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Thabit numerical semigroups

Definition [Rosales, Branco and Torrão, 2015]

A numerical semigroup S is a Thabit numerical semigroup if there
exists n ∈ N such that

S = 〈{3 · 2n+i − 1 : i ∈ N}〉.

Remark

S is a numerical semigroup since its generators are coprime.
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Thabit numerical semigroups

Example

Let n = 2.
Then S is generated by

3 · 4− 1 = 11

3 · 8− 1 = 23

3 · 16− 1 = 47

. . .

Notice that

23 = 2 · 11 + 1

47 = 2 · 23 + 1

Simone Ugolini On numerical semigroups and affine maps



Summary
Thabit and Mersenne numerical semigroups

On affine maps and numerical semigroups

Thabit numerical semigroups

Example

Let n = 2.
Then S is generated by

3 · 4− 1 = 11

3 · 8− 1 = 23

3 · 16− 1 = 47

. . .

Notice that

23 = 2 · 11 + 1

47 = 2 · 23 + 1

Simone Ugolini On numerical semigroups and affine maps



Summary
Thabit and Mersenne numerical semigroups

On affine maps and numerical semigroups

Thabit numerical semigroups

Example

Let n = 2.
Then S is generated by

3 · 4− 1 = 11

3 · 8− 1 = 23

3 · 16− 1 = 47

. . .

Notice that

23 = 2 · 11 + 1

47 = 2 · 23 + 1

Simone Ugolini On numerical semigroups and affine maps



Summary
Thabit and Mersenne numerical semigroups

On affine maps and numerical semigroups

Thabit numerical semigroups

Example

Let n = 2.
Then S is generated by

3 · 4− 1 = 11

3 · 8− 1 = 23

3 · 16− 1 = 47

. . .

Notice that

23 = 2 · 11 + 1

47 = 2 · 23 + 1

Simone Ugolini On numerical semigroups and affine maps



Summary
Thabit and Mersenne numerical semigroups

On affine maps and numerical semigroups

Thabit numerical semigroups

Proposition [RBT]

Let n be a non-negative integer and

T (n) = 〈{3 · 2n+i − 1 : i ∈ N}〉.

Then 2t + 1 for all t ∈ T (n)\{0}.
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Mersenne numerical semigroups

Definition [RBT]

A numerical semigroup S is a Mersenne numerical semigroup if
there exists a positive integer n such that

S = 〈{2n+i − 1 : i ∈ N}〉.

Proposition [RBT]

Let n be a positive integer and

M(n) = 〈{2n+i − 1 : i ∈ N}〉.

Then 2s + 1 for all s ∈ M(n)\{0}.
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Submonoids of (N,+) closed w.r.t. affine maps

Definition

For a ∈ N∗ := N\{0} and b ∈ N we define the map

ϑa,b : N → N
x 7→ ax + b

Definition

A subsemigroup G of (N,+) containing 0 is a ϑa,b-semigroup if
ϑa,b(y) ∈ G for any y ∈ G\{0}.

Examples

Thabit numerical semigroups are ϑ2,1-semigroups.

Mersenne numerical semigroups are ϑ2,1-semigroups.
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ϑa,b-semigroups

Remark

A ϑa,b-semigroup is not necessarily a numerical semigroup (two
examples follow).

Example 1

2N = {2n : n ∈ N} is a ϑa,b-semigroup for any a ∈ N∗ and b ∈ 2N.

Example 2

M(b, n) := 〈{bn+i − 1 : i ∈ N}〉, where b ∈ N\{0, 1, 2} and n is a
positive integer, is a ϑb,b−1-semigroup.
(For the details see Rosales, Branco and Torrão, 2016).
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The smallest ϑa,b-semigroup containing a positive integer

Definition

Let {a, b} ⊆ N∗ and c ∈ N\{0, 1} such that gcd(b, c) = 1.
We denote by Ga,b(c) the smallest ϑa,b-semigroup containing c .

Remark

If a, b and c are as above, then Ga,b(c) is a numerical semigroup.
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Examples

Let n ∈ N∗ and

T (n) := 〈{3 · 2n+i − 1 : i ∈ N}〉,
M(n) := 〈{2n+i − 1 : i ∈ N}〉.

Then

T (n) = G2,1(3 · 2n − 1),

M(n) = G2,1(2n − 1).
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Apéry set for Ga,b(c)

Definition

Let {a, b, c} ⊆ N∗, where gcd(b, c) = 1, and

G := Ga,b(c).

Then Ap(G , c) := {s ∈ G : s − c 6∈ G}.

Remark

We have that |Ap(G , c)| = c. We can write

Ap(G , c) = {xl : 0 ≤ l ≤ c − 1},

where x0 = 0 < x1 < · · · < xl .
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Construction of the element xl

We write l =
∑

i ji · si (a), where

si (a) :=

{
0 if i = 0,∑i−1

k=0 a
k if i > 0,

and any ji ∈ {0, 1, . . . , a}.
We define

xl :=

{
0 if l = 0,∑

i=1 ji · ti (a, b, c) if l > 0,

where ti (a, b, c) := aic + b · si (a).
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Example: G3,1(3)

We have that
a = 3, b = 1, c = 3,

and Ap(G3,1(3), 3) = {x0 = 0, x1, x2}.

1 = 1 · s1(3)⇒ x1 = 1 · t1(3, 1, 3) = 10 ,

2 = 2 · s1(3)⇒ x2 = 2 · t1(3, 1, 3) = 20 .
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On affine maps and numerical semigroups

Submonoids of (N, +) closed w.r.t. affine maps
The smallest ϑa,b -semigroup containing a positive integer

Example: G3,1(3)

We construct the set of integers smaller than or equal to 20
belonging to G3,1(3):

0 3
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Example: G3,1(3)

We construct the set of integers smaller than or equal to 20
belonging to G3,1(3):

0 3
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On affine maps and numerical semigroups

Submonoids of (N, +) closed w.r.t. affine maps
The smallest ϑa,b -semigroup containing a positive integer

Example: G3,1(3)

We construct the set of integers smaller than or equal to 20
belonging to G3,1(3):

0 3 6 9 12 15 18

Simone Ugolini On numerical semigroups and affine maps



Summary
Thabit and Mersenne numerical semigroups

On affine maps and numerical semigroups

Submonoids of (N, +) closed w.r.t. affine maps
The smallest ϑa,b -semigroup containing a positive integer

Example: G3,1(3)

We construct the set of integers smaller than or equal to 20
belonging to G3,1(3):

0 3 6 9 12 15 18

10
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On affine maps and numerical semigroups

Submonoids of (N, +) closed w.r.t. affine maps
The smallest ϑa,b -semigroup containing a positive integer

Example: G3,1(3)

We construct the set of integers smaller than or equal to 20
belonging to G3,1(3):

0 3 6 9 12 15 18

10 13 16 19
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Submonoids of (N, +) closed w.r.t. affine maps
The smallest ϑa,b -semigroup containing a positive integer

Example: G3,1(3)

The integers smaller than or equal to 20 belonging to G3,1(3) are

0 3 6 9 12 15 18

10 13 16 19

20

Then [20,+∞[∩N ⊆ G3,1(3).
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The integers smaller than or equal to 20 belonging to G3,1(3) are

0 3 6 9 12 15 18

10 13 16 19

20

Then [20,+∞[∩N ⊆ G3,1(3).
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Example: G3,1(3)

The integers smaller than or equal to 20 belonging to G3,1(3) are

0 3 6 9 12 15 18

10 13 16 19

20

Then [20,+∞[∩N ⊆ G3,1(3).
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On affine maps and numerical semigroups

Submonoids of (N, +) closed w.r.t. affine maps
The smallest ϑa,b -semigroup containing a positive integer

Example: G2,3(4)

We have that
a = 2, b = 3, c = 4,

and Ap(G2,3(4), 4) = {x0 = 0, x1, x2, x3}.

1 = 1 · s1(2)⇒ x1 = 1 · t1(2, 3, 4) = 11 ,

2 = 2 · s1(2)⇒ x2 = 2 · t1(2, 3, 4) = 22 ,

3 = 1 · s2(2)⇒ x3 = 1 · t2(2, 3, 4) = 25 .
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We have that
a = 2, b = 3, c = 4,

and Ap(G2,3(4), 4) = {x0 = 0, x1, x2, x3}.

1 = 1 · s1(2)⇒ x1 = 1 · t1(2, 3, 4) = 11 ,

2 = 2 · s1(2)⇒ x2 = 2 · t1(2, 3, 4) = 22 ,

3 = 1 · s2(2)⇒ x3 = 1 · t2(2, 3, 4) = 25 .

Simone Ugolini On numerical semigroups and affine maps



Summary
Thabit and Mersenne numerical semigroups

On affine maps and numerical semigroups

Submonoids of (N, +) closed w.r.t. affine maps
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Example: G2,3(4)

We have that
a = 2, b = 3, c = 4,

and Ap(G2,3(4), 4) = {x0 = 0, x1, x2, x3}.

1 = 1 · s1(2)⇒ x1 = 1 · t1(2, 3, 4) = 11 ,

2 = 2 · s1(2)⇒ x2 = 2 · t1(2, 3, 4) = 22 ,

3 = 1 · s2(2)⇒ x3 = 1 · t2(2, 3, 4) = 25 .
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Submonoids of (N, +) closed w.r.t. affine maps
The smallest ϑa,b -semigroup containing a positive integer

Example: G2,3(4)

We have that
a = 2, b = 3, c = 4,

and Ap(G2,3(4), 4) = {x0 = 0, x1, x2, x3}.

1 = 1 · s1(2)⇒ x1 = 1 · t1(2, 3, 4) = 11 ,

2 = 2 · s1(2)⇒ x2 = 2 · t1(2, 3, 4) = 22 ,

3 = 1 · s2(2)⇒ x3 = 1 · t2(2, 3, 4) = 25 .
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Example: G2,3(4)

We have that
a = 2, b = 3, c = 4,

and Ap(G2,3(4), 4) = {x0 = 0, x1, x2, x3}.

1 = 1 · s1(2)⇒ x1 = 1 · t1(2, 3, 4) = 11 ,

2 = 2 · s1(2)⇒ x2 = 2 · t1(2, 3, 4) = 22 ,

3 = 1 · s2(2)⇒ x3 = 1 · t2(2, 3, 4) = 25 .
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The smallest ϑa,b -semigroup containing a positive integer

Example: G2,3(4)

We have that
a = 2, b = 3, c = 4,

and Ap(G2,3(4), 4) = {x0 = 0, x1, x2, x3}.

1 = 1 · s1(2)⇒ x1 = 1 · t1(2, 3, 4) = 11 ,

2 = 2 · s1(2)⇒ x2 = 2 · t1(2, 3, 4) = 22 ,

3 = 1 · s2(2)⇒ x3 = 1 · t2(2, 3, 4) = 25 .
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Submonoids of (N, +) closed w.r.t. affine maps
The smallest ϑa,b -semigroup containing a positive integer

Example: G2,3(4)

We have that
a = 2, b = 3, c = 4,

and Ap(G2,3(4), 4) = {x0 = 0, x1, x2, x3}.

1 = 1 · s1(2)⇒ x1 = 1 · t1(2, 3, 4) = 11 ,

2 = 2 · s1(2)⇒ x2 = 2 · t1(2, 3, 4) = 22 ,

3 = 1 · s2(2)⇒ x3 = 1 · t2(2, 3, 4) = 25 .
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Submonoids of (N, +) closed w.r.t. affine maps
The smallest ϑa,b -semigroup containing a positive integer

Example: G2,3(4)

We have that
a = 2, b = 3, c = 4,

and Ap(G2,3(4), 4) = {x0 = 0, x1, x2, x3}.

1 = 1 · s1(2)⇒ x1 = 1 · t1(2, 3, 4) = 11 ,

2 = 2 · s1(2)⇒ x2 = 2 · t1(2, 3, 4) = 22 ,

3 = 1 · s2(2)⇒ x3 = 1 · t2(2, 3, 4) = 25 .

Simone Ugolini On numerical semigroups and affine maps



Summary
Thabit and Mersenne numerical semigroups

On affine maps and numerical semigroups

Submonoids of (N, +) closed w.r.t. affine maps
The smallest ϑa,b -semigroup containing a positive integer

Example: G2,3(4)

We have that
a = 2, b = 3, c = 4,

and Ap(G2,3(4), 4) = {x0 = 0, x1, x2, x3}.

1 = 1 · s1(2)⇒ x1 = 1 · t1(2, 3, 4) = 11 ,

2 = 2 · s1(2)⇒ x2 = 2 · t1(2, 3, 4) = 22 ,

3 = 1 · s2(2)⇒ x3 = 1 · t2(2, 3, 4) = 25 .
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On affine maps and numerical semigroups

Submonoids of (N, +) closed w.r.t. affine maps
The smallest ϑa,b -semigroup containing a positive integer

Example: G2,3(4)

We construct the set of integers smaller than or equal to 27
belonging to G2,3(4):

0 4
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Submonoids of (N, +) closed w.r.t. affine maps
The smallest ϑa,b -semigroup containing a positive integer

Example: G2,3(4)

We construct the set of integers smaller than or equal to 27
belonging to G2,3(4):

0 4
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On affine maps and numerical semigroups

Submonoids of (N, +) closed w.r.t. affine maps
The smallest ϑa,b -semigroup containing a positive integer

Example: G2,3(4)

We construct the set of integers smaller than or equal to 27
belonging to G2,3(4):

0 4 8 12 16 20 24
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On affine maps and numerical semigroups

Submonoids of (N, +) closed w.r.t. affine maps
The smallest ϑa,b -semigroup containing a positive integer

Example: G2,3(4)

We construct the set of integers smaller than or equal to 27
belonging to G2,3(4):

0 4 8 12 16 20 24

11
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On affine maps and numerical semigroups

Submonoids of (N, +) closed w.r.t. affine maps
The smallest ϑa,b -semigroup containing a positive integer

Example: G2,3(4)

We construct the set of integers smaller than or equal to 27
belonging to G2,3(4):

0 4 8 12 16 20 24

11 15 19 23 27
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On affine maps and numerical semigroups

Submonoids of (N, +) closed w.r.t. affine maps
The smallest ϑa,b -semigroup containing a positive integer

Example: G2,3(4)

We construct the set of integers smaller than or equal to 27
belonging to G2,3(4):

0 4 8 12 16 20 24

22 26

11 15 19 23 27
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On affine maps and numerical semigroups

Submonoids of (N, +) closed w.r.t. affine maps
The smallest ϑa,b -semigroup containing a positive integer

Example: G2,3(4)

The integers smaller than or equal to 27 belonging to G2,3(4) are

0 4 8 12 16 20 24

25

22 26

11 15 19 23 27

Then [25,+∞[∩N ⊆ G2,3(4).
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Example: G2,3(4)

The integers smaller than or equal to 27 belonging to G2,3(4) are

0 4 8 12 16 20 24

25

22 26

11 15 19 23 27

Then [25,+∞[∩N ⊆ G2,3(4).
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Submonoids of (N, +) closed w.r.t. affine maps
The smallest ϑa,b -semigroup containing a positive integer

Example: G2,3(4)

The integers smaller than or equal to 27 belonging to G2,3(4) are

0 4 8 12 16 20 24

25

22 26

11 15 19 23 27

Then [25,+∞[∩N ⊆ G2,3(4).
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On affine maps and numerical semigroups

Submonoids of (N, +) closed w.r.t. affine maps
The smallest ϑa,b -semigroup containing a positive integer

Properties of Ga,b(c)

The following hold for Ga,b(c):

F (Ga,b(c)) = xc−1 − c ;

g(Ga,b(c)) = 1
c ·

∑c−1
l=1 xl − c−1

2 ;

if k̃ := min{k ∈ N : sk(a) > c − 1}, then

{tk(a, b, c) : k ∈ N and 0 ≤ k ≤ k̃}

is a minimal set of generators for Ga,b(c).
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The following hold for Ga,b(c):

F (Ga,b(c)) = xc−1 − c ;

g(Ga,b(c)) = 1
c ·

∑c−1
l=1 xl − c−1

2 ;

if k̃ := min{k ∈ N : sk(a) > c − 1}, then

{tk(a, b, c) : k ∈ N and 0 ≤ k ≤ k̃}

is a minimal set of generators for Ga,b(c).
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Properties of Ga,b(c)

The following hold for Ga,b(c):

F (Ga,b(c)) = xc−1 − c ;

g(Ga,b(c)) = 1
c ·

∑c−1
l=1 xl − c−1

2 ;

if k̃ := min{k ∈ N : sk(a) > c − 1}, then

{tk(a, b, c) : k ∈ N and 0 ≤ k ≤ k̃}

is a minimal set of generators for Ga,b(c).
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Submonoids of (N, +) closed w.r.t. affine maps
The smallest ϑa,b -semigroup containing a positive integer

Properties of Ga,b(c)

The following hold for Ga,b(c):

F (Ga,b(c)) = xc−1 − c ;

g(Ga,b(c)) = 1
c ·

∑c−1
l=1 xl − c−1

2 ;

if k̃ := min{k ∈ N : sk(a) > c − 1}, then

{tk(a, b, c) : k ∈ N and 0 ≤ k ≤ k̃}

is a minimal set of generators for Ga,b(c).
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On affine maps and numerical semigroups

Submonoids of (N, +) closed w.r.t. affine maps
The smallest ϑa,b -semigroup containing a positive integer
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