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Abstract In this paper we develop a way of obtaining Green’s functions of
partial differential equations with linear involutions by reducing the equation
to a higher-order PDE without involutions. The developed theory is applied
to a model of heat transfer in a conducting plate which is bent in half.
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1. Introduction

The study of differential equations with involutions dates back to the work of Sil-
berstein [10] who, in 1940, obtained the solution of the equation f(z) = f(1/z).
In the field of differential equations there has been quite a number of publications
(see for instance the monograph on the subject of reducible differential equations
of Wiener [11]) but most of them relate to ordinary differential equations (ODEs).
There has also been some work in partial differential equations (PDEs), for in-
stance [11] or [2], where they study a PDE with reflection.

In what Green’s functions for equations with involutions is concerned, we find
in [3] the first Green’s function for ODEs with reflection and in [4] we have a
framework that allows the reduction of any differential equation with reflection and
constant coefficients. This setting is established in a general way, so it can be used
as well for other operators (the Hilbert transform, for instance) or in other yet
unexplored problems, like PDEs [8]. In this work we take this last approach and
find a way of reducing general linear PDEs with linear involutions to usual PDEs.

The paper is structured as follows. In Section 2 we develop an abstract frame-
work, with definitions and adequate notation in order to treat linear PDEs as el-
ements of a vector space consisting of symmetric tensors. This will allow us to
systematize the algebraic transformations necessary in order to obtain the desired
reduction of the problem. In Section 3 we start providing a simple example that
shows how the general process works and then prove the main result of the paper,
Theorem 3.1, that permits a general reduction in the case of order two involutions.
We end the Section with a problem with an order 3 involution (Example 3.2), il-
lustrating that the same principles could be applied to higher order involutions.
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Finally, in Section 4, we describe a way to obtain Green’s functions for PDEs with
linear involutions and apply it to a model of the process of heat transfer in a con-
ducting plate which is bent in half with the two halves separated by some insulating
material. We study the problem for different kinds of boundary conditions and a
general heat source.

2. Definitions and notation

2.1. Derivatives

Let Fbe Ror C,n € Nand Q2 C V := F"™ a connected open subset. For p > 2
note by VP the space of symmetric tensors or order p, that is, the space of tensors
of order p modulus the permutations of their components. We note V! =V and
V©0 = F. For the convenience of the reader, we summarize now the properties and
operations of the symmetric tensors:

o VOP = [y ®~--®’Uf+-~~+v% ®-~®v,’f cvj el g=1,...,1m s =
1,...,k; r k € N}
(ie-eeo@Me o) =vie -0 v €F; s=1,...,p; pEN.
o U] OUy = vy ®UI; V1,V2 c F".
A(v; ©@v9) = (A1) @ vg; v1,v9 € F™.
o (v1+v2) Ovs =v1 Ovg+ v2 O vs; V1,V2,v2 € F".
e 0®v, =0; vy € F™.

With these properties, VP is an F-vector space of dimension (n+£ 71).
For every v = (v1,...,v,) € V, we define the directional derivative operator as

clQF) — 2 R

9y

0
y—— v

If Vy denotes the gradient vector of g, then D, (y) = vTVy. Observe that Dy, , =
AD,+ D, for every u,v € F" and X\ € F, that is, D,, is linear in v. Also, for u,v € F",
if y € C2(Q,F), then D, (D,y) = D,(D,y). Furthermore, D, o D, is bilinear —that
is, linear in both u and v, so we can write the identification D, o D, = D?)@u, where
v ® u denotes de symmetric tensor product of v and v. In the same way, we define
the composition of higher order derivatives by D?_oD4 = DE'? where w; € V4
and wy € VOP p g e N.

In this way, a linear partial differential equation is given by

Ly:=) Dk y=0, (2.1)
k=0
wherewy, € VO fork =1,...,mand DY, u = wou where wy € F (that is, VOO :=F).

Now, the operator L can be identified with wg + wy + - - - + wy,, which is an element
of the symmetric tensor algebra

V=PV =FaVeVoV)elVoVoV)e:.
k=0
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It is interesting to point out the the Hilbert space completion of S*V, that is,
F (V) := 5%V, is called the symmetric or bosonic Fock space, which is widely used
in quantum mechanics [5].

2.2. Involutions

Definition 2.1. Let Q beaset and A: Q — Q, p €N, p > 2. We say that A is an
order p involution if

P

1. AP = Ao --- oA =1d,
2. AT £1d, j=1,...,p—1.

We will consider linear involutions in F™. They are characterized by the following
theorem.

Theorem 2.1 ( [1]). A necessary and sufficient condition for a linear transforma-
tion A on a finite dimensional complex vector space V' to be an involution of order
p is that A = o Py + - - - + oy, P, where o is a p-th root of the unity, and Pi, ..., Py
are projections such that P;P, =0, i # j and P, +--- + P, = Id.

Remark 2.1. As an straightforward consequence of this result we have that there
are only order two linear involutions in R™. This is because the only real p-th roots
of the unity are contained in {£1}.

The characterization provided in Theorem 2.1 can be rewritten in the following
way.

Corollary 2.1. A necessary and sufficient condition for a linear transformation A
on V to be an involution of order p is that A = U~*AU where A,U € M, (F), U
1s invertible and A is a diagonal matriz where the elements of the diagonal are p-th
roots of the unity.

Proof. Consider the characterization of involutions given by Theorem 2.1. Take
the vector subspaces H; := P;V, j =1,...,k. Then, V = Hy ®--- ® Hy. Take
U~! to be the matrix of which its columns are, consecutively, a basis of H},. Hence,
A = UYAU where A is a diagonal matrix of diagonal

(1, ey 1, 0y ey Qe Qe Q)

where every «; is repeated accorollaryding to the dimension of Hj,. O

2.3. Pullbacks and equations

Let F(2,F) be the set of functions from Q C F” to F. We define the pullback
operator by a function ¢ € F(£,Q) as

*

FYQ,F) 22— F(Q,F)

Yy Yoy

Assume A is a linear order p involution on © (9 has to be such that Q = A(f2)).
From now on, we will omit the composition signs. Observe that, for v € V, x €
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and y € C1(Q, F),
((DuA*)y)(x) = Dy (y(Az)) = 0" V(y(Az)) = vT AT Vy(Ax)
= (Av)"Vy(Az) = D4, Vy(Az) = (A*Da,)y(a),
or, written briefly, D,A* = A*D 4,. All the same, for vq,...,v; €V,

A* = A*D’

J
D Av1O--OAv;*

V10 Ov;

fw, =110 0u, € VO, we denote Awp, = Av; ® --- ® Avj. This way,
Di, A* = A*D/, .

We can consider now linear partial differential equations with linear involutions
of the form

p—1 m
> (A" DLy =0,
7=0 k=0
where w eV for k=0,...,m; j=0,...,p— 1. This time we can identify L

with
(w?+---+w2mw%+-~-+wim -.-,w’f‘1+---+w%’1) € (S V)P

The interest in these equations appears when they can be reduced to usual partial
differential equations.

Definition 2.2 ( [4]). If F[D] is the ring of polynomials on the usual differential
operator D and A is any operator algebra containing F[D], then an equation Lz = 0,
where L € A, is said to be a reducible differential equation if there exits R € A such
that RL € F[D].

In our present case, the first projection of the algebra (S*V)P is precisely the
algebra of partial differential operators on n variables PD,,[F], so we want to find
elements R € (S*V)P such that they nullify the last p — 1 components of L.

3. Reducing the operators

We start with an illustrative example.

Example 3.1. Let V =R2 v = (v1,v2) € V and

10
A:
0-1

A is an order 2 involution. Consider the equation
. 9y
8331
Here we work with the operator L = D, + A*. Take then R = D_4, + A* and
consider the identity operator Id. We have that
RL =(D_ay + A*)(Dy + A*) = D_4,Dyy + A*D, + D_ 4, A* + (A*)?
:D—Av@'u + A*D’U + A*D—AA’U +1d= D—Av@v + A*Dv + A*D—v +1d
=D_apew + A*Dy — A*Dy +1d = D_ gy + 1d.

—(x) +v27(zz:) +y(Az) =0, = = (z1,22) € R?. (3.1)
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Hence, every two-times differentiable solution of equation (3.1) has to be a solution
of the partial differential equation

0%y 9%y
~0igp (@) + 355 (@) £y =0, &= (@1,22) € R

Remark 3.1. With the notation we have introduced, it is extremely important
the use of parentheses. Observe that every w € (F")®* can be expressed as w =
e+ vl @ © v for some vi €eF" g =1,...,r, s =1,...,k
r,k € N. Hence, for c € F,
(cA)w =cAvi @ -+ @ cAVY + - + cAv: © - - @ cAvF
=P (Av} @ O AVF) + - F R (Avl O @ Avh) = F(Aw) = P Aw.

Theorem 3.1. Let A be an order 2 linear involution on F". Let L € (S*V)P be
defined as in (2.1). Then there exists R € (S*V)P defined as

Em: A*) Jngy 0,

k=0

|
—

p

I\
=)

J

where £) = —Aw?, &L = w}, fork=0,1,..., such that RL € PD,[F]. Furthermore,
L and R commute.

Proof. For convenience, define fi and wi outside the index range 7 =0,...,p—1,
k =0,...m to be zero. In general,

p—1 m p—1 m p—1 m
RL=Y Y (A")'D}, ZZ AYDE, | =)0 Y (A)'DL (A7) DL,
=0 r=0 " 7=0 k= l,j=0r,k=0
-1 m
_ Pz: A* l+]Dr ng Z Z A* l—HD:{;kl
1,j=0r,k=0 1,j=0r,k=0 & @w
p— p—1 2m
= JZO (A*)+i (;;Dmgl ]-) IJZO(A* )i (ZDS o aie k@w) .

In the particular case p = 2, we have that

2m

S
RL= ZDZk 089_1, 0w} JrZD o ALl Owi
s=0

2m 2m
(S S
Z}z:() gi,kQ‘”g ZZ:O Agg—k(gwllc

s=0 s=0
2m 2m
=Y Dz, A3 DL, .
ZO i:O(fg—kQ‘*}gJ’_Ag;—k@wllc) * 0 2:0(5;7k@‘“ ""Afe kak)
s= s=

So it is enough to check that, for s =0,...,2m,

S

Yo (G 0w+ AL ow) =0.
k=0
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Substituting the fi by their given values,

S S

Z (ErOwp + AL Owy) = Z (Wop @ wp — A%w]_j, O wy)

k=0 k=0
S S S
_ 1 0 0 1 _ 1 0 0 1
= E (e p OWp —wi 4 Owy) = E Wy O W — E We_p O Wy
k=0 k=0 k=0

S S
1 1
= E w57k®w2— E w%@wsfk:O.
k=0 k=0

Let us see that L and R commute.

2m

2m
— s * s
LR = OD z:o(w;’fk@sﬁ%w;k@s;)*A (ZD zo(w;keswmsk@&t))'

s= s=0
Now,

S

Z (W O+ Aw;_, 0 &) = ng O& )+ Z Aw_y, O wy
k=0 k=0 k=0

=Y & 0w+ Y AL Ow,
k=0 k=0

On the other hand,

S S

Z (We—k O+ Aw]_, 0 &) = Z (Wik © (—Awp) + Aw?_; O wy)
k=0 k=0

=Y (~wi @ Awp + Awl L Owp) =D (—wi © Aw? 4+ Aw) O wi) = 0.
k=0 k=0

Hence, the result is proven. O
Similar reductions can be found for higher order involutions, although the coef-
ficients may have a much more complex expression.

Example 3.2. Let A be and order 3 linear involution in C", v € C"\{0} and
consider the operator L = D,, + A*. Define now

R:= Dyoaze — A*D g2, + (A%)2.
Observe that second derivatives occur in R but not in L. We have that
RL =Dyoa2yDy — A*D g2, Dy + (A*)? Dy + Dyoazy A — A*D g2, A" + (A%)2 A"
=Dyopvoazy — A*Dygazy + (A*)2Dy + A*Dyg a2, — (A*)2D, +1d
=D,oveaz, +1d.
Unfortunately, we do not have commutativity in general:
LR =Dy,Dyoa2y — DyA*D g2, + Dy(A*)? + A*Dyoyazy — (A%)2D g2, +1d
=Dyovoazy = A Daryoazy + (A")?Dazy + A" Dy azy — (A*)? Dz, +1d
=Dyovoaze + A" Dy a-v)0a2e +1d.
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In the particular case v is a fixed point of A, RL = LR.

The obtaining of a general expression for associated operators in the case of
order 3 involutions and the conditions under which such operators commute is an
interesting open problem.

4. Green’s functions

Consider now the following problem
Lu=h; Byu=0, A € A, (4.1)

where L € (S*V)P, h € LY(F",F), the By : C(F",F) — F are linear functionals,
A € A and A is an arbitrary set.
Let R € (S*V)P, f € LY(F",F) and consider the problem

RLv=f; Byv =0, B\Rv=0, XA € A. (4.2)

Given a function G :F" xF" — F, we define the operator Hg such that Hg(h)|, =
an h(s)d s for every h € L1 (F",F), assuming such an integral is well defined.
Also, glven an operator R for functions of one variable, define the operator R as
R-G(t,s) := R(G(-, s))|+ for every s, that is, the operator acts on G as a function
of its first variable.

We have now the following theorem relating problems (4.1) and (4.2). The proof
for the case of ordinary differential equations can be found in [4]. The case of PDEs
is analogous.

Theorem 4.1. Let L, R € (S*V)?, h € LY(F",F). Assume L commutes with R
and that there exists G such that Hg is well defined satisfying

(I) (RL)-G =0,
(II) BxrtG =0, A€ A,
(III) (BAR)LG =0, X € A,
(IV) RLHGh = Hgp), ch + h,
(V) LHg, gh = Hy, g, ch+h,
(VI)ByxHg = Hp, ¢, A €A,
(VII) B\RHg = B\Hp, ¢ = Hp,r).c> X € A.

Then, v := Hgf is a solution of problem (4.2) and u:= Hp,gh is a solution of
problem (4.1).

4.1. A model of stationary heat transfer in a bent plate

We now consider a circular plate which is bent in half, with each of the two distinct
halves separated by a very small distance which may be filled with some kind of
(imperfect) heat insulating material (see Figure 4.1).
The heat equation which determines the temperature v on the plate for this
situation is given by
2 2
Gt =a | St + S5 (tm)| + Alutt.a,—) — ult.z.p)
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Figure 1. A section of the plate bent in half.

where
0%u 0?

u
E(tx,y) =« |:ax2(tvx7y) + aiyg(tvxvy) )

is the usual heat equation with heat transfer coefficient o > 0 and the term that
goes with 5 > 0 relates to the heat transfer from the corollaryresponding point in
the other half of the plate due to Newton’s law of cooling.
If we consider the associated stationary problem
02 0?
@ |G e9) + G| + lute ) — ate )] =0

ou

it can be rewritten in a convenient way as
Lu := aAu+ (A" —Id)u =0,

where

0? 0? 10
=—+—and A=
Oz? 8y2 0—-1

If we think of a circular plate in which the boundary is constantly cooled and the
surface has a constant heat source given by a function h, we are imposing Dirichlet
boundary conditions in the ball B of radius p € RT and considering the problem

Lu=h, ulp =0. (4.3)
Observe that, A, expressed in tensor notation, is A = D,y where

W=D e W) +1,-1e0-1).

Besides, Aw) = w) and, thus, AA* = A*A. Hence, using Theorem 3.1, we have to
take R = —aA + SA* 4+ 81d and thus

RL = — a?A? — aBA*A + afA + afA*A + B21d —F2A4* + afA + 2A* — 521d
= —a?A? + 2aBA = (—a®A + 2a31d)A.
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Now, the boundary conditions transformed by R are
0= Ru = —aAu + BA*u + fu = —aAu,
that is, the reduced problem becomes
RLu= Rh=:f, ulpp =0, Aulsp =0, (4.4)
which is equivalent to the sequence of problems

Au =v, ulsgp =0, (4.5)
(—a®A +2aB1d)v =F, v|ap = 0.

Problem (4.5) is the well-known Poisson equation with Dirichlet conditions on
the circle of radius p. The Green’s function can be written in polar coordinates as

-1 2752 2 2.5 _ 3 4
Gl(’ra ®, 7~17 85) =—n o p 7;’“ COS(SO fp) * p~
A | p?r2 — 2p2r7 cos(p — @) + p27?

See [9, Section 7.2.3]. On the other hand, problem (4.6) is a Helmholtz equation,
and the Green’s function can be described in terms of the eigenfunctions of the asso-
ciated homogeneous problem (see [9, Section 7.3.3]). More concretely, the associated
Green’s function in polar coordinates is written as

GQ(T7 @7,’:? @)
1 o0 o0 1 o o
2 2 I (W, 2wl (7, 3) + wiZ () (7. 3)
n=0m=1 % E) Wnm

where fi,,, are the positive zeroes of the Bessel functions J,, the eigenfunctions are

given by
(1) — Fnm (2) — Hnm i
Wy, = In, P r)cosng, w,,, =Jn ) r | sinny,

and

1 2
Hw7(11m||2 = §7Tp2(1 + (SnO) [Jr/L(/-lnm)} )

where 0;; = 1if i = j and 0 if 7 # j.

Now, the Green’s function associated to problem (4.4) is given by

P 27
Ga(r. .7, 3) = / Galr, 0,7, $)Cr (7, 6,7, ) d pd 7
0 0

In conclusion, the Green’s function related to problem (4.3) is

P 2
G4(TI7 g) = RFG?)(T]? 5) = / RFGQ(T7 ®, 727 L)b)CYVI (,F7 ()b) f7 L)b) d defa
0 JO

where R has to be expressed in polar coordinates in order to act in the first two
variables of G3:

9% 10 1 92

R:‘a[aﬂ+rm+ﬂw

} +BA* + BId.
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Also, it is known that J/ (2) = (n/z)J,(2) — Juy1(2), so
RPGQ(T, ®, 72; (ﬁ)

1 1
— 5(1) 1) (7 & 5(2) () (7 5
2 Z Z [wnm(r7 ¢)wnm(r7 (F) wnm (’f‘, (F)wnm (Ta <P):| )

& 0 m=1 (LZET” + %3) [with]2

where

2 2
nm 1
() [( Yy, (1 ]
P HnmT MnmT

—2
n [ P, - Jnﬂ} 2 (“’"%) g,
7|t p ()

Example 4.1. Inspired by the previous problem, we now change the term due to
Newton’s law of cooling by a diffusion term in the following way.

2 2 2

oK 0°K 0’K 0

E(t,m,y) =« { g2 Tyg(t’xa —Z/)} )

where a, 5 > 0, 8 # a.
If we consider the associated stationary problem

0’K 0’K 0’K 0?’K
o |G ) + G | + 8 [ S o)+ S| o

it can be rewritten as
LK := aAK + SA*AK =0,
Using Theorem 3.1, we take R = —aA + SA*A and then
RL = —a?A? — aBAA*A + BaA*A% + B2(A*A)? = B2A% — a2A% = (5% — a?)A%.

Now, if we consider the fundamental solution of the bi-Laplacian A? [6, equa-
tion (2.61)] we obtain a Green’s function given by

1
Gl(n7£) = 87”77 - £||2 In ||77 - gHa 7775 € RQ'
Hence, in that case, the Green’s function associated to L is given by

In fjn — €]l +1

, & € R2
o URS

G2(777£) = RFGl(nvg) = (6 - Oé)

If we consider the problem
LK = h, ulgp =0,
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the reduced problem becomes
(ﬂz — OéQ)AQK = h, u|aB = O, Ru|aB = 0. (4.7)

Now, the condition Ru = —aAu+ BA* Au = 0 is satisfied if we can guarantee that
Au = 0, so we can consider the problem

(B2 — a®)A’K = h, ulsp =0, Aulsp = 0. (4.8)

For problem (4.8) we have that the Green’s function is given by

1 2
Gs(n,6) = g—lIn— €17 (np—1+Inlly —&l) + -, n.€ € R,

Hence, the Green’s function related to problem (4.7) is

_Inp+nflp—¢|

G4 (777 g) o

In general, the functions

14

b b €R27
e n,§

Gs(,€) = -y — €17 G-+ In g — €]) +

with u, v € R, are Green’s functions related to the operator A? with different
boundary conditions. The associated function for the operator L is given by

_ 14 p+logln—¢
27 ’

G6(777€)
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