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Example

Complex algebroid curve

R = Cllx, y]I/(x*y +¥°) = Cllx, ylI/((x* + y°) N ()
= C[[(&7, t2), (—£7,0)]]
C R =C[[a]] x C[[t2]] = R/{x* + y®) x R/{y)
C Qr = Clulllt; '] x Cllllt; ']

Parametrization
5 43 0
X'_>(t17t2)7 y'_>( t17 )
Discrete valuations

v; = ordy,: C[[t]][t7}] = Z U {o0}



Value Semigroup

Definition
R complex algebroid curve
~» multivaluation

Ire.
v=(v1,...,vs): Qp® — Z°,
~> value semigroup of R

Mk = v(R™8) C N°.

Remark
Since v(1) = 0 and v(ab) = v(a) + v(b), g is a monoid.



Example
R = Cllx,y]l/ <y +y°) = C[[(£7, t2), (— 17, 0)]]. Then

FR = <(5, 1) R (97 2) , (3, 1) + Nel, (15, 3) + N62>

OO0 @O0 OCeOe e eo0 o0 00
OO0 @0 OCeOe e eo0 o0 00
OO0 @0 OCeOe e e o0 o0 00
OO0 @0 CeOe e eo0 o0 00
OO0 @O0 OCeOe e eo0 o0 00
OO0 @O0 O0CeO e e e O OO OoOo
OO e O @O OOO0OO0OO0OO0OO0OO0O0




Fractional Ideals

Definition

» A regular fractional ideal (RFI) of R is an R-submodule
& C Qg such that a C R for some a € R™8 and €N Qx* # 0.

» The value semigroup ideal of £ is

fre=v(€N er.?eg) CZ°.

Remark
Applying v to RE C & yields

e +TRrCTg.



Definition
The conductor of R is

Cr=R:q R,
the largest ideal of R in R.

Lemma

where
y=min{a € Tg | a+N° C g}

is the conductor of k.



Properties of Value Semigroups

(E0)

There is an a € E such that « + N° C E.

Example
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(1%, &)(Cllal] x Cl[e=]]) € R



Properties of Value Semigroups

(E1)

If a, B8 € E, then € = min{a, B} € E.

Example
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(10, 8) + (1) + 22, 83) = (tf + 50 + 2,85 + t3)



Properties of Value Semigroups
(E2)
For any «, 8 € E with a; = 3; for some i there is € in E such that

€ > o = fj and € > min{qy, §;} for all j # i with equality if

Oéj 75 ,8].

Example

i
OO0 0e0eeOeeeee
CO0e00e0eeOeeeee
Ccoeo0oo0O6€0eeceeee e
CO@e00O@e0eeOeeee e
CoOe0Oe0C@@ 0080800
coeooeceedoo000O0
CO@0O@@00000000O0O0

J

(L + 0+, 65 +86) — (1% 8) = (1 + 1, 13)



Good Semigroups and their Ideals

Definition
» A submonoid S C N® with group of differences Z° is called a

good semigroup if (EO), (E1) and (E2) hold for S.

» A good semigroup ideal (GSI) of S is a subset ) # E C Z°
such that
» E+ 5 CE (~ (E0)),
» thereis an a € S such that a + E C S,
» E satisfies (E1) and (E2).

Remark (Barucci, D'Anna, Froberg)

Not any good semigroup is a value semigroup.



General algebraic hypotheses

v

R one-dimensional semilocal Cohen—Macaulay ring
~» there are finitely many valuations of Qg containing R, all
are discrete

v

R analytically reduced ~» (EO)

v

R has large residue fields ~~ (E1)

v

R residually rational ~~ (E2)

Definition

We call a one-dimensional semilocal analytically reduced and
residually rational Cohen—Macaulay ring with large residue fields
admissible.



Theorem
Let R be an admissible ring, £ a RFl of R. Then:

» [r is a good semigroup.

> [ ¢ is a good semigroup ideal.
> Te = Tlnemax(r) Fén-

> rg = rg.



Remark
In general,

> TerCle—TgF,
» Te+TrCler,

» ¢ — 'r not GSI,
» ¢+ I'x not GSI.



Example

t2)v (tlsv 0)]]
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R = C[[(_ti‘7 t2)7 (_ti O)v (0

e + 7 not GSI
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Definition (Delgado)

For o« € Z*, consider set

Ao) = O{ﬁGZs|ai=5i, aj < Bj for all j # i}.
i=1
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Definition
For E C Z°, set

AE(a) = A(a)NE.

Af(a)




Definition

The conductor of a good semigroup ideal E is
ve=min{a € E|a+N° C E},

and we set 7 = y5 — 1.

Theorem (Delgado / Campillo, Delgado, Kiyek)

Let R be a local admissible ring. Then R is Gorenstein if and only if
Fr={acZ | A3(t —a) =0} (Tgr symmetric).



Example
Irreducible plane curve

R = Clx, y]l/(x" — y*) = C[[t*, "]
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Example

A3(1—a) =1
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Example

T —Q

S

A

O O @ O O
O O @ O O
O O @ O O
O O @ O O

[ ]

[ ]

[ ]

ONN BN REORN NN N BN BN
ONN BN REOEN NN N BN BN
ONN BN REOEN NN N BN BN
ONN BN REORN NN N BN BN
®
@)
O O0OO0OO0OO0OO0OO0OO0OO0

1

T —



Definition
» A RFI K is canonical if £: (K : &) =& for all RFI £.

» R is Gorenstein if R is a canonical ideal.
Definition (D'Anna)
The canonical semigroup ideal of a good semigroup S is
K={acZ | A5t —a)=0}

Remark
R is Gorenstein if and only if [g = K?_.



Theorem (D'Anna)
Let R be local and K a RFI such that R C K C R. Then

K canonical <= 'k = K[QR.

Theorem (Pol)
Let R be a Gorenstein algebroid curve and £ a RFI. Then

rR:g = {Oé ez | AFS(T *Oé) = @}
=Ir—"T¢.



Definition (KTS)
Let S be a good semigroup. We call K a canonical semigroup ideal
if

» K GSI

» If E GSI with K C E and v = g, then K = E.

Theorem (KTS)

The following are equivalent:
» K is a canonical semigroup ideal.
»a+ K= Kg for some o € 7°.
» K— (K —E)=E for all GSI E.

If these are satisfied, then
K-E={8eZ |AE(r-p3)=0}+«

is a GSI.



Example
E is (E1) but not (E2), K2 — E not GSI, E ¢ K2 — (K2 — E).
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Main Result

Theorem (KTS)
Let R be an admissible ring, K a RFI.
» K is canonical if and only if T is canonical.

» [f IC is canonical, then

{RFI of Ry —5=KE L (RFI of R}

Elg @) E=le

EsTy—E

{GSI of Tg} {GSI of T}
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