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Abstract

In this paper we continue the study of the periodic problem for the second—order
equation u” + f(u)u’' + g(u) = h(t,u), where h is a Carathéodory function and f, g
are continuous functions on (0,+4o0c0) which may have singularities at zero. Both
attractive and repulsive singularities are considered. The method relies on a novel
technique of construction of lower and upper functions. As an application, we obtain
new sufficient conditions for existence of periodic solutions to the Rayleigh—Plesset
equation.

1 Introduction
In this paper, we are concerned with the periodic problem

u’(t) + fu(®)u'(t) + g(u(t)) = h(t, u(t)) for a. e. t € [0,w], (1.1)
u(0) =u(w),  W'(0) =u'(w),

where f, g € C(R+;R) may have singularities at zero, and h € Car ([O,w] X R+;R). In
the related literature, ¢ is said to present an attractive (resp. repulsive) singularity if
lim g(z) = 400 (resp. lim g(x) = —00). By a positive solution to the problem (1.1),
z—0 z—0

(1.2) we understand a function u : [0,w] — R which is absolutely continuous together
with its first derivative, satisfies (1.1) almost everywhere on [0,w], and verifies (1.2).

In the paper [3], we obtain some sufficient conditions for the existence of solutions
to the problem (1.1), (1.2) by using the Schaefer’s fixed point theorem. This paper can
be considered the second part of our previous work [3]. Our initial motivation was the
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Rayleigh-Plesset equation (see, e.g., [2])
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In Physics of Fluids, this is a famous model for the oscillations of the radius R(t) of a
spherical bubble immersed in a fluid under the influence of a periodic acoustic field P.,.
A detailed explanation of the physical meaning of the involved parameters can be found
in [3, Section 3] and the references therein. It is observed in [3] that the change of variable

R = u? leads to

P, — P (t)| : P, R3* 1 )
/&/ — Mug + 5 gORO T 5_k? — 4#&
2p 2p u

which is a particular case of (1.1). Therefore, we will pay a special attention to the model
equation

u"(t) + ) (t) + u;f’(lt) - ufit) = ho(t)uS(t)  for a. e. t€[0,w], (1.3)
where ¢g1,92,0 ER,, v >0,v€ER, hg € L([O,w];R) and f € C’(R*;R).

Our purpose is to develop a novel method of construction of lower and upper functions,
giving rise to new abstract existence theorems for the general equation (1.1) which are
easily applicable to the model equation (1.3) and make more complete the results of [3].
Incidentally, it turns out that our results are new even for the classical equation of Liénard

type
() + fu(®)u' () + g(u(t)) = ho(t) for a. e. t € [0,w]. (1.4)

When f € C(R+; R), this equation has been extensively studied in the last two decades
(see the bibliography of [3]).

The paper is structured in 4 sections: after this Introduction, Section 2 is devoted to
develop a new technique of construction of upper and lower functions. The main results
are presented and proved in Section 3, with special attention the the model equation (1.3).
Finally, in Section 4 the results of Section 3 are applied to the Rayleigh-Plesset equation.

For convenience, we finish this introduction with a list of notation which is used
throughout the paper:

R is the set of all real numbers, RT = (0,+00), Ry = [0,4+00), [z]+ = max{z,0},
[z]- = max{—=z,0}.

C([0,w]; R) is the Banach space of continuous functions u : [0,w] — R with the norm

||t o = max{|u(t)] : t € [0,w]}.

C(Dy; D), where Dy, Dy C R, is the set of continuous functions u : D1 — Ds.
C'([0,w]; R) is the Banach space of continuous functions w : [0, w] — R with continu-
ous derivative, with the norm |lul|, = |Jul| + ||v/]| .-
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AC(] ( ,w|;R) is a set of all absolutely continuous functions.

AC*([0,w]; R) is a set of all functions u : [0,w] — R such that u and v’ are absolutely
continuous.

L([O, wl; R) is the Banach space of Lebesgue integrable functions p : [0,w] — R with

the norm y
ol = / Ip(s)[ds.

L([0,w];Ry) = {p € L([0,w];R) : p(t) > 0 for a.e. t € [0,w]}.
For a given p € L([O, wl; R), its mean value is defined by

1 w
F=— ds.
p u)/019(5)5

Finally, a function f : [0,w] x D; — Dy belongs to the set of Carathéodory functions
Car ([0,w] x Dy; D,) if and only if f(-,z) : [0,w] — D, is measurable for all z € Dy,
f(t,-) : Dy — Dy is continuous for a.e. t € [0,w], and for each compact set K C Dy, there
exists mg € L([0,w];R;) such that |f(¢,z)| < mg(t) for ae. ¢t € [0,w] and all z € K.

Throughout the paper, speaking about periodic function u we mean that both u and
u' are periodic functions; i.e.,

2 The method of upper and lower functions

The method of upper and lower functions is one of the most fruitful techniques in Nonlinear
Analysis and the main idea can be traced back at least to Picard. The monograph [1]
presents a nice and complete historical review of the subject. In our context, the definition
of upper and lower functions is as follows.

Definition 2.1. A function a € AC! ([O, wl; R) is called a lIower—function to the problem
(1.1), (1.2) if a(t) > 0 for every t € [0,w] and

a"(t) + fla(t)d () + gla(t)) > h(t, a(t)) for a. e. t € [0,w],
a(0) =a(w),  a(0) > d(w).

Definition 2.2. A function 8 € AC* ([0, wl; R) is called an upper—function to the problem
(1.1), (1.2) if 5(¢t) > 0 for every ¢ € [0,w] and

BU(6) + F(B@)B(H) +9(B(1) < h(t,B(t)  fora.e te0w]
B(0) =Bw),  F(0) < B (w).

Next theorem is well-known in the related literature (see, e.g., [1] or more general case
in [6, Theorem 8.12]).



Proposition 2.1. Let a and 3 be lower and upper functions to the problem (1.1), (1.2)
such that
at) < B(t) for t € [0,w].

Then there ezists a positive solution u to the problem (1.1), (1.2) such that
at) <wu(t) < 5(t) for t €[0,w].

The objective of this section is to develop a new technique for construction of upper
and lower functions.

2.1 Auxiliary results

Given z; € RT and 2y € R, fixed constants, let us define the operator 7' : C! ([0, wl; R) —
C* ([0, w]; R) by

T(u)(t) = x1 + o (u(t) — min {u(s) : s € [0,w]}) for ¢t € [0, w] (2.1)
and consider the auxiliar problem

u"(t) + f(T(u)(@)u'(t) = q(t)  fora.e te|0,w], (2.2)
u(0) =0, u(w) =0, (2.3)
where [ € C(R*;R) and q € L([O,w];R). By a solution to the problem (2.2), (2.3)

we understand a function u € AC*([0,w]; R) which satisfies (2.2) almost everywhere on
[0,w], and verifies (2.3).

Lemma 2.1. Let u € AC([0,w];R) be such that

u(0) = u(w). (2.4)
Then the inequality .
(M —m)? < %/0 o (5)ds (2.5)
holds where
M = max {u(t) : t € [0,w]}, m = min {u(t) : t € [0,w]}. (2.6)

Proof. Let us define @ : [0,2w] — R by

i) {u(t) if t € [0,w], 2.7)

u(t —w) if t € (w,2w].

Evidently, (2.4) implies that u € AC([0,2w];R) and also there exist ¢, € [0,w] and
t1 € (to, to + w) such that

u(to) = m, u(ty) = M, u(to +w) = m.
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Then

t to+w
M—m= / u'(s)ds, m— M = / u'(s)ds.
to t1

Using the Cauchy—Bunyakovskii-Schwarz inequality we obtain

M—m< \/(t1 1) (/tt ﬂ’z(s)ds> ,
M—m< \/(tg Fw—t) </:+w ZZ’Q(S)ds) |

Multiplying both inequalities and using that AB < %(A%— B)? for each A, B € R, we can
prove that

oz [
(M —m)* < 1 u'(s)ds.

to

Finally, from the last inequality, in virtue of (2.7), we obtain (2.5). O

Lemma 2.2. For every possible solution u to the problem

u'(t) + ANf(T(uw)(@t)u'(t) = N\g(t)  for a. e. t €[0,w],
u(0) =0, u(w) =0

~—~
N

with X € (0,1], the estimate

v < o] [Catolds, [Clato)-as) (2.10)

holds, where the numbers M and m are given by (2.6).

Proof. Multiplying (2.8) by u and integrating on [0, w|, we get

_/Ow u”(s)ds = )\/Ow q(s)u(s)ds.

/Ow W (s)ds < A (M/ _ds — m/ +ds> . (2.11)

Note that (2.9) implies M > 0, m < 0. Therefore, from (2.11) we obtain

/0 "0 (s)ds < max { /0 “la(s)]..ds, /0 w[q(s)]_ds} (M = m). (2.12)

Now, (2.10) is a direct consequence of Lemma 2.1 and (2.12). O

Hence,

The following result is known as a Schaefer’s fixed point theorem (see [8], or more
recent books [9,10]). We formulate it here in a suitable for us form.
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Lemma 2.3 (see [8]). Let F : C*([0,w];R) — C*([0,w];R) be a continuous operator
which s compact on each bounded subset of C’l([O, wl; ]R)3. If there exists r > 0 such that
every solution to

u = AF(u) (2.13)

for A € (0,1) verifies
Jullen <, (2.14)

then (2.13) has a solution for A = 1.
Next lemma is a generalized version of a lemma proved by Mawhin in [5, Lemma 6.2.].

Lemma 2.4. For every x1 € RT, 2y € R, and q € L([O,w];R) there exists a solution u
to the problem (2.2), (2.3). Furthermore,

v (w) —u'(0) = /Ow q(s)ds (2.15)

and (2.10) is fulfilled, where the constants M and m are defined by (2.6).

Proof. Let u be a possible solution to (2.8), (2.9) with A € (0,1). According to Lemma 2.2
we have w
lulloe < 7 llglfr- (2.16)

On the other hand, it is obvious that there exists ¢, € [0, w] such that
u'(to) = 0. (2.17)
The integration of (2.8) from ¢, to ¢ with respect to (2.1), (2.17), (2.10), and the inclusion

A€ (0,1), yields

z1+20% [lgll
(1)) < s/ F(s)lds+llgl for ¢ € [0,

1

Kﬂﬂ@@ww@—/l@@

to

whence we obtain w
'lle < (Mo +1) llal, (2.15)

where w
M; = max{|f(x)\ o <z < +xoZHqH1}-

Therefore, in view of (2.16) and (2.18), u satisfies (2.14) with

w
r=|(+nMp)% +1] lalh.

3i.e., it transforms every bounded set into a relatively compact set.



Define F': C*([0,w]; R) — C*([0,w];R) by
Fo)(t) = {(w - t)/o s(F(T(v)(5))v'(s) — q(s))ds

+ t/tw(w —8)(f(T(v)(s)V'(s) — q(s))ds for ¢t € [0,w].

1
w

Then, every solution to (2.13) with A € (0, 1) is a solution to (2.8), (2.9) and thus according
to Lemma 2.3 the problem (2.2), (2.3) has at least one solution u. Integrating (2.2) from
0 to w we obtain (2.15). The estimate (2.10) immediately follows from Lemma 2.2. [

Lemma 2.5. Let h € L([O,w];R). Then,

w

lim [h(s) — n]ids =0 (2.19)

n—-+oo 0

and
()

lim [h(s) +n]_ds = 0. (2.20)

n—-+o0o 0

Proof. Let us define

if h(t
hy(t) = " 1 (t) > n, fora.e. t € [0,w], neN. (2.21)
h(t) if h(t) <mn,
Then,
h(t) = hyp(t) + [h(t) — n]+ fora.e. t€[0,w], neN. (2.22)
Integrating (2.22) over a period,
/ h(s)ds / (5)ds + / h(s) —nluds  for neN. (2.23)
0 0 0

On the other hand, from (2.21) and (2.22) we get
—[h()]- < h,(t) < h(t) fora.e. t€[0,w], neN

and
lim h,(t) = h(t) for a. e. t € [0,w].

n—-+00
Thus, according to Lebesgue Theorem we have
w

lim hn(s)ds = /w h(s)ds. (2.24)

n—-+00 0

Now, from (2.23) and (2.24) we get (2.19). The identity (2.20) can be proved by similar
arguments. O



2.2 Construction of lower functions

Along this subsection, we will use the notation

o= [loldr o= [ felo)-d
0 0
where ¢ € L([0,w];R) is a function defined below (see (2.28)). The first result of this

section gives sufficient conditions for the construction of a lower function.

Proposition 2.2. Let hy € L([0,w];R), py € C(R™;RY) be a non-decreasing function,
0 <z <29 <400, and ¢ € R be such that

h(t,z) < ho(t)po(z) fora. e te0,w], x€[r,x, (2.25)
50(8) > ¢ > hy for x € [z, x5, (2.26)
and w w
pQ(Ig)Z¢+ S To — Iq S po([L‘l)Zq}_, (227)
where
o(t) = ho(t) — ¢ for a. e. t €[0,w]. (2.28)

Then there ezists a lower function « to the problem (1.1), (1.2) such that

1 < at) < xq for t € [0,w].

Proof. By the definition of ¢ and (2.26), we obtain ®_ > &, > 0. As a first case we
suppose that

o, > 0.
Put
. 4<I2 — Il)
Ty = W, (2.29)
q(t) = D_[p(t)]+ — D[p(t)]- for a. e. t € [0,w], (2.30)

and let 7' : C*([0,w]; R) — C*([0,w];R) be the operator defined by (2.1). Note that

/Ow q(s)ds = 0. (2.31)

According to Lemma 2.4 there exists a solution u to (2.2), (2.3) such that (2.10) and
(2.15) hold. By using (2.30) and (2.31), we obtain

M-—m< %cb@,, (2.32)
u'(0) = u'(w), (2.33)



where the constants M and m are defined by (2.6). Put
a(t)=T(u)(t)  for t €[0,w]. (2.34)
Then, according to (2.1)-(2.3), (2.29), (2.30) and (2.32)—(2.34) we arrive at

a"(t) + fla(t)d (t) = xe®_[p(t)]s — 20P[p(t)].  fora.e. te[0,w], (2.35)
a(0) = a(w), a'(0) = o (w), (2.36)
1 < aft) < a9 for ¢t € [0, w]. (2.37)

Using that pg is a non—decreasing function, from the inequality (2.37) we obtain
po(z1) < pola(t)) < po(xe)  for t € [0,w]. (2.38)
From the inequality (2.27), by virtue of (2.29), we get
2o® < po(xy), po(x2) < xed_. (2.39)
Now (2.38) and (2.39) imply
0Py < pola(t)) < zoP_ for ¢t € [0,w]. (2.40)
Using (2.40) in (2.35) we get

() + fla(t)d (t) > polal(t))e(t) for a. e. t € [0,w]. (2.41)
On the other hand, we can prove, using (2.26), (2.28) and (2.37), that
gla(?))
o(t) > ho(t) — (@) for a. e. t € [0,w]. (2.42)
From (2.41), on account of (2.25), (2.37) and (2.42), it follows that
" (t) + fla(t))a'(t) + g(a(t)) > h(t, alt)) for a. e. t € [0,w]. (2.43)

Consequently, (2.36), (2.37) and (2.43) ensure us that « is a lower function to the problem

(1.1), (1.2).

Now, we consider the remaining case
Of course, in this case
p(t) <0  fora.e te[0,w].

Then, defining « by
at) = x for t € [0, w] (2.44)

we can prove easily that « is a positive function which fulfils (2.36) and (2.41). Again,
from (2.26), (2.28) and (2.44) we obtain (2.42) and using (2.25), (2.42) and (2.44) in
(2.41) we arrive at (2.43). Finally, also in this case, (2.36), (2.43) and (2.44) imply that
a is a lower function to the problem (1.1), (1.2). O

9



A simplified version of the latter proposition is presented below.

Proposition 2.3. Let hy € L([0,w];R), py € C(R™;RY) be a non-decreasing function,
x9 > 0, and ¢ € R be such that

h(t,z) < ho(t)po(x) fora. e te0,w], 0<ax<ux, (2.45)
9(z) > > hy for 0 < x < xg, (2.46)
po()

and, in addition, let there exist x5 € (0,x0] such that

%m >0, (2.47)

po(w2)®1 < po (22— polz2) 7O+ ) @ (2.48)

- PO(%)

where p(t) =

ho(t) — ¢ for almost every t € [0,w]. Then there exists a lower function «
to the problem (1.1

), (1.2) with
O<a(t)<zy  fortel0,w].
Proof. In order to apply Proposition 2.2, we define

Yo, (2.49)

T1 = T2 — Po(l’z) A

By (2.47), 1 > 0. Then, it is clear that (2.45) and (2.46) imply (2.25) and (2.26). It
remains to show that (2.27) holds. Indeed, by the definition of z; we have

w

Zpo(xg)q)Jr. (2.50)

On the other hand, using (2.49) in (2.48) we get

Ty — X1 =

w w
7 Po(@2)®s < Zpo(21) -, (2.51)
Therefore, (2.50) and (2.51) imply (2.27). O

The following corollaries are direct consequences of Proposition 2.3.

Corollary 2.1. Let xg > %th — hol|y be such that

g(x) > hg for 0 <z < xo.
Then there ezists a lower function « to the problem (1.4), (1.2) with

O0<alt)<zy  fortel0,w]. (2.52)
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Proof. The assertion immediately follows from Proposition 2.3 with h(t,z) = ho(t) if we
put ¢ = hg, po = 1, and 2o = zy. Note also that in this case ||hg — ho|; = . + P_ =
2, . 0

Corollary 2.2. Let hy € L([O,w];R), po € C’(R*;]R*) be a non—decreasing function,
g >0, and c € R be such that (2.45) and (2.46) are fulfilled. Let, moreover, there exist
a sequence {yn 2 of positive numbers such that

lirf Yn =0, (2.53)
lim 22Wn) (2.54)

koo Yy

and let there ezist € € (0,1) and ny € N such that

£0(Yn)
po(Yn(l —¢))

(t) — ¢ for almost every t € [0,w]. Then there exists a lower function «
1.1), (1.2) satisfying (2.52).

O, <D for n > ng (2.55)

where p(t) = hg
to the problem (

Proof. According to Proposition 2.3, it is sufficient to prove that (2.47) and (2.48) are
fulfilled for some zo € (0,20]. According to (2.53) and (2.54), there exists n; > ng such
that

Yn < T for n > ny,

—%CI)erg(yn) > —cyy for n > ny, (2.56)

Adding y, to both sides of the inequality (2.56) and applying that py is a non—decreasing
function, we obtain

po (0 = TPeo0(0)) 2 0 (a1 =€) for m =y (2:57)

Now, if we put x5 = y,,, we obtain, on account of (2.55)—(2.57) that (2.47) and (2.48) are
fulfilled. -

Corollary 2.3. Let hy € L([O,w];R), po € C(R*;R*) be a non-decreasing function,
xo > 0, and ¢ € R be such that (2.45) and (2.46) are fulfilled. Ifm is a non—increasing
x

function and

Yo, P00 g g, (2.58)
4 To

where @(t) = ho(t) — ¢ for almost every t € [0,w], then there exists a lower function « to
the problem (1.1), (1.2) satisfying (2.52).
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Proof. According to Proposition 2.3, it is sufficient to prove that (2.47) and (2.48) are
satisfied with zo = xo. From (2.58) we easily obtain (2.47). On the other hand, since the

function pOT(x) is non-increasing,
Po (360 - Po(%)f@r) > po(o)
ro — po(r0)4Py T @
Consequently,
w w x
Po <$0 - Po(wo)z@+> > po(o) (1 - ZCDerO( 0)> . (2.59)
Lo

Multiplying both sides of (2.59) by ®_ and using the inequality (2.58) we get (2.48). O

2.3 Construction of upper functions

The following assertions dealing with the existence of an upper function to the prob-
lem considered can be proved analogously to the results formulated in Subsection 2.2,
therefore, their proofs are omitted.

Proposition 2.4. Let h; € L([O,w];R), pLE C’(R*;R*) be a non-decreasing function,
0<x <x9 <400, and ¢ € R be such that

h(t,x) > hi(t)p1(x) fora. e tel0,w], z€[xy,xs], (2.60)
51<£Bx)) <c<h for x € [z, x5, (2.61)
and w w
pl(xz)ZQD_ <zyg—x1 < P1(5U1)Z(I>+ (2.62)
where
o(t)=hi(t)—c  fora. e tel0,w. (2.63)

Then there ezists an upper function (3 to the problem (1.1), (1.2) such that
1 < B(t) < xo for t € [0,w].

Proposition 2.5. Let hy € L([0,w];R), p1 € C(R™;RY) be a non-decreasing function,
x9 > 0, and ¢ € R be such that

h(t,xz) > hi(t)p1(x) for a.e. te0,w], x> x, (2.64)
9(z) <c<hy for x> xg, (2.65)
p1(z)
and, in addition, let there exist x1 > xqy such that
w
pr (214 p1(@)T04) @ < pr(m)0, (2.66)

where ¢(t) = hy(t) — ¢ for almost every t € [0,w]. Then there exists an upper function (3
to the problem (1.1), (1.2) with

x1 < B(t) for t € [0,w]. (2.67)
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Corollary 2.4. Let there exists xo > 0 such that
g(x) < ho for x > xy.
Then there exists an upper function (3 to the problem (1.4), (1.2) with
B(t) >z  for t €[0,w]. (2.68)

Corollary 2.5. Let hy € L([O,w];R), p1 € C’(R+;R+) be a non-decreasing function,
xo > 0 and ¢ € R be such that (2.64) and (2.65) hold, and let there exist a sequence
{yn 2, of positive numbers such that

hIE Yn = 00, (2.69)
lim 200 g (2.70)

ooy,

Furthermore, let there exist € > 0 and ny € N such that

Pr(yn(1 +€))

o <o, for n > nyg (2.71)
P1(Yn)

where p(t) = hy(t) — ¢ for almost every t € [0,w]. Then there exists an upper function (3
to the problem (1.1), (1.2) satisfying (2.68).

Corollary 2.6. Let hy € L([O,w];R), p1 € C’(R*;R*) be a non—decreasing function,

zo >0, and ¢ € R be such that (2.64) and (2.65) are fulfilled. If p17m is a non—increasing
function such that

Yoo 200 g g (2.72)
4 To

where ©(t) = hy(t) — ¢ for almost every t € [0,w], then there exists an upper function 3
to the problem (1.1), (1.2) satisfying (2.68).

3 Main results

3.1 The general equation

Throughout this subsection, we will use the following notation:

b, = /0 o] dt, B = /0 o) dt, W, = /O Od, v /0 ),

where @, 1) € L([O, wl; R) are functions defined below.
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Theorem 3.1. Let py, p1 € C’(R+; R+) be non—decreasing functions, hgy, hy € L([O,w]; ]R),

and 0 < rg <ry < +oo be such that

h(t,z) < ho(t)po(x) fora.e. t€0,w], 0<ax<r,
h(t,z) > hi(t)p1(z) fora. e tel0,w], x>,

and let there exist cy,c; € R such that

>co>hy  for 0<z <y,

<e <y for x >rq.

Furthermore, let us suppose that po fulfils at least one of the following conditions:

a) there exists a sequence {x,}2 of positive numbers such that
Ln
lim z, =0, lim poln) =0,
n—-4o0o n—-+oo Ty

and there ezist gy € (0,1) and ng € N such that

pO<xn)
po(n(1 — €9))

o, <P for n. > ny,
where @(t) = ho(t) — co for almost every t € [0,w];
b) the function pOT(w) s mon—increasing and

g®+®_ po(ro)
4 To

S q)—_q)-i-?

where @(t) = ho(t) — co for almost every t € [0, w].
Besides, let us suppose that py fulfils at least one of the following conditions:

c) there exists a sequence {y, }t25 of positives numbers such that

lim y, = 400, lim P1(yn) =0,
n—-—+00 n—-+00 UYn

and there exist e1 > 0 and ny € N such that

P1(yn(1 +€1))

UV_o<Vv, for n > nq,
p1(Yn)

where Y (t) = hi(t) — ¢1 for almost every t € [0,w];

14
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d) the function plT(z) s mon—increasing and

Yyow pi(r1)
4 T1

S\Ij+_\:[j—7

where Y (t) = hi(t) — ¢1 for almost every t € [0, w].
Then there ezists at least one positive solution to the problem (1.1), (1.2).

Proof. According to Corollaries 2.2, 2.3, 2.5, and 2.6, the conditions of the theorem guar-
antee a well-ordered couple of lower and upper functions, therefore the result is a direct
consequence of Proposition 2.1. O

Remark 3.1. Note that (3.3) (resp. (3.4)) implies ®_ > &, (resp. ¥, > V_). In
addition, the conditions a) and ¢) are verified if, for instance, ®_ # &, and ¥_ # ¥,
pi(z) =zt (i =0,1) with gy > 1 > py > 0. On the other hand, conditions b) and d) are
fulfilled if, for instance, p;(z) =« (i =0, 1) and

%cm@, <d — D, %xlmp, <T, — . (3.5)
Next, we formulate some corollaries which can be obtained immediately from Theo-

rem 3.1 and Remark 3.1.

Corollary 3.1. Let hy, hy € L([O,w];R), o >1>pup >0 and 0 <rg <1 < 400 be
such that
h(t,z) < ho(t)x"® fora. e te0,w], 0<x<rg,
h(t,x) > hqy(t)z" fora. e tel0,w], x>,
9(x) (z)

lim inf 2= > hy, lim sup ) < hy.
z—04 Mo Z—+00 TH1

Then there ezists at least one positive solution to the problem (1.1), (1.2).

Proof. According to Remark 3.1, one can apply Theorem 3.1 with po(z) = 20, pi(z) =
xh. O

Corollary 3.2. Let hg, hy € L([O,w];R) and 0 < rg <r; < +oo be such that

h(t,x) < ho(t)x  fora. e te0,w], 0<az<r,
h(t,x) > hi(t)z fora. e tel0,w], x>,
g(x) g(x)

ho < liminf =~ < +o0, hy > limsup =% > —o0. (3.6)
=04 x r—+o0o0 T
In addition, we suppose that
YHfH; < Hy — Hf, YHFHf < Hf — HT 7
7 Ao Ho < Ho — Hy, g < ey (3.7)
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where

H = / “ho(t) — gJodt,  Hy = / [holt) — g.)_dt,
H = / () — gladr,  Hy = / (e — g7)dr,

and

g, = lim inf @, g* = limsup M
z—04 T r—400 X

Then there ezists at least one positive solution to the problem (1.1), (1.2).

Proof. From (3.6) and (3.7) we obtain that there exists ¢ > 0 small enough such that
£ < min {g* — ho, hq — g*} and (3.5) is verified, where

o(t) =ho(t) — g« +e fora.e te0,w], ¥(t)=h(t)—g" —e fora.e te[0,w].

Hence, setting ¢y = g. — &, ¢ = g* + ¢ and p;(x) = z (i = 0, 1), the corollary follows from
Theorem 3.1. [

Corollary 3.3. Let hg, h; € L([O,w];R) and 0 < rg < ry < 400 be such that

h(t,z) < ho(t)x  fora. e te0,w], 0<z<r,
h(t,x) > hi(t)z fora. e tel0,w], x>,
)

lim 9(x) = 400, lim 9(x) = —00. (3.8)

z—=04 r—+oo0 I
Then there ezists at least one positive solution to the problem (1.1), (1.2).

Proof. Using (3.8) and Lemma 2.5, we can find ¢y > hg and ¢; < hy such that (3.5) is
fulfilled where p(t) = ho(t) — co, ¥(t) = hyi(t) — ¢;. Moreover, g(x) > coz nearby zero and
g(z) < cix nearby +oo. Hence, taking p;(x) = = (i = 0, 1), the corollary follows from
Theorem 3.1. [l

In conclusion, the conditions nearby zero guarantee the existence of a positive lower
function, whereas the conditions nearby infinite guarantee the existence of an upper func-
tion. Both ideas can be combined in order to get a wide variety of results.

We finish the section with two results dealing with the classical singular Liénard equa-
tion (1.4).

Theorem 3.2. Let g”ho — holl1 < 7o <71 < 400 be such that

g(x) > hy  for 0 <z <,
g(x) < ho for x > ry.

Then there ezists at least one positive solution to the problem (1.4), (1.2).
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Proof. Tt is a direct consequence of Corollaries 2.1 and 2.4. O

Theorem 3.3. Let
limsup g(z) = +o0

and let r;1 > 0 be such that

If
ess sup {ho(t) : t € [0,w]} < 400,

then there exists at least one positive solution to the problem (1.4), (1.2).

Proof. The existence of a lower function follows from Proposition 2.2 with h(t, x) = ho(t),

Po = 17
¢ = ess sup {ho(t) : t € [0,w]},

and 21 = xo > 0 sufficiently small such that g(x1) > c.

The existence of an upper function follows from Proposition 2.5 with h(t,z) = ho(t),
hy = hg, p1 =1, ¢ = hy, and zo = 1 = 71.

Consequently, the assertion follows from Proposition 2.1. n

It is interesting to compare our results with the existing ones in the related literature.
For instance, it is easy to verify that Theorem 3.3 generalises in some sense the result of
Lazer and Solimini [4, Theorem 2.1] for the equation

u + g(u) = h(t) (3.9)

with attractive singularity and without friction.
On the other hand, if [6, Lemma 8.19] is applied to (3.9), the following result is
obtained.

Theorem 3.4. Assume that there exist 0 < ro < r; < +o00 such that
1. 1o > 2wl|lh — hl|1,
2. g(z) > hif0<x <,
3. g(x) <hifr>r.

Then the problem (3.9), (1.2) has at least one positive solution.

Note that Theorem 3.2 is more general. First, it works for the equation with friction.
Besides, since ¢ Hh — BHl < 2w Hh — BHl, it is evident that the assumption of Theorem 3.2
is better.

A related interesting result can be found in [7].

Theorem 3.5 (see [7, Corollary 3.3]). Assume that

17



1. limsup g(z) < ho,

T——+00

2. there exists r > 0 such that hy(t) < g(r) for a.e. t € [0,w].
Then the problem (3.9), (1.2) has at least one positive solution.

Theorem 3.3 shows that Theorem 3.5 is still valid also in the case when the term
f(z)x’ is incorporated to the equation, and even in the case when f has a singularity at
ZEro.

3.2 The model equation

This subsection is devoted to the model equation (1.3). We distinguish two different
cases depending on the type of the singularity of the term giu™ — gou™7, i.e., if it is
attractive or repulsive singularity. All the proofs of the results obtained below relies on
the construction of an ordered pair of lower and upper functions and a direct application
of Proposition 2.1.

3.2.1 The repulsive case

Theorem 3.6. Let 0 <6 <1, v>v, g1 >0 and go > 0. If hg > 0 and

g1 92 n
ho(t) < sup{ﬂﬂwﬂS ~ 5 T E R } for a. e. t €[0,w], (3.10)

then there ezists at least one positive solution to the problem (1.3), (1.2).

Proof. We note that

g1 g2 . +
sup{W—W.xeR }<—i—oo

and, in fact, there exists ro € Rt such that

g1 g2 g 92 +
v+s e sup {$u+6 Y+ rreR }

To 0

According to (3.10), it can be easily verified that the function a(t) = 1o for ¢t € [0,w] is a
lower function to the problem (1.3), (1.2).

To prove the existence of an upper function, we apply Corollary 2.5 taking {y, }>] an
arbitrary sequence of positive numbers satisfying (2.69), ¢ € (0, hg), p1(z) = 2, hy = h,
xg > 1o large enough, and £ > 0 small enough such that

(1+e)0d_ < d,. (3.11)

Consequently, the assertion follows from Proposition 2.1. m
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Theorem 3.7. Let =1, v > v, g > 0 and go > 0. Assume that hg > 0,

()1 g2 . +
ho(t) < sup {xV-‘rl i TE R } for a. e. t€[0,w], (3.12)

and
w

[ ods [Co)ds < [Chalsllads = [T ds @13)

Then there exists at least one positive solution to the problem (1.3), (1.2).

Proof. As in the proof of Theorem 3.6, we can check that there exists a constant rqg € R™
such that a(t) = rg for ¢t € [0,w] is a lower function to the problem (1.3), (1.2).

On the other hand, from (3.13) it follows that there exists a sufficiently small constant
¢ > 0 such that ¢ < hy and

%qmb_ <d, —D_

where
o(t) = ho(t) —c fora.e te0,w]

Therefore, if we put pi(x) = x and h; = hy, taking into account that

. g1 g2
lim — =0,
z—+oo pltv gty

the existence of an upper function large enough follows from Corollary 2.6.
Consequently, the assertion follows from Proposition 2.1. O

Theorem 3.8. Letd >1,v>v, g1 >0 and go > 0. If

g1 g2 . +
0 < ho(t) Ssup{xwa — cx €R } for a. e. t €[0,w] (3.14)

and ho > 0, then there exists at least one positive solution to the problem (1.3), (1.2).

Proof. Analogously to the previous proofs, there exists a constant rg € RT such that the
function «a(t) = ro for t € [0,w] is a lower function to the problem (1.3), (1.2).

On the other hand, from the first inequality of (3.14) it follows that ho(t)x® > ho(t)
for almost every t € [0,w] and = > 1. Thus, the existence of an upper function to the
problem (1.3), (1.2) follows from Corollary 2.5 by taking h; = hg, p1 = 1, an arbitrary
sequence {y,}1> of positive numbers such that (2.69) holds, ¢ € (0, kg, € > 0 arbitrary

and xg > rg large enough.
Consequently, the assertion follows from Proposition 2.1. n

3.2.2 The attractive case

Theorem 3.9. Let 0<d <1, v<v and g > 0. If ho > 0 and
ess sup {ho(t) : t € [0,w]} < 400, (3.15)

then there exists at least one positive solution to the problem (1.3), (1.2).
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Proof. According to (3.15), we can choose K > 0 such that
K > ho(t) fora.e tel0,w].

As lir(l)q 2L — £ = o0, there exits x; > 0 such that
x—0+

a1 g2 > K

5 5 =
AR

Obviously, a = z; is a constant lower function to the problem (1.3), (1.2).

To prove the existence of an upper function we apply Corollary 2.5 taking {y,}> an
arbitrary sequence of positive numbers satisfying (2.69), ¢ € (0, hg), p1(z) = 2, hy = h,
zo > K large enough, and € > 0 small enough such that (3.11) holds.

Consequently, the assertion follows from Proposition 2.1. n

Theorem 3.10. Let 0 <6 <1,y < v, g1 >0 and g» > 0. If hg <0, (3.15) is fulfilled
and

ho(t) > inf{ I 2 . re R+} for a. e. t€[0,w], (3.16)

o

then there exists at least one positive solution to the problem (1.3), (1.2).

Proof. In this case,

. gl g2 . +
mf{mwﬂS — crxeR }> —00

and there exists zo > 0 such that

g1 g2 . { g1 92 +}
————=inf{— ————:xeR"}.
$5+6 xg-i-é s x+o

According to (3.16), it can be easily verified that the function §(t) = xy for t € [0,w] is
an upper function to the problem (1.3), (1.2).

To obtain a lower function, we proceed as in the proof of Theorem 3.9 choosing x;
small enough.

Consequently, the assertion follows from Proposition 2.1. n

Remark 3.2. Note that the conditions guaranteeing solvability of the problem (1.3),
(1.2) in the case where 0 < 0 < 1, v = v, and g; > go can be derived from Theorem 3.9.
Further, the case 0 < J < 1,y =v > 1, and g; < g, is investigated in [3].

However, in that case y = v and ¢g; < gs, only the conditions sufficient for the existence
of non—ordered lower and upper functions are known to the authors. Thus our analysis is
incomplete and the case y = v < 1, g1 < g, remains as an open problem.

Theorem 3.11. Let 6 = 1, g1 > 0 and go = 0. If hg > 0 and (3.13) is fulfilled, then
there ezists at least one positive solution to the problem (1.3), (1.2).
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Proof. Put py(z) = x. According to Lemma 2.5 we can choose ¢y > hg large enough such
that the condition b) of Theorem 3.1 is fulfilled. Obviously, also ry > 0 can be chosen
such that (3.3) is satisfied.

On the other hand, put hy = hy and p;(z) = z. Then, in view of (3.13), there exists
a constant ¢; > 0 such that ¢; < hy and the condition d) of Theorem 3.1 and (3.4) are
fulfilled with a suitable r{ > rg.

Consequently, the assertion follows from Theorem 3.1. O

Theorem 3.12. Let§ =1,y < v, gy >0 and g > 0. If ho > 0 and

w

T /O ho(s)]ds /0 “lho(s))_ds < /0 lho(s)]sds - /0 lho(s)]-ds (3.17)

then there exists at least one positive solution to the problem (1.3), (1.2).

Proof. The proof is similar to that of Theorem 3.11. The only difference is that the
inequality gyz~®+Y — goz=0*+D < 0 for z sufficiently large allows one to choose a constant
c1 equal to zero. ]

Theorem 3.13. Let 6 =1,y < v, g1 >0 and g» > 0. If ho <0 and

ho(t) > inf{ g«lu — ‘Zil tx € ]R*} for a. e. t€[0,w], (3.18)
v T

then there exists at least one positive solution to the problem (1.3), (1.2).

Proof. As in the proof of Theorem 3.10, we can verify that there exists a constant x; > 0
such that §(t) = z; for ¢t € [0,w] is an upper function to the problem (1.3), (1.2).

On the other hand, put py(z) = x, and choose ¢ > hy and zy > 0 such that 7o < z;
and the conditions of Corollary 2.3 are fulfilled. Note that the existence of ¢ > hq large
enough such that (2.58) holds follows from Lemma 2.5. Therefore, there exists a lower
function.

Consequently, the assertion follows from Proposition 2.1. n

Theorem 3.14. Let 1 < 0, v < v and g1 > 0, go > 0. If (3.16) is fulfilled, then there
exists at least one positive solution to the problem (1.3), (1.2).

Proof. The upper function is constructed as in the proof of Theorem 3.10.
On the other hand, put po(x) = 2°, and choose {y, },°] a sequence of posivite numbers
satisfying (2.53), ¢ > hg, and € € (0,1) such that

(1—6)70, <O_.

Then there exists xg > 0 sufficiently small such that all the conditions of Corollary 2.2
are fulfilled. Consequently, there exists a lower function a(t) < xy.
Now the assertion follows from Proposition 2.1. O
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3.2.3 The case v < 0.

We finish the section with two results dealing with the problem (1.3), (1.2) in the case
when the parameter v is non—positive. This case is also interesting from the physical
point of view.

Theorem 3.15. Let 0 < § <1, —y >, g1 > 0 and go > 0. If (3.15) is fulfilled, then
there exists at least one positive solution to the problem (1.3), (1.2).

Proof. The assertion immediately follows from Theorem 3.1 b) and c) with h(t,z) =
ho(t)x®, hy = hg, pi(z) = 2° (i = 0,1), ¢y = ess sup {ho(t) it e [O,w]}, c1 = hg — 1, and
9(x) = o™ — gox ™. O

Theorem 3.16. Let 0 <5 < 1,7 <0, |y] <, g1 >0 and go > 0, and hy > 0. If (3.15)
is fulfilled, then there exists at least one positive solution to the problem (1.3), (1.2).

Proof. The assertion immediately follows from Theorem 3.1 b) and c¢) with h(t,z) =
ho(t)z’, hy = he, pi(z) = 2° (i = 0,1), co = esssup{ho(t) : t € [0,w]}, c1 = 0, and
9(x) = o™ — gox ™. O

4 The Rayleigh—Plesset equation

In this section we will use our main mathematical results to make more complete the
study of the Rayleigh-Plesset equation initiated in [3]. The physical background of this
section was explained in [3]. Therefore, we only introduce some results which are direct
consequences of our main results. We just remark that in the paper [3], the case where
the polytropic coefficient k is greater than or equal to one is considered. Now, we are able
to cover the whole range of values for this parameter.

Theorem 3.6 implies

Theorem 4.1. Let k > %, P,> P, and

_5
6k—2

for t € [0,w].

5Py — Poo(t)) _ <6k—2> (2)3(59)%
2p - 5 ()% <5pg§_ng>§

Then there exists at least one positive periodic solution to the Rayleigh—Plesset equation.

Theorems 3.9 and 3.10, respectively, lead to

Theorem 4.2. Let % <k< %, P, > P, and
ess inf { P (t) : t € [0,w]} > —o0. (4.1)

Then there exists at least one positive periodic solution to the Rayleigh—Plesset equation.
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Theorem 4.3. Let % <k< %, P, < P, (4.1) holds, and

o for t € [0,w].

5(P, —2500(75)) - (2—56k) ()"

Then there exists at least one positive periodic solution to the Rayleigh—Plesset equation.

5P, R3

Applying Theorem 3.9 with g; = 55 — 5 6k, g2 =0, and v = 1/5 we get

Theorem 4.4. Let k = 3, P, > Py, 2pS > Py R, and let (4.1) holds. Then there
exists at least one positive periodic solution to the Rayleigh—Plesset equation.

Remark 4.1. The open problem posed in Remark 3.2 corresponds to this last result
when 2pS < P, R3".

Applying Theorems 3.15 and 3.16, we get, respectively,

Theorem 4.5. Let k < 0 and let (4.1) holds. Then there exists at least one positive
periodic solution to the Rayleigh—Plesset equation.

Theorem 4.6. Let 0 < k < %, P, > P, and let (4.1) holds. Then there exists at least
one positive periodic solution to the Rayleigh—Plesset equation.

Let us finish by pointing out the presented results have a direct physical reading.
For example, we can conclude that as a general rule a high density coefficient p of the
liquid should benefit the presence of oscillating bubbles, an effect that seems physically
plausible.
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