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Motivations

Defined and studied for integral domains ([1])

v

There exists a method to compute w-primality in cancellative
monoids ([3])

Periodicity of w-primality has been studied in [6]

v

v

Asymptotic w-primality for numerical monoids is studied in [4]

v



Definitions

>

>

>

S is a f. g. commutative cancellative monoid without units

S 2 NP/ ~p with M a subgroup of ZP

If S is a numerical semigroup, M has rank(M) = p—1 and M
is defined by an homogeneous equation a;x; + -+ 4+ apx, =0
For every s € S there exists v € NP such that [y]~,, =[] = s
Set of factorizations of s = [y] and its multiples:

Z(s)={xeNP|x—ye M} =(y+M)NNP
Z(s+S)=((y+ M)+ NP)NNP
S = NP/~ is atomic and A(S) = {[e1], ..., [ep]}
Define the functions
|-]: QP = Q, |(x1,...,%p)] = x1 + - + xp(lenght function),
Mn: Qp — Qg, FI( f'):l /\,-e,-) = Z)\,->O )\,-e,-

M=y+iM iM={Im|me M} INP={ix|xe NP},
iz7p = {1x|erP}



w-primality

Definition (See Definition 1.1 in [2])

Let S be an atomic monoid with set of units S* and set of
irreducibles A(S). For s € S\ §*, we define w(s) = m if m is the
smallest positive integer with the property that whenever

slai + - -+ + ar, where each a; € A(S), thereisa T C {1,2,...,t}
with |T| < n such that s| ), ak. If no such m exists, then

w(s) = oco. For x € §*, we define w(x) = 0.

Proposition (Proposition 3.3 in [3])
Let S=NP/ ~p ands=[y] €S. Then

w(s) = max{|x| | x € Minimals< Z(s + S)}

w(s) is the length of the farthest element of Minimals< Z(s + S)
to the origin with the norm |x|1 = ) |xi



Properties of w

Among the properties of w we have (see [1] and [5]):

L w(h]) <w([29]) < 20(]7])
2. w4+ 1] < w(h]) + w([y]) (subadditive)

3. w((n+ m)[y]) < w(n[v]) + w(m[y]). The sequence
{w(n[Y])} nen is subadditive and by [7]:

Tim w(ny])/n = inf{w(np])/n)

This is the asymptotic w-primality of s (or @(s) )
4. if {fh}nen C N verifies that f,_1]|f,, then

w(fa[¥])/fn = w(kfo—1[V])/ kfa—1 < w(fa—1[V])/fa—1

For instance, {w(2"[7])/2"}nen is a decreasing sequence and

lim{w(2"[y])/2"} = lim{w(n[y]/n)} = &(s)



Asymptotic w-primality

We have w(n[y])/n = max{|x| : x € Minimals< 1(I'")}, and,
therefore,

w([y]) = nhj;o max{|x| : x € Minimals< [M(I'")}

(it is not necessary to add %Np)
_ 1



In [4], @w-primality is computed for numerical monoids

Let S = (a1 < a2), v = (71,72), s = 7151 + 7252, (M) is the vect.
subspace generated by M

The elements of Minimals< (") are between the hyperplanes
v+ (M) and @; + (M) with Q; = X + 1V

w(s) = w([y]) = max{|P1f, |Po[} = |P1] = s/an
with Py = (s/a1,0), P> = (0,s/a»)



For a numerical semigroup
w(s) =s/a;

and P; = (s/a1,0,...,0) verifies w(s) = | P1]|
Since we only use v + (M), the method is valid for every group M
with rank (M) = p — 1 (congruences can be removed)

minimals<II(I'™)



If S = NP/ ~p with rank (M) = 1, Minimals< I1(I'") are in the
J-2-110)

I1(=2,~1,10) = (10,0,0)|/ e

,(=4/3.0.25/3)

T1(~4/3,0,25/3) = (0,0,25/3)] -~

polygonal M(y + (M)) C QF {9
(0,2,5) € Z([2,5,0]), w([2,5,0]) = 10



» ifn=1T=(2,50+M=
{...,(4,8,-5),(2,5,0),(0,2,5),(—2,-1,10),... }

> ifn=21%=(2,50)+iM=
{(4,8,-5),(3,6.5,-2.5),(2,5,0),(1,3.5,2.5),
(0,2,5),(—1,0.5,7.5), (-2, —1,10),...}

» Taking the map o : N — N, o(n) = 3" we obtain that
(0,0,25/3),(0,2,5),(2,5,0) € M(re)

Thus, Minimals< M(") c (0,0,25/3)(0,2,5) U (2,5,0)(2,5,0)}.
Thus, @([2,5,0]) = 25/3




Ideas for computing @([7]):

> Make a partition with 2P elements of QP attending the signal
of its elements

» For each of these subsets compute the set of minimals
Ny + (M)
For every subset A of {1,...,p} define the set

AQr={xeQP|x;>0Vie A x;, <0Vie{l,...,p} \ A}.

We use the following notation: for every A C {1,...,p}, intersect
I and Qa and denote " N QA by M}



Note that the set v + (M) is an affine variety (affine subspace) of
QP, and (M) is defined by the set of homogeneous equations of M.
Take into account the following considerations:

1. For every A the set QA is a cone.

2. The sets v+ (M) and Ta = (v + (M)) N Qa C QP are
polyhedrons (intersection of a set of half-spaces), and the
projection (') is also a polyhedron.

3. Forevery n€ N, A CTaand M(I'3) C N(Ta).

4. In general, minimals<[1(T'y) is not a subset of
minimals<I('a), but

limmax{|x| : x € Minimals< (')} =
max{|x| : x € Minimals< Vertices(1(F'a))} (1)



Computing the asymptotic w-primality of an element.
Input: A system of generators of M and v € NP,
Output: @([v]).
1. For every A C {1,...,p} compute Vertices(M(I'a))
2. Compute W = Upcqi,.. pyMinimals< Vertices(M(Ia)) and
V' = minimals< W
3. Return @W([v]~,,) = max{|v|: v € V}
If there exists xp such that |xp| = max{|v|: v € V} and xo € W,

then the algorithm returns @([]) (this condition is always satisfied
when rank (M) =1 and rank (M) = p — 1)



=(1,1,1,1), M ={(3,0,1,-4),(—9,1,0,8)),
xX1+x+x3+x4=0
x]— 1x2+5x3+2x4 =0

29 3 19 19

W = =), (=
{(8 800>a(7707070)7<07010a3>7<4707070>7

7 29 19 29
<07 5,07 9> ) <07 Ea 1270)} (2)

Their lenghts are: 4,7,19/3,19/4,4, 4,
but (7,0,0,0) is not minimal

29 3 19 19
V = ,0,0 0,0,0, — ,0,0,0
{<8 8 >7<’ ’ 73>7< >
7 29 19 29
<079a079>7<011271270>}7 (3)

their lenghts are {4,19/3,19/4,4,4}, and the first three elements
of {w(2"[(1,1,1,1)])} are {7,7,6.5}. Hence,

w([(1,1,1,1)]) = 19/3



Thank you!
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