1]
where M,, = max ——
t>1 14 tP

Since, clearly, M, > 0 for p # 2, we get the following consequence which answers in the positive a
question raised by C. Finet and D. Li (see [5, 6]) also posed in [7, Problem 1].

Corollary 4. Let 1 < p < 0o, p # 2 and let p be a positive measure. Then n(Lp(u)) > 0 in the real
case. In other words, the numerical radius and the operator norm are equivalent on L(Lp(u)).

It is a particular case of [6, Theorem 2.2 that n(L,(y)) = inf n(£y") for every infinite-dimensional

Ly(p)-space. For finite-dimensional spaces, n(£y') < n(€2) for every m > 2 since £2 is an £,-summand
on {7 and we may use |9, Remark 2.a]. On the other hand, it is clear that n(¢2) < M, (since M, is

2 see [8, Lemma 2] for instance). It then

the numerical radius of a norm-one operator on the real ¢7,

follows that
n(LP(PJ)) < Mp

for every 1 < p < oo and every positive measure p such that dim(Ly,(n)) > 2. We do not know
whether the above inequality is actually an equality.

Acknowledgments: The authors would like to thank Rafael Paya for fruitful conversations con-
cerning the matter of this paper.
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