LUSHNESS, NUMERICAL INDEX ONE AND DUALITY

VLADIMIR KADETS, MIGUEL MARTIN, JAVIER MERI & VARVARA SHEPELSKA

ABSTRACT. We construct an example of a Banach space which is not lush, but whose
dual space is lush. This example shows that lushness is not equivalent to numerical index
one. A characterization of lushness for some quotient spaces of Lq(u) spaces and new
results on C-rich subspaces of (scalar- or vector-valued) C(K) spaces are also presented.

1. INTRODUCTION

Given a real or complex Banach space X, we write Bx, Sy, X* and L(X) to denote,
respectively, the closed unit ball, the unit sphere, the topological dual and the Banach
algebra of bounded linear operators on X. T denotes the set of modulus one scalars. For
a bounded subset A of X, x* € Sx+ and € > 0, we write S(A,z*,¢) to denote the open
slice

S(A,z*,e) ={xr € Sx : Rez"(z) > supRexz"(A) —¢}.
If B is a subset of X, we write aconv(B) for the absolutely convex hull of B. Finally, we
denote by ext(C') the set of extreme points of the convex subset C C X.

Definition 1.1 ([4, Definition 2.1]). A Banach space X is lush if for every x,y € Sx and
every € > 0, there is a slice S = S(Bx,z*, ) with 2* € Sx+ such that

xeS and dist (y,aconv(S)) < e.

Lushness was recently introduced in [4] as a geometrical property of a Banach space
which ensures that the space has numerical index one. We recall that a Banach space X
is said to have numerical index 1 if the equality

|T|| = sup{|z*(Tz)| : x € Sx, =" € Sx=, z"(x) =1}

holds for every operator T' € L(X) or, equivalently (see [7]), for every operator T € L(X)
there is w € T such that
IId4+wT| =1+ |T|.

We refer the reader to the survey paper [9] for more information and background on
numerical index.

Lushness was used in [4] to show that there is a Banach space having numerical index
one whose dual space does not share this property, a long standing open question in
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the theory of numerical indices. It has been also used recently to construct a Banach
space whose Lie-algebra is trivial but the Lie-algebra of its dual is infinite-dimensional
[15]. Also, lushness helps to estimate the polynomial numerical index of some spaces in
[6, 13] and it allows to show that every separable Banach space containing ¢y can be
equivalently renormed to have numerical index one [3]. Some examples of lush spaces are
Li(p)-spaces and their isometric preduals, including C(K) spaces, function algebras and
finite-codimensional subspaces of C[0,1]. For more information and background on lush
spaces we refer the reader to the already cited [4] and to [3], §].

The concept of numerical index one is difficult to manage, since its definition needs to
deal with all operators on the space and we do not know of any geometrical characteri-
zation. There are in the literature several geometrical sufficient conditions for numerical
index one, the weakest of all of them is lushness (see [3, §2] and [8, §1] for a detailed
account). Among the advantages of the concept of lushness is that it is separably deter-
mined, stable by ultraproduct and stable by taking “reasonable” finite unconditional sums
[3], and it is not known whether these results are true for Banach spaces with numerical
index one. It is known that lushness is equivalent to numerical index one for Asplund
spaces and for spaces with the Radon-Nikodym property (see [3 §2]) and, even more, for
the so-called slicely countably determined Banach spaces [I], a class of spaces recently
introduced which includes spaces not containing a copy of ¢1.

It has been even asked in [9, Problem 15] whether every Banach space with numerical
index one is lush. The main result of this paper is to show that this is not the case.
Actually, we provide an example of a Banach space X which is not lush, but whose dual
space is lush. Since when the dual space has numerical index one so does the space, the
same example shows that lushness is not equivalent to numerical index one. This is the
content of section @l To do so, we characterize in section [3] a family of quotient spaces of
L1 (p) which are lush. Finally, some new results on C-rich subspaces of (scalar or vector-
valued) C'(K) spaces are also obtained. Namely, in section |5| we show that if E is a lush
space, then C (K, E) is lush in both real and complex cases and, in the real case, the same
is true for every C-rich subspace of C(K,E); in section |§| we show that a subspace X
of a real C(K) space with K perfect is C-rich if (and only if) every subspace of C(K)
containing X is lush.

We start our exposition with some characterizations of lushness collected in section

2. ON SOME REFORMULATIONS OF LUSHNESS

The first result we are going to present is a slight modification of [3| Theorem 4.1] and
gives a reformulation of lushness only in terms of the space. The modification follows from
the immediate idea that in the definition of lushness (Definition nothing changes if
we allow y to be in the unit ball instead of being in the unit sphere. We recall that a
subset G of the unit ball of the dual of a Banach space X is said to be norming for X if
|z|]| = sup{|¢(x)| : ¢ € G} for every x € X and G is rounded if TG = G.

Proposition 2.1. Let X be a Banach space and G C Sx= be a norming rounded subset.
Then, the following are equivalent:

(1) X is lush.
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(1i)r In the real case: for every x € Sx, y € Bx and € > 0, there exist A1, 2 > 0,
M+ A =1 and x1,z9 € Bx such that
|z +x1 + 22| >3—¢

and
ly — (Mz1 = Ao || < e

(ii)c In the complex case: For every x € Sx, y € Bx, n € N and € > 0, there exist
Moo s A 20,30 A\ =1and x1,...,2, € Bx such that

n
x4+ D> xp||>n+1l—c¢
k=1
and
n : 2w
Hy— Z)\kexp(%)xk <€+?
k=1

(1ii) For every x € Sx, y € Bx and for every ¢ > 0, there is ©* € G such that
x € S =5(Bx,z*¢e) and dist (y,aconv(S)) < ¢.

Proof. In the definition of lushness, given z and y in Sx, we build a slice S such that x € S
and dist (y, aconv(S)) < e. But, of course, dist (ay, aconv(S)) < ¢ for every o € [0, 1], i.e.
from the very beginning we could take an arbitrary y € Bx instead of y € Sx. With this
in mind, we can follow the proof of [3, Theorem 4.1] to show that we can also take y € Bx
in the assertions (ii)g, (7i)c and (éi7). This is exactly our statements. O

In the separable case, it is possible to give another characterization of lushness only in
terms of the dual space. Let us comment that it is an easy reformulation of [8, Theo-
rem 4.3].

Proposition 2.2. For a separable Banach space X, the following are equivalent:

(1) X is lush. ) )
(79) There is a norming subset K C ext(Bx=) such that for every x7 € K and for every
x5 € Sx= there is 0 € T such that ||z} + 0x3|| = 2.

Proof. By [14, Theorem 2.1] the property of K in condition (i7) is equivalent to
|z (x*)] =1 (% € ext(Bx+), =" € f()

Now, that separable lush spaces fulfill this condition is exactly what was proved in [8|
Theorem 4.3] and the reversed result follows from [3, Theorem 2.1]. O

Let us finish the section with another reformulation of lushness only valid in the real case
which appeared in [9, pp. 164] without proof. We do not know of any complex analogue
of this result.

Proposition 2.3. Let X be a real Banach space. Then, the following are equivalent:

(1) X is lush,
(7i) for every x € Sx, y € Bx and every € > 0, there are z € Sx, 71,72 € R with
|71 — 2| = 2, such that

lz+z|=22—¢ and |y+yzl|<1l+e (i=1,2).
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Proof. (i) = (i1). Given x € Sx, y € Bx and € > 0, we use the definition of lushness
(actually Proposition 2.1) to take z* € Sx«, A € [0,1], and 1,29 € S(Bx,z*¢/3)
satisfying

£

3

, 71 = 2— 2, and o = —2\ fulfill the desired

x¥(x) >1— g and |y — (A1 — (1 = N2 || <

. T+
Now, it is easy to check that z = ! 2

|21 + 22|
conditions.

(79) = (7). Fixed x € Sx, y € Bx and 0 < € < 1, we take 0 < 0 < ¢/2 satisfying

11%55 > 1 — . By hypothesis, we may find 71,72 € R and z € Sx such that |y, — 2| = 2,

|z +z]>2-06, |y+mz]| <145 and [y+902] <1+6.
Then, there is * € Sx- satisfying z*(x 4+ z) > 2 — 0, so
(1) ¥ (x) =21-9§ and x¥(z) = 1-9,

hence x € S(Bx,z*, ¢). On the other hand, using the fact that ||y + y12 — y22z — y|| = 2,
we obtain

1-0<|ly+mz|| <146 and 1-0< |ly+yz|| <1+

We define
- Y+ 7z 7Y =722

Ay + ezl Ay + ezl
and, using (1) and the fact that ||y + y12|z1 + ||y + 722||x2 = 22, we deduce that

ly +vzllz*(z1) + |y + rez||z™ (z2) = 227(2) > 2 — 2,

and To

which implies
-390 and ¥ (xg) = -39
1+ Y7140

and, therefore, x1,z9 € S(Bx,z*,¢).

¥ (x1) =

Finally, if v1 > 0 and v < 0, we have that
Hy— (52 2 —%xz)H = H_T”(y+712)+72—1(y+72z) — _Twm—l-%leH
<P ly+mzll|+ 31— lly+ 7| <d<e,

and analogously if 71 < 0 and 72 > 0. Otherwise, there is i € {1, 2} such that |y;| < ¢ and
then [jy — (—1)iz;|| < |1 — [ly +7izl|| + 6 < 26 <e. O

3. LUSHNESS FOR SOME QUOTIENT SPACES OF Lj(u)

The aim of this section is to characterize some quotient spaces of Lj(u) which are lush.
The construction uses duality argument, so we start with some statements about Lo (u).

We recall that a subspace X of a C'(K) space is said to be C-rich [4, Definition 2.3]
if for every nonempty open subset U of K and every € > 0, there is a positive function
h € C(K) of norm 1 with support inside U such that the distance from h to X is less than
e. It follows from [2, Proposition 4.2] (and in the real case for K = [0, 1] it was proved in
[10, Lemma 1.4.]), that the positivity of the function A in this definition can be omitted.
A C-rich subspace of C(K) is necessarily lush [4, Theorem 2.4].

Considering an Lo (£2,%, 1) space as a C(K,) space (where K, is the space of max-
imal ideals of the Banach algebra L), the above definition applies to subspaces of
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Loo(92,%, ). The following easy lemma gives a characterization of C-richness of a subspace
of Loo(£2, %, 1) in terms of the Lo, space itself.

Lemma 3.1. Let (Q,%, 1) be a measure space and let X be a subspace of Loo(Q2, %, 1)
C(K,). If for every subset U € ¥ and every e > 0 there is a function h € Lo ( DI}
of norm 1 with supp(h) C U and dist(h, X) < &, then X is C-rich.

= p)

Proof. Observe that C-richness in C'(K),) requires to find, for each open subset U of K,
a certain continuous function with support inside U, and the condition of the lemma only
requires this for clopen subsets (this follows from the construction of K,,). Since K, is
extremally disconnected, each non-void open set contains a non-void clopen set, which
proves the lemma. O

Recall that ext(Br_ (o)) is the set of measurable functions on €2 which take almost
everywhere modulus-one values. We call such functions “modulus-one functions”.

We are now able to present the main result of this section.

Theorem 3.2. Let (2, %, ) be a finite measure space such that Ly = Li(Q, %, pu) is
separable and consider Lo := Loo(, X, 1) as the dual space for Ly. Let' Y C Ly be a
subspace whose annihilator Y is C-rich in L. Then, X = L1/Y is lush if and only if
G =Yt next(Br,) is a norming subset of Sx~ for X.

Proof. Let us first observe that X is separable since L; is. Now, if G is a norming
subset of Sx+, then K = G evidently satisfies condition (ii) of Proposition and X is
lush. Conversely, suppose X is lush and let K C X* =Y be the norming subset from
Proposition ( ) Let us prove for every f € K the condition |f| =1 a.e., which will
ensure that G > K and, consequently, that G is norming for X. Assume to the contrary
that for some f € K there exists ¢ > 0 such that the set A = {t € Q : |[f(t)] <1 —¢}
has positive measure. Since Y is C-rich in Lo, there is g € Sy-1 such that |g(t)| < ¢ for
almost every t € Q\ A. Then, the set

{te@: [fOI+19(t)]>2—-e}
has measure zero and, therefore, ||f + fg|| < 2 — ¢ for every 6 € T, which contradicts the
definition of K. O

4. THE MAIN EXAMPLE

Let us present the announced construction of a non lush space whose dual is lush.

Consider €2 = [0, 2] equipped with the standard Lebesgue measure. Introduce a partition
Q=|1",A, into subsets of positive measure with Ay = [0, 1]. We consider all Lo (Ay,)
(in the natural way) as subspaces of L[0,2]. We denote by F the subspace of L1, 2],
consisting of the functions satisfying the condition

/ fdA=0 (neN).
Ap

For a fixed dense countable subset {f, : m € N} C Sr,0], let us define an operator
J : Loo[0,1] — Loo[1,2] as follows:

J(g) =) (/{071] 9fm d)\) 1a,, (9 € Lso[0,1]).

meN
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Observe that for every g € L0, 1] one has

/ 9 fm dX
N |J[0,1]

17(9)]| = sup = llgll 10,1

me

so J is a weakly compact operator mapping every modulus-one function from L [0, 1] into
a norm-one element of L[1,2]. Finally, denote

Z={g+2J(g)+[f : g€ Lu[0,1], f € F}.

Theorem 4.1. Z is a weak*-closed C-rich subspace of L[0, 2], which does not contain any
modulus-one function. Consequently, for Y = +2Z C L1[0,2], the quotient X = L1[0,2]/Y
is a Banach space which is not lush, but whose dual X* = Z is lush.

Proof. At first remark that Z can be written as the set of those h € L[0,2], for which
the system of linear equations

1
2/ hfm dX\ = / hd\ m €N
[0,1] d MAR) Ja,, ( )

is valid. Since the left-hand and right-hand sides of all these equations are weak™ contin-
uous, the solution of the system is a weak*-closed linear subspace.

To demonstrate C-richness of Z, let us fix a subset A C [0, 2] of positive measure and
g > 0. There are two (not mutually excluding) cases.
Case 1: N(AN[0,1]) > 0. Then, since J is a weakly compact operator, its restriction on
Lo (AN[0,1]) is also weakly compact, so for every e > 0 there is a g € Sy (anjo,1]) With
lJg|l < e/2, so an element g+ 2.J(g) € Z is the element whose distance from g is less than
€.
Case 2: A(ANJL,2]) > 0. In this case there is n € N for which A\(AN A,) > 0. One
can evidently find f € Sp_(ana,) With fAn fd\A = 0. Then, we have f € F C Z and
supp(f) C A, which completes the proof of C-richness.

Finally, assume for the sake of contradiction that Z contains a modulus-one function
h=g+42J(g) + f where g € L»[0,1] and f € F. Since the supports of J(g) and f lie in
[1,2], g is a modulus-one function on [0, 1]. By definition of J, this means that

g /L dx\ — 17(g)]| =

sup

so there is an n € N for which

1
>

A(in) 7(q) d/\' >

Consequently,
1
1—h>/2J d)\‘>1,
1> 5055|270
which is a contradiction. This shows, using Theorem that X is not lush.
Finally, X* = Z is C-rich in L[0,2] and so lush by [4, Theorem 2.4]. O
We now enunciate other properties of the space X constructed in the above theorem.

Remarks 4.2. Let X be the space constructed in Theorem
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(a) X has numerical index one but it is not lush. This solves in the negative [0,
Problem 15]. Indeed, since X* is lush, it follows that A* has numerical index one
[4, Proposition 2.1] and so does X (see [9] §2], for instance).

(b) It was asked in [0, Problem 13| and in [4, Remark 3.5], whether for every Banach
space E with numerical index one, the subset of Sg« given by

A(E) = {z" € Sg+ : |[2™(z")] = 1 for every =™ € ext(Bg+)}

is norming for E. Since this condition implies lushness of E [3, Theorem 2.1], we
have that A(X) is not norming and our space X answers in the negative the cited
question.

(c) Even more, the set A(X) is empty. Indeed, if z* € A(X), it is clear (using the
Krein-Milman theorem for Bx««) that for every y* € Sy there is § € T such that
|l* 4+ Oy*|| = 2 (see [14, Theorem 2.1] for instance). Now, since X* = Z is a
C-rich subspace of L[0,2], it follows that z* is a modulus-one function on [0, 2]
(see the proof of Theorem . But Z does not contain any of such functions as
it is proved in Theorem

Let X be a Banach space. We have shown here that lushness of X* does not imply
lushness of X. Also, lushness of X does not imply lushness of X* nor lushness of X**
(just consider X as the lush space presented in [3, Example 3.1] such that X* and X**
do not have numerical index one). Therefore, the following result gives the unique true
implication between the lushness of a space and lushness of the dual or of the bidual.

Proposition 4.3. Let X be a Banach space. If X** is lush, then X 1is lush.

Proof. We fix z,y € Sx and € > 0. Since X** is lush and Sx+ C Sx++ is norming for
X**, Proposition [2.1] (iii) allows us to find 2* € Sx- such that

x € S(Bx++,2z",¢) and dist(y,aconv(S(BX**,z*,e))) < e.

The first assertion above obviously implies that x € S(Bx, z*,¢). The second assertion is
equivalent to

y € aconv(S(Bxs+, 2%, €)) + & By
and so, since aconv(S(BX,z*,e)) is weak*-dense in aconV(S(BX**,z*,a)) and € Bx is
weak*-dense in € Bx««, we have

*

w
y € aconv(S(BX,z*,a)) +eBx .

Since y € X, we can replace the weak*-closure above by weak closure, and so by norm
closure by convexity, to get

dist(y,aconv(S(BX,z*,a))) <e. O

5. LUSHNESS IN VECTOR-VALUED C(K') SPACES

Our first goal in this section is to show that lushness of the range space passes to every
space of continuous functions. Let us comment that this result is known for Banach spaces
with numerical index one [16, Theorem 5].

Proposition 5.1. Let E be a lush Banach space and K be a Hausdorff compact. Then,
the (real or complex) space C(K, E) is also lush.
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Proof. We work only in the more difficult complex case, the real case being completely
analogous. According to Proposition it is enough to show that for every f € Sc(k ),
9 € Bok,p), » € Nand € > 0, there exist A1,...,A\p 20, >0 Ay =land fi,..., f, €
Be (k) such that:

(2) Hf+2fk >n+1-—g¢,
k=1
27rzk 2m
(3) 9— Z A exp (ZF) fi 5+?-

Since ||f|| = 1, we can find ¢ty € K such that || f(t9)|| = 1. So, we apply again Propo-
sition 2.1 to # = f(to) € Sk and y = g(to) € Bg. Then, we get z1,...,z, € B and
Mooy An =20, 300 Ap = 1, such that

n
)+ £
k=1
Since g is continuous on K, we may find an open set U C K such that ¢ty € U and

lot) =gl <5 (D),

and a continuous function a : K — [0, 1] with a(tg) = 0 and a|g\y = 1. If we define

fr(t) =z + a(t) (exp (#) g(t) — a;k) € Bo(k,E) (t ek, k=1,... ,n),

then the functions f; satisfy conditions and . Indeed, the fulfilment of follows
by just evaluating at ty. For the second inequality, we consider an arbitrary ¢t € K and we
observe that

01~ £ 0o (52 20 =

- omik € 2
>n+1l-¢, |g(to) — X A exp (2ZE) <§—|—?.
k=1

k=1 k=1

(1-a(t)) (g(t) ~ 3 Ay exp (1) xk> H .

Now, if t € U, we have ||g(t) — g(t0)|| < = and so

o0~ 3 Mwesp () 10| < lato) - o)l + [

k=1

2
Le+ —.
n

If, otherwise, t ¢ U, then a(t) = 1 and so g(t) — > A\xexp (27;—““) fr(t) =0. O
k=1

The following definition follows the spirit of [2] Proposition 4.2] and it was stated in
[0, Definition 2.3]. Recall that for o« € C(K) and = € E, a ® z € C(K, E) denotes the
function t — a(t)x.

Definition 5.2. Let K be a compact space and let E' be a Banach space. A subspace X
of C(K, E) is called C-rich if for every € > 0, every x € E and every open subset U of K,
there exists a nonnegative function o € C(K) with ||| = 1 and supp(«) C U such that
distla®@z, X) <e

The next result shows that C-rich subspaces are lush also in the vector-valued case.
Since we will use Proposition the proof is valid in the real case only.
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Proposition 5.3. Let E be a lush real Banach space and K be a Hausdorff compact space.
Then, every C-rich subspace X of C(K,E) is also lush.

Proof. We fix f € Sx, g € Bx and 0 < € < 1, and we find ¢ty € K such that || f(to)| = 1.
Since E is lush, we may use Proposition to find z € Sx, 71,72 € R with |y; — 72| =2
such that

I£(to) + 21 >2—¢/5 and g(to) + 2]l < 1+2/5.
We also take an open subset U of K containing ¢y such that
1f(t) = F)ll <e/5,  lg(tr) —g(t2)ll <e/5  (t1,t2 € U).
As X is C-rich, we may find a nonnegative norm-one « € C'(K) and h € Sx such that
supp(ar) CU  and ||h—a® z|| <e/b.
Let us show that h, 1 and v, fulfil the conditions of Proposition [2.3] i.e.
[f+h>2-¢ and |g+yh|<l+e (i=1,2).
Indeed, for the first inequality we take ¢; € U such that «(¢;) = 1 and observe that
If + bl = 17 () +h(E) = [1f(to) + 2]l = £ (to) = fFEDI = [|h(t1) — 2| = 2 —e.
To deal with the second inequality, we observe that
lg(2) +v:h(@)] < llg(t) + i eu(t) 2l + [yilllee(t) 2 — Al
< lg(t) + i alt) z[| + 3¢/5.
Ift ¢ U, a(t) =0 and so [[g(t) +vih(t)| <1+3¢/5< 1+e. If t € U, we have
lg(t) + s () 2]l < llg(t) — g(to)l + lgto) + s a(t) =]l < 1+2¢/5,
since g(to) + v a(t) z = (1 — a(t))g(to) + a(t)(g(to) +7i z) € (1 +£/5)Bx. Then,
lg(t) +vih(t)|| < 1+2/5+3c/4=1+c¢. O

6. A CHARACTERIZATION OF C-RICH SUBSPACES OF REAL C(K) IN TERMS OF
LUSHNESS

In [12] a general notion of richness, generated by the Daugavet property was introduced.
We recall that a Banach space X has the Daugavet property whenever ||[Id+T'|| = 1+ ||T||
for every rank-1 operator 7' € L(X) [II]. If X is a Banach space with the Daugavet
property, we say that a subspace Y of X is said to be wealthy if every subspace Z C X
containing Y has the Daugavet property. This concept was introduced in [12, §5] and it is
equivalent to a concept of richness also introduced in the same paper [12, §5]. It is shown
in [I2] that all finite-codimensional subspaces of a space X with the Daugavet property
are wealthy, and moreover, if X/Y does not contain copies of ¢, or if X/Y has the RNP,
then Y is wealthy. If K is a perfect compact space, wealth is equivalent to C-richness for
subspaces of C(K) [12].

Following these ideas, one can introduce an analogous concept for lushness.

Definition 6.1. Let X be a lush Banach space. A subspace Y of X is said to be lush-
wealthy if every subspace Z C X containing Y is lush.

The aim of this section is to show that for subspaces of real C(K') spaces with K perfect,
lush-wealth is equivalent to C-richness. The proof of this result uses Proposition 2.3 which
is only valid for real Banach spaces.
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Theorem 6.2. Let K be a perfect compact space and let Y be a subspace of the real space
C(K). Then, Y is C-rich if and only if Y is lush-wealthy.

We need the following preliminary result. We write S' = {(a, 8) € R? : o? + 5% = 1}.
Lemma 6.3. Let K be a perfect compact space and let V' be an open subset.
(a) There is ¢ : K — S surjective and continuous such that (K \ V) = {(1,0)}.
(b) Therefore, if we write ¢(t) = (f(t),g(t)) for everyt € K, then f,g € C(K) satisfy
(b1) |[(af + Bg)|vl = lleef + Bgll = (a® + 822 for every a, B € R.
(b2) l(af + B9+ cL)lv|| = (@? + 52)12 + [e] for cvery o, B¢ € R.
(b3) gl =0 and flgp\v = 1.

Proof. (a). If V is clopen in K, then it is a perfect compact space and so there is an onto
continuous function 9 : V — S! (see [I7, Theorem 8.5.4]) and we may define ¢ to be
dlv = and ¢|g\y = (1,0). Otherwise, V' is not closed and so the quotient space K of

K obtained by identifying all points of K \ V is perfect and we may find v : K — st
onto and continuous and, rotating if needed, we may suppose that K \ V is mapped to

the point (1,0). Now, ¢ is just the composition of the quotient map K — K and 1.

(b). Since ¢(V) = S' and [af + Bgl(t) = (@) | (£(),9(t))) for every ¢ € K
and every «,( € R, assertions (bl) and (b2) follow easily. The fulfilment of (b3) is
straightforward. d

Proof of Theorem[6.3 If Y is C-rich, then evidently every superspace Z of Y is also C-rich
and so lush by [4, Theorem 2.4].
Conversely, we assume that Y is lush-wealthy and we start with the following claim.
Claim: Given € > 0 and an open set V C K, we can find ¢ € R and y € Y so that
ly(t)+cl<e (teK\V) and  [(y+c)v]]|=1+e
Proof of the Claim. We use Lemma to get f,g € C(K) fulfilling (b1), (b2) and (b3),

and we consider the space X = lin{Y, f, g} which is lush by hypothesis. Therefore, fixed
0 > 0 such that

(4) 0<0< 05 and 100(1+¢)f<e,
we may use Proposition to get that there exist h € Sx and 71,72 € R such that
(5) lh+gl>2=8% |f+mh|<1+8% |f+7h|<1+8 and |y — 72| =2.
Since g|g\v = 0, there is tg € V satisfying [g(to) 4 h(to)| > 2 — 6% and so
lg(to)| >1—0% and  |h(to)| > 1 — 62
Next, we observe that (b1) gives us that ||g & 6 f|| = (1 + 62)'/2 and, therefore,
(1+ 6312 > |g(to)| +61f (to)] = (1~ 8%) + 6| £ (to)|
which obviously implies
(1406212 —(1-6%
)

|f(to)| < < 26.

This, together with , tells us that
L4062 > [h(to)| [yl = [f(to)| > (1 = 6%)]il =26 (i=1,2)
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so we obtain |v;| < % < 1+ 30 for i = 1,2 and, using the fact that |y — y2| = 2, we
deduce that
h/l|7 |72| € [1 - 363 1+ 36] and Y172 < 0.
Using this and again, we get
(6) |f—h|| <14+62+30<1+46 and  |[f+h| <1+46
Therefore, given t € K \ V, we have that
L+ [n(6)] = ()] + [h(t)] <1+ 40

which implies |h(t)] < 40. Since h € X, there exist a, 8 € R and = € Y satisfying
h=z+ af + Bg, and thus

|x(t) + | <46 (te K\V).

Henceforth, if we show that
() I@+a)lvl > &
the proof of the claim will be finished by just taking

y=25(1+¢)x and c=25(1+¢)a.
In order to prove , on the one hand we observe that, by (b2), we have
8) (@ + B2 < [(af +Bg— al)lv|| < [Ihlv] + Iz + al)lv] = 1+ [|(z + a1)|v]
and
9 1=[hlv] <l + oDyl + lof + 89 — al] < l(z + al)lv]| + 2(a® + B2)1/2.

We are now going to estimate the distance between ||(z + a1)|y || and (a? + 52)Y/2. To do
so, we call

Gi=(1+a)f+0g—al and Go=(1—a)f — g+ al,
we observe that
f+h=G +zxz+al and f—h=Gy— (x+al),
and we use @ to get
214482 > [[(f + WV IZ+ 1(F = WIvI?
> [l + o)y | = G IvI[* + (Il + ad)lv ]| — [ Galv I
=2|/(z + a1)lv|* = 2l/(z + )|V [(IG1 v [| + |G2lv ) + |Gilv [ + | G2lv >
Besides, using conditions (bl) and (b2) it is easy to show that
IG1lv]l < 1+ |al + (o + )2 <1+ 2(a® + 5212,
|Galv | < 1+2(a®+8%)'2, and [|Gilv|* +[|Galv]® = 2+ 2(a® + 5%).
Hence, we deduce that
(14+46)* = [[(z + ab) v | = 2[|(z + aD)|v[|(1 + 2(a” + 8*)'/?) + 1+ a® 4 §°
and, therefore,
(I + aDlvll = (a2 + 891/2)) < 2 (@ + aD)lyl|(1 + (0% + 82)12) + 85 + 1667
which, together with , implies
(I +a)lv ]| = (0 + 8%)'/%))* < 4ll(z + a)lv || + 2] + aD)|v |* + 85 + 165
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Summarizing, if we write A = ||(z + a1)|y|| and B = (a2 + %)Y/2, we deduce from (d),
@ and the above equation that

1< A+2B
(A— B)? <4A +2A2 + 86 + 166>

from where it is easy to deduce that A = ||(z + al)|v| > 5, finishing the proof of the
claim.

To finish the proof, we fix ¢ > 0 and an open set U C K, and we observe that it is
enough to find a function y € Sy with ||y|y|| = 1 and with modulus smaller than ¢ on
K\ U. To find this function, we consider two open subsets Vi, Vo contained in U such
that V4 N Vo = () and we use the claim to find c1,co € R and y1,y2 € Y satisfying

[y + el <e/2 and (yi +al)lv]l[ = 14+¢/2 (i=1,2).

If either ¢y = 0 or ¢ = 0, then ”Zi” or HZ%H is the function we are looking for. Therefore,

we may assume without loss of generality that 0 < |c1| < |e2| and we take the function
Y=y — L y2 €Y. Now, we have

G| < |y (8) + e + [yat) + 2| <e/2+e/2=¢ (te K\U)

lea|
and
1Tl = 11 + e D)l = I (y2 + o)l > 1 +e/2 — /2= 1.

lez|

Therefore, ||y|| = ||y]v; ]| = 1 and so the function y = II%H € Sy satisfies
Iyl < Wkl <& and  yloll = 1. O

We would like to remark that, outside of this result, lush-wealth differs strongly from
wealth. For example, one can show that no one-codimensional subspace of L0, 1] is lush
(this is not trivial!), and so L0, 1] does not have at all any proper lush-wealthy subspace.

Acknowledgement. The authors thank the anonymous referee for several stylistical
improvements.
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