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Abstract

We investigate the continuous dependence of the minimal speed
of propagation and the profile of the corresponding travelling wave
solution of Fisher-type reaction-diffusion equations

with respect to both the reaction term f and the diffusivity D.

We also introduce and discuss the concept of fast heteroclinic in
this context, which allows to interpret the appearance of sharp hete-
roclinic in the case of degenerate diffusivity (D(0) = 0).

1 Introduction

It is well known that travelling wave solutions play an important role in the
study of the asymptotic behavior of the solutions of initial value problems
for evolution equations.
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In the last years a large number of papers appeared concerning the study
of travelling wave solutions for reaction-diffusion equations of the form

where f is a so-called Fisher-KPP reaction term, i.e. a Lipschitz function
f:10,1] — R satistying f(0) = f(1) =0 and f(s) > 0 for s € (0,1), and the
diffusion term D(s) is a C''-function on [0, 1] with D(s) > 0 for s €]0,1]. We
refer to the monographs [3], [6] and [11] and the references there included.

Recall that a travelling wave solution (t.w.s.) for (RD) is a solution
having a constant profile moving with a constant speed, i.e. a solution of the
equation of the form ¥(t,z) = u(x — ct) for some constant c¢. The function u
is called the profile of the wave and the constant ¢ is the wave speed.

The profile having speed ¢, connecting the stationary states 1 and 0, is a
solution of the boundary value problem

(D(uw)u') +cu' + f(u) =0
{u(—oo) =1, u(+o0) =0 (1)

where the constant ¢ is a further unknown of the problem. A solution of (1)
is usually called a heteroclinic solution.

When D(0) > 0 one says that (RD) is non-degenerate. As it is well-
known (see, for instance, [2]), there exists a positive number ¢* := ¢*(D, f)
such that the boundary value problem (1) admits a solution if and only if
¢ > ¢*. Moreover, when f'(0) exists, ¢* satisfies the estimate

2/ D(0)f'(0) <" < 2J sup ————. (2)
s€(0,1] S

When D(0) = 0 one says that (RD) is degenerate at zero. The treatment
of the problem is a bit more complicated in this case but it is again possible
to prove that there exists a solution of (1), i.e. a t.w.s. connecting the two
stationary states having speed ¢, whenever ¢ > ¢* and no solution exists if
¢ < c¢*. When ¢ = ¢* a profile in the classical sense does not exist. Instead of
it, a different kind of solution appears, called sharp-type heteroclinic, which
reaches the equilibrium u = 0 at a finite time (see Section 5 for a precise

definition). This type of solutions were analyzed in [6], [9].

The threshold value ¢*, usually called minimal speed of propagation, and
the profile v* moving with speed ¢* play a fundamental role since the solutions
of the initial value problem for equation (RD) tend, in some sense, to u* for
large times (see [6], [7]). So, in the degenerate case the dynamic is usually said



to exhibit the phenomenon of finite speed of propagation, since if the initial
datum has compact support, then the solution of (RD) maintains compact
support at any time (see [6] for a discussion on this matter).

In [1] a variational study of t.w.s. has been carried out in the case of
constant diffusivity (D(s) = 1). In particular the authors discussed the
fastness of the decay at 0 of t.w.s., distinguishing between fast solution (those
whose profile u belongs to the weighted Sobolev space H!(e)), and the non-
fast ones. The fast heteroclinic are minimizers of certain functionals. In such
a paper it was proved that fast t.w.s. can appear only if ¢ = ¢* and actually

this occurs when ¢* > 2./ f/(0). The question about the possible fastness of

t.w.s. when ¢* = 2,/ f/(0) remained open.

The first aim of this paper is to investigate the continuous dependence
on f and D of the minimal speed ¢* and the profile u* having speed c*.
More precisely, we show that taking a sequence of non-degenerate diffusivi-
ties { Dy, }n>0, uniformly convergent in [0, 1] to Dy, and a sequence { f,, }n>0
such that {f”T(S)}nZO uniformly converges to %(S) on (0,1}, then ¢*(f,, D) —
c*(fo, Do) (see Corollary 13) and the corresponding sequence of heteroclinic
{u}}, converges (up to shifts) to u uniformly on R and also in C?*(R), en-
dowed with the usual topology of the uniform convergence on compact sets
of the first two derivatives (see Theorem 14). We refer to [4] for a study
of the continuous dependence (and further regularity) of the minimal wave
speed in a the special case f(u) = u™(1 —u), m > 1. Moreover we also
mention the paper [8] where the continuous dependence was established for
bistable reaction-diffusion equations, that is for changing-sign reaction terms
(note that in this case there is a unique admissible speed, instead of infinitely
many speeds as in the Fisher-case).

A second aim for this research is to introduce and investigate the concept
of fast heteroclinic in the case of non-constant diffusion. More in detail, in
the case of non-degenerate diffusivity (D(s) > 0, s € [0,1]), we show how
in this context it is natural to define as fast any t.w.s. whose profile belongs
to the space H 1(eﬁoﬁ) and we prove that such a t.w.s. exists whenever

(D, f) > 2,/D(0)f(0) (see Corollary 17). Moreover, we tackle the question

about the possible fastness of the t.w.s. when ¢* = 2,/D(0)f"(0), showing
that there is no fast t.w.s. both when f and D are sufficiently smooth (see
Corollary 19), and when D(u)f(u) < D(0)f' (0)u, u € [0,1] (see Corollary
18).

The growth at +oo of the weight function eP®' becomes greater and
greater as the value D(0) approaches 0. So it naturally arises the question of



how to interpret the appearance of sharp t.w.s. in the degenerate case (i.e.
when D(0) = 0). To this purpose, we show that taking a sequence of non-
degenerate diffusion terms {D,,},, uniformly convergent to a degenerate one
Dy, then the corresponding sequence of heteroclinic solutions, moving with
the corresponding minimal speed, converges to the sharp heteroclinic solution
relative to Dy in the space H'(e*) for every a > 0. Roughly speaking, one
can say that the t.w.s. become faster and faster till to converge, in such a

Sobolev space, to a function definitely identically null from a time on (see
Theorem 24).

The paper is divided in six sections. After introducing some notations
and preliminary results in Section 2, in Section 3 we deal with the constant
diffusion case. Sections 4 and 5 are devoted to the cases of non-constant dif-
fusivity. Lastly, in Section 6 we use the variational setting to prove Theorem
8.

Acknowledgment: The authors would like to thank Rafael Ortega for
pointing out the uniform convergence of the profiles when the speed is fixed.

2 Notations and preliminary results

We will denote by BC'(R) the space of the continuous and bounded functions
from R to R endowed with the topology of the uniform convergence, and
by C™(R) the usual space of continuous n'*-times differentiable functions
endowed with the usual topology of the uniform convergence on compact
sets of the first n'*-derivatives.

Let F denote the space of Lipschitz functions f : [0,1] — R with f(0) =
f(1) =0, f(s) >0, s € (0,1), and such that f'(0) exists (finite), continued
as null functions to the whole real line, endowed with the following topology:

fuls) _ fols)

S

fo—= foin F &

uniformly in (0, 1].

Of course, if f, — fp in F, then f, — fy uniformly in R.
By H'(e), ¢ > 0, we will denote the weighted Sobolev space

H'(e) = {u € Hp,(R): eFuc H'(R)},

1/2
endowed with the norm |Ju|| := ( S et (t)? dt) 2 This norm is equivalent
to the usual one as a consequence of a Poincaré type inequality:

+00 02 +oo
/ et (t)* dt > Z/ e“u(t)?dt, ue H(e"). (3)



Observe that the inclusion H'(e) C L?(e®) is not compact. These spaces
were studied in [1].

Given f € F, a heteroclinic solution of the equation
u' +cu' + f(u) =0 (4)
is a solution of (4), satisfying the boundary conditions

lim u(t) =1 and lim wu(t) = 0.

t——o0 t—+o0
The following result is well known.

Proposition 1 Let 0 < u(t) < 1 be a non-constant solution of equation (4).
Then u is a heteroclinic solution satisfying u'(t) < 0, for everyt € R.

It is also known that if a heteroclinc solution of (4) exists, it is unique up to a
time-shift. Therefore when we fix t, € R and sy € (0,1) then the heteroclinic
solution satisfying u(tg) = so, if it exists, is unique.

About the existence, it is known that there exists a threshold value ¢* =
c*(f) > 0 such that (4) admits heteroclinic solutions if and only if ¢ > ¢*.

Moreover,
2/7(0) < < 2| sup 1)
s€(0,1] S
(see [2] or [9]).

A solution u of (4) is called fast if u € H'(e®). The following result
obtained in [1] concerns a variational characterization of the minimal speed.

Theorem 2 [1, Theorem 12] Let ¢* be the minimal speed for (4). Then

: oo u/(t)’ 1t B
— inf / e dt:ueH(e),/ dRut)dt=1%, (5)
(c*)? —o0 2 —o0
where F(u) := [y f(s)ds.

Moreover, u is a minimizer for (5) if and only if the function u(t) =
u(c*t) is a fast heteroclinic for (4) with ¢ = c*.

Condition [*2°e!F(u(t))dt = 1 in (5) is a sort of normalization. Indeed,
if u € H'(e!) then [T°e'F(u(t)) dt = a € R*. Putting v(t) := u(t + Ina),
v € H'Y(e'), then [Te'F(v(t))dt = 1 and |jv| = % Hence (5) can be
rewritten as

LY e dt
(c*)?

= o F(u(D)) i : uEHl(et),u#O.} (6)



Finally, let us observe that a fast solution has to be integrable in [0, +00) as
a consequence of Holder’s inequality.

The following result concerns the existence of fast heteroclinic solutions
and summarizes some of the results proved in [1] (see Proposition 11 and
Lemma 13)

Theorem 3 [1] If ¢* > 2,/f'(0) then the heteroclinic of (4) for ¢ = ¢* is

fast and
e 20 @)

Vice versa, if (4) has a fast heteroclinic, then ¢ = c*.

The next two Lemmas are technical results which will be used later. The
first one gives an a priori bound for the heteroclinic solution of (4).

Lemma 4 Let u be a heteroclinic solution of (4). Then, 0 < —u/(t) < cu(t),
for every t € R.
Proof. Define y(t) := —%, t € R. Then, y is a positive solution of the
equation

flu(t))

ult)

y=—cy+y’+

f(s)

s

defined on the whole real line. Being > 0, y is a supersolution of the
equation

y =yly—c
and then, 0 < y(t) < ¢ for every ¢t € R, since any solution going over ¢ blows
up in a finite time. [ |

The second lemma is a tool to obtain the uniform convergence from the
convergence in some points.

Lemma 5 Let {w,}n>0, w, : R — [0,1], be a sequence of continuous de-
creasing functions satisfying

lim w,(t)=1 and lim w,(t) =0, n > 0.

t——o0 t——+o0

Assume that w,(t) — wy(t) fort in a dense subset of the interval (av, o) =
{teR /0 <wy(t) <1}. Then w, — wy uniformly on R.



Proof. We only have to prove that for every sequence {t,}, € R
Wy (tn) — wo(t,) — 0.

To this aim assume, by contradiction, the existence of a sequence {t,}, such
that
|wy, (tn) —wo(t,)| >e9 >0 for every n € N, (7)

for some ¢, fixed. Taking a subsequence, we can assume that t,, — t, € R.
If ty > Gy we can take t* € (o, ) such that wy(t*) < £ and w, (t*) —
wo(tT). Then for n large enough we have t,, > t* and

[wy (t,) — woltn)| < wn(ty) +wo(ty) < wn(th) + wo(t) — 2w (tT) < &,

in contradiction with (7). A similar argument can be applied if ¢y < ay.

Finally, if ag < tg < [y then we take t~ < to < ¢+ with wo(t™) —
wo(tT) < g and w, (tF) — wo(tF), respectively. For n large enough, we have
tn € (t7,t7) and then

wn(tn) = woltn) < wn(t™) = wo(t™) — wo(t™) — wo(tT),

and
wo(tn) — wntn) < wo(t™) —wp(tT) — wo(t™) — wo(tT).
Hence
lim sup |wy, (t,) — wo(t,)] < wo(t™) — wo(th) < e,
in contradiction with (7). [

3 Constant diffusion case

In this section we will deal with the case D(s) = 1.
Firstly we discuss the possible fastness of the heteroclinic solutions of (4)

for ¢ = ¢* in the case ¢* = 2,/ f"(0). The following result provides a sufficient
condition in order to assert the non-existence of fast heteroclinic.

Theorem 6 Let f € F be such that

flu) < f(0)u (8)

for every u € [0,1]. Then ﬁ = = in (6) is not a minimum and there is

o i 457(0)
no fast heteroclinic solution.



Proof. Suppose by contradiction that ﬁ = ﬁ(o) is a minimum and let
u € H'(e') be a minimizer.
Assumption (8) implies that 2F(u) < f'(0)u?® (where recall that F'(u) =

Jo' f(s)ds), so by (3) we get

+oo Lt 1(+)2 +oo Lt 1(+)2
1 Jo2 et/ (t)? dt - o2 et/ (t)2dt - 1

10) T 2FT @ F(ult)dt ~ F(0) 75 cru(t)2dt ~ 4f/(0)

Then, all the inequalities in the previous expression are actually identities
and
2F (u(t)) = f'(0)u(t)?, VteR.

Since u'(t) < 0, differentiating we obtain

fu(t)) = f/(O)u(t), VteR.

Then, by Theorem 2, u is a solution of the linear equation u” + u’ + iu =0
for t > 0. Hence, u has the following analytic expression:

ut) = e 2 {u(O) + (;U(O) - u’(O))t} , t>0.

Therefore, one can easily verify that e'u?(t) is not integrable in R, that is,
u & H'(e'), which is a contradiction since u is a minimizer in (6).
[

Remark. Condition (8) is not optimal, indeed in view of the previous proof,
it is enough to assume that

2F(u) < f'(0)u?, tel0,1] (9)

in order to obtain the conclusion of Theorem 6. However, neither this con-
dition is optimal, since when the term f is sufficiently smooth, it is not
necessary, as the following result states.

Theorem 7 Suppose f is C? and ¢ = 2/ f'(0). Then there is no fast hete-
roclinic solutions of equation (4).

Proof. Split
2

Flu) = Czu +u h(u)

where h is a C! function with h(0) = 0.



Assume that v is a fast heteroclinic solution of (4) and put u(t) =
v(t)e 2'. Then, v € L?(R) and it verifies

V" (t) + h(u(t))v(t) = 0. (10)
Now we will use the exponential decay of u. By Theorem 3, % — —35. S0,
for ¢ large enough and some 0 < 3 < g, u is a subsolution of the equation
x' = —fBz. Since it is positive, u(t) < ke=? for some constant k¥ > 0. Having
in mind (10), also ”7” has exponential decay, that is,
V)

for some constant k,3 > 0 (possibly different from the previous ones) and
t > 0.

Putting r(t) := —Z/((tt)), we have

> r2(t) — ke .

If r(tg) > \/Ee_gto for some ty > 0, then r verifies for t > ¢,

T,(t) > T2 - 042, T(tO) > Q,

v (t
where o = \/Ee_gto. Therefore r reaches oo in a finite time. So *) > —\/Ee_gt

v(t)

2
and integrating between 0 and ¢t we deduce In <(0>> > —\/EB, that is,
v

which is in contradiction with v € L*(R). n
Remark. The previous result is still true when f € F is C** for some
a e (0,1).

Now we analyze the continuous dependence on f of the minimal speed
c*(f). The proof of the following theorem needs some further results involving
the variational structure introduced in [1] and will be carried out in Section
6.

Theorem 8 Let {f,}n>0 € F be such that f, — fo in F. Then

¢ (fn) = ¢ (fo)-
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Another question is the continuous dependence of the profiles. Since they
are unique up to a time-shift, we will prove the continuity of the profiles up
a normalization:

Theorem 9 Let {f,}n>0 be as in Theorem 8. Given two real sequences
{tn}n>0 5 {Sn}n>0, such that t, — to, s, — so and s, € (0,1) n > 0, let
u, be the heteroclinic solution of (4) for f = f, and ¢ = c*(f,), satisfying
Up(tn) = Sp, n > 0.

Then, u, — ug in BC(R) N C?*(R).

Proof. From Lemma 4 we have an uniform bound for w (¢). Using the
differential equation (4) we obtain an uniform bound also for {u},. Then
Ascoli’s Lemma and Theorem 8 allow us to prove that {u, }, admits a subse-
quence uniformly convergent on compact subsets of R to a solution @ of (4)
with f = fo and ¢ = ¢*(fy).

Using the uniform convergence on compact sets, we get (ty) = So, S0
@ is non-constant. By Proposition 1, &« = ug. The proof of the uniform
convergence on compact sets of the whole sequence is standard. The uniform
convergence on all the real line is now a consequence of the monotonicity of
the heteroclinic solutions and Lemma 5. |

Corollary 10 Let {f,}n>0 C F such that f, — fo uniformly on [0,1] and
let ¢ > 0 be fized with ¢ > ¢*(f,), n > ng, for some ng € N. Given {t,}n
and {s,}n as in Theorem 9, let u,, denote the heteroclinic solution of (4) for
f = fu and such a c, which satisfies u,(t,) = sp.

Then, u, — ug in BC(R) N C?*(R). In particular, ¢ > ¢*(fo).

Proof. It is enough to note that the condition f!(0) — f}(0) is only used in
the proof of Theorem 9 in order to show that ¢*(f,) — ¢*(fo). If we take ¢
fixed, it is not necessary.

Remark. As a consequence of the previous result one can deduce that

"I fn — fo uniformly on [0, 1], then liminf ¢*(f,) > ¢*(fo).”
So, the uniform convergence suffices to ensure the lower semi-continuity of
c*(f) with respect to f.

However, the convergence of the derivatives at zero is needed to obtain
convergence, as we can see in the following example.

Example. Let f € F fixed and a > 0 such that 2y/a > ¢*(f). Define

fn :=max{gn,, f}, where g,(s) := min{as, 1/n,a(1 —s)}, n € N.
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Since 2,/ f'(0) < ¢*(f) < 24/a, then f'(0) < a, and f(s) < as in a neighbor-
hood of 0. Hence, f;(0) = a, n € N. So, we have

c*(fa) = 24/ 11(0) = 2v/a > ¢ (f),
and ¢*(f,) - ¢*(f) although, as one can easily check, f, — f uniformly on

0,1].

The following two theorems are about the convergence of the profiles in
the Sobolev spaces H'(e).

Theorem 11 Under the same assumptions of Theorem 9, if moreover

¢y = ¢ (fo) > 24/f5(0),

then u, — ug in H(e%?).

The proof of this theorem uses a technical result on ”uniform decay” to
zero of the heteroclinic solutions.

Lemma 12 Under the same assumptions of Theorem 11, for every a €
* ok /(ck)2—4f! .
(CO ot (02) 4f°(0)>, there exist K > 0, ng € N such that u,(t) < Ke ™,

27
forn >mng, t € R.

Proof. Since « is between the two roots of the equation r* — cir+ f{(0) = 0,
we can define 6 > 0 by

o — cga+ f(0) = —4.
Claim: There exist ng € N and T > 0 such that

042—02044—]% < —g, (11)

forn>mng, t > T, and ¢ = c*(f,).

_up(t)
un (t)’

Let us suppose the Claim is true. Fix n > ngy and consider r,(t) =
then it satisfies
2 Ja(un(t))

)
n

We are going to show that 7,(t) > « for all t > T. Indeed, suppose by
contradiction there exists £ € [T, +00) with 7, (f) < a. Then, by (11), 7/, (f) <
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0 and 7,,(t) < a for all t > . But if we take the limit as ¢ — +oc in equation
(11) we obtain

)

0? — it £1(0) < 2,

so, « is between the two roots of the equation £? — ¢t & + f/(0) = 0 which, in

particular, are different. Then, ¢ > 2,/f/(0) and, by Theorem 3, we obtain

that r,(t) converges to the upper root of this last parabola when ¢t — +o0,
which is impossible since 7,(t) < «, t > t.

i (t

We conclude that r,,(f) > « and hence, = &

—

< —a, fort > T'. So,

Un (1) < up(T)eTe ™, +>1T.

It is enough to observe that 0 < u,(t) < 1 and to take K = e*? in order to
finish the proof. |

Proof of the Claim. Recalling that f,, — f, in F, there exists n; such that

Sn(un(t)) — fo(un(t)) ’

)
< = for every n > nqy, t € R,

n (1) 6
Take € > 0 such that
0
fo(u) . fé(o) < 5 when 0 < u < €.
u

By the uniform convergence of {u,}, to ug in R, there exists ny such that
3
[un(t) — up(t)] < 2’ for every t € R,n > ns.

Since ug(t) — 0 as t — 400, there exists 7' € R such that |ug(t)| < 5,t > T.
Hence, |u,(t)| < e and then,

fo(un(t))

un(?) =

[erl 0]

— /5(0)

,  foreveryt>T n>n,.

Finally, since ¢}, — ¢, we can find n3 € N such that

*

lera— chal < 5

Summarizing, (11) holds for n > ngy := max{ny,ne,n3} and t > T. [ |
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Proof of Theorem 11. Put ¢ := ¢*(f,). We have to prove that
+oo / / 2 cit
/ |u;, () — ug(t)]|e" dt — 0, n — oo.
—o0

In order to do that, we observe that, by Lemma 4 and Theorems 8 and 9 we
obtain the existence of a constant M > 0 such that

ul, ()] < Muy(t) < M, VteR, n>0. (12)

So, {u, }n>0 is uniformly bounded on R. Hence, we can apply the Lebesgue’s
Dominated Convergence Theorem and obtain

0
/ |uy, (t) — Ui)(t)‘zecot dt — 0, asn— oo.

* 68+\/(66)24f{)(0))

Moreover, by Lemma 12 and (12), given «a € (czo, :

! (1)]2e0t < M2K?e(%72  for n > ng,t € R.

Again by the Lebesgue’s Dominated Convergence Theorem we can conclude
+oo / t /! t 2 Cst dt 0
[ () — (e dt — 0, as - o0,

and the result is proved. [ |

Remark. Note that H'(e™) ¢ H'(e") even when a > b. However, since u,
and u/,, n > 0 are uniformly bounded, is easy to see that u,, — uy in H'(e™)
for any o < ¢j.

Remark. Lemma 12 allows us to go a bit further. In fact, in the hypotheses

of Theorem 9, u,, — ug in H'(e™) for all 0 < a < ¢ + 1/(c)2 — 4£4(0).

4 Non-constant diffusivity: non-degenerate case

In this section we consider the reaction-diffusion equation (RD) with non-
degenerate non-constant diffusivity, that is, for D € C'[0, 1] satisfying

D(s) >0, Vs € [0,1].

The profile of a t.w.s. for (RD) having a constant speed c is a heteroclinic
solution of equation

(D(uw)u) + cu' + f(u) =0 (13)
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instead of (4). As in the case of constant diffusion, there is a minimal speed
of propagation, ¢* = ¢*(D, f) > 0, such that a heteroclinic solution of (13)
exists if and only if ¢ > ¢* (see [6], [9]).

The usual approach for studying the heteroclinic solutions of (13), con-
sists in reducing it to an equation of the type (4) by means of a change of
variable (see e.g. [5]). To be precise, for any u heteroclinic solution of (13)
the function

Ta(t) = /OtD(J(O) dé, teR (14)

is a diffeomorphism from R onto itself (indeed 0 < oy < D(u) < ag, with
ai, s € R). Then, v(7) defined by v(n,(t)) = u(t) is a heteroclinic solution
of

V" + ' + f(v)D(v) = 0. (15)

On the other hand, if v is a heteroclinic solution of (15) then the function

o (7) = /OTD(U(S)) ds, TeR (16)

is again a diffeomorphism from R onto itself that gives a heteroclinic solution
of (13), u(t), by the way v(7) = u(¢p,(7)).

As a consequence of the bijective correspondence between heteroclinic
solutions of equations (13) and (15) it is clear that ¢*(D, f) for (13) coincides
with ¢*(fD) for (15). The following corollary is an immediate consequence
of Theorem 8.

Corollary 13 Let {D,}n>0 be a sequence of non-degenerate diffusion terms
and { fn}nso C F. Assume that D,, converges to Dy uniformly in [0,1] and
fn converges to fy in F then

C*(Dnafn) - C*(D07f0)'

The following theorem sets up the continuous dependence of the profiles
in this framework.

Theorem 14 Let {D,},>0 be a sequence of non-degenerate diffusion terms
converging to Dy uniformly in [0, 1]. Consider { f, }n>0, {tn}n>0, {Sn}n>0 and
{tn}n>0 as in Theorem 9. Then u, — ug in BC(R) N C*(R).
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Proof. Let v, denote the heteroclinic solution of (15) for ¢ = ¢*(Dy, fn)
satisfying v,(0) = s,, n > 0. By Theorem 9, v,, — vy in BC(R) N C?*(R),
and taking

On(7) = G0, (7) + ta, M(t) = 6,7 (1)

we obtain ' ()

/ Un 77n
Taking Lemma 5 into account, it remains to prove that 7, — 79 uniformly
on compact sets of R, in fact u” can be expressed in term of the other
derivatives using the differential equation. The convergence of 7, follows
from the following lemma. ]

Lemma 15 Let {¢n}n>0, ¢n : R — R be a sequence of continuous and strict
increasing functions. Suppose that ¢,, — ¢g uniformly on compact sets. Then
for any I compact interval, I C ¢o(R), there exists ng such that I C ¢,(R),
n > ng, and ¢ — ¢ uniformly on I.

Proof. Since ¢y(R) is open, we can assume without loss of generality that
I is not a point. Put I = [a,b] with a < b. We will show the first statement
by a contradiction argument. Since ¢,(R) is an interval, if the statement is
false we can assume that, up to a subsequence,

a <inf ¢,(R) or b>sup ¢,(R).

In the first case, a < ¢,(t) for any ¢ € R and therefore a < ¢(t). This is not
possible because ¢g(R) is open. The other case is similar.
So, ¢p ' and ¢, n > ng, are well defined on I. Let us show the uniform

convergence again by a contradiction argument. If this is not true, we can
take a sequence s, € I with

|6 (80) — ¢ (50)| > €0 € (0, +00). (17)

Up to a subsequence, s, — so € I and ¢y (s,) — ¢ (s0). Let us denote
tn = ¢, (s,). We have three possibilities:

1. There exists a subsequence, relabelled t,, t, — —+oo. In this case,
given k € R, t, > k for n large enough. Since ¢, is strictly increasing,
Sp > ¢n(k), n large enough, and so, sg > ¢o(k) for any k € R which is
impossible because sg € I.

2. There exists a subsequence, relabelled t,, t, — —oo. A similar argu-
ment to the previous one gets to a contradiction.
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3. There exists a subsequence, relabelled t,, t, — t; € R. In this case
one can see that s, = ¢,(t,) — ¢o(to). Hence, s9 = ¢o(ty) and then
tn = &7 () — ¢ (s0), which is in contradiction with (17). [

As regards the concept of fast heteroclinic in the context of non-constant
diffusion, by using the correspondence between the heteroclinic of (13) and
(15) discussed above, we can prove the following result.

Proposition 16 Assume D is non-degenerate. Let u be a heteroclinic solu-
tion of (13) and let v be the corresponding solution of (15).

ct

Then v is a fast heteroclinic solution if and only if u € H'(eP©®).

Proof. Let v be a fast heteroclinic solution of (15). Then v'(7) — 0 expo-
nentially as 7 — 400, hence
—1
lim 7*[D(v(7))—-D(0)] = — lim 7°" D'(v(7))v'(7) =0, for every a > 0.

T—400 o T—+o0

Therefore /OOO[D(U(T)) — D(0)] d7 < 400, and

1irl1 e Doy P (T)—er _ lirJP e D 90 (T)=DO)7] _ 55y J5 ID(w(7)=D(0)]dr cR.
(18)
Hence,

/ er@ ) (v (1)) dr < K/ e (V'(1))* dr < +oo
0 0

for some constant K > 0.
Thus, by the change of variable t = ¢,(7) we get

/ooo D" (u/(t))? dt = / eP01 (1, (£))2 (1, (1))? dt =

0

oo

00 / 2 00
D?o)(bv(T) (U (7_)) d < K/ CcT / 2 d
/0 e D) T e (V'(7))* dr < 00

)
where m := minyejo1) D(v) > 0.

c

0
The finiteness of / eP@" (u/(t))? dt is a consequence of Lemma 4.

Viceversa, let u € H'(eP®") be a solution of (13). Since the limit in (18)
is a positive real value, we get also

ct
lim ¢ D0 ¢ R.
t——+00
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So,

[T e @) de <k [T e @(e)? dt < +oo
0

0
for some constant K; > 0. So, by making the same change of variable as
above, we obtain

/0 T (W (7))? dr = /O T e (02D (u(t)) dt < KK /0 e (4 (1)) At < +o00

0
for some constant K5. The finiteness of / e (v'(7))? dr is again a conse-
—o0

quence of Lemma 4. [ |

According to the previous result, in the case of non-degenerate diffusiv-
ity it is natural to define fast heteroclinic solution of (13) any heteroclinic

solution belonging to the space H 1(eﬁt). Moreover, as for the existence or
non-existence of fast heteroclinic solutions, the previous result allows us to
deduce the following criteria, immediate consequences of Theorems 3, 6, 7.

Corollary 17 Fast heteroclinic solutions for (13) can appear only for ¢ =

(D, f). Moreover, if
(D, f) > 2,/D(0)"(0)

then the heteroclinic solution of (13) with ¢ = ¢*(D, f) is fast.

Corollary 18 Let D € C'(0,1] be a non-degenerate diffusion term and f €
F. Suppose that

D(u)f(u) < D(0)'(0)u, u € [0, 1].

Then, (13) has no fast heteroclinic solutions.

Corollary 19 Suppose D and f are C? and let ¢*(D, f) = 2,/D(0)f(0).

Then there is no fast heteroclinic of equation (13).

The following theorem concerns the convergence in H*(e™).

Theorem 20 Under the same hypotheses of Theorem 14, if moreover

cp := ¢ (Do, fo) > 24/ Do(0) f5(0),

o*

. 1 —0 ¢
then u, — ug in H'(ePo®").

The proof proceeds just as that of Theorem 11, but using Lemma 21
below instead of Lemma 12. [
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Lemma 21 [In the hypothesis of Theorem 20, given

e ( ch+ () - 4Do(0)f6(0))

2’ 2
there exist K > 0, ng € N such that u,(t) < Ke_D&O)t, form >ng, t € R.

Proof. To prove this result we will need the following
Claim: Given € > 0, there exist ng € N and T > 0 such that

1 1

‘Dn(un(t)) Do(0)

<e, t>T, n>ny.

Suppose the Claim is proved. Denote @, (t) := u,(t +71') and let 0,(7) be

the heteroclinic solution of (15) with D = D,,, f = f, and ¢ = ¢, associated

to @,. Let € > 0 be such that g := 1+eaDo(0) > %. By Lemma 12, there

exist K > 0 and ng € N such that
On(7) < Ke P, n>mng, 1R

Denoting 7, (t) := [i mds, the claim sets up

<et, forn>mng t>0.

Hence,
ln(t) = Tn(in(t)) < Ke P09 = Ke 500", for t > 0,n > np.

and so, putting K = max{1, KG%T} and recalling that 0 < u,(t) < 1, we
deduce .
up(t) < Ke @', n>mngt €R.

Proof of the Claim. Since D,, — Dy uniformly on [0, 1] and Dy(s) > 0 for
s € [0, 1], there exists C' > 0 such that D,(s) > C, s € [0,1], n > 0. So, we
have to prove that |D,,(u,(t)) — Do(0)| < C?e.

Indeed, by the uniform convergence, given € there exists n; € N such that

2

C
| D, (s) — Do(s)| < € € [0,1], n > ny,
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and, by the continuity of Dy, there exists § > 0 such that

02
|Do(s) — Dy(0)]| < & 0<s<d.

Moreover, by Theorem 14, and having in mind that uo(t) — 0 as t — oo,
there exist ny € N and T € R such that u,(t) < d, n > ng, t > T.

It is enough to take n > ny := max(ny,ng) and ¢ > T to have the result.

N

Remark. Analogous remarks as those stated at the end of the previous
section hold.

5 The degenerate case: sharp t.w.s.

The purpose of this section is to deal with t.w.s. for equation (RD) when the
diffusivity D is degenerate at zero, that is, D(0) = 0 but D(s) > 0, s € (0, 1],
and f € F. We will restrict in all this section to the case D’(0) > 0 since
other cases are far from our aims.

It is known (see [6], [9], [10]) that there exists a threshold value ¢* =
c*(D, f) such that there is a classical t.w.s. if ¢ > ¢* and no one when ¢ < c*.
However, when ¢ = ¢* another type of t.w.s. appear that are called sharp
t.w.s. The profile of this kind of t.w.s. is called sharp heteroclinic solution.
To be precise, a sharp heteroclinic solution of equation (13) is a function u
such that there exists ¢, € R with

1. u € C?*(—00,4,) N C'(—00,£,] and satisfies (13) on (—o0, 4,).

2. u(—o0) =1, u(¢,) =0 and u = 0 in [{,, +00).

3. u/(t) <Oont € (—o0,ly) and v/(€;) = 55

In order to carry on the analysis of sharp heteroclinic solutions we use
the same change of variable as in the non-degenerate case to reduce equation
(13) to (15). The following proposition implies that ¢*(D, f) = ¢*(Df) also
in this case.

Proposition 22 Let v be a heteroclinic solution of (15) with ¢ = c*(Df).
Then ¢, defined in (16) maps R into an interval (—oo, ) and the function
defined as

10 elsewhere

u(t) = {U(¢;1(t)) ift € (—o0,/) (19)



is a sharp heteroclinic solution of (13) with ¢ = ¢*(D, f).

Reciprocally, let w be a sharp heteroclinic solution of (13) with ¢ =
(D, f). Then n, defined by (14) map (—oo, £) into R and v(7) = u(n, (7))
is a heteroclinic solution for (15) with ¢ = ¢*(D, f).

Proof. First notice that put f(v) := D(v)f(v), being f'(0) = 0 and since
the minimal speed is always positive, as a consequence of Theorem 3 we get
that a heteroclinic solution v of (15) is fast if and only if ¢ = ¢*(f) and if
- (t) — —cast — +oo.

and only if -

Since D(O) = 0 there exists a positive number § > 0 such that D(0) <
(D'(0) + 1)o for every o € (0,0). So, given a heteroclinic solution v of (15
with ¢ = ¢*(Df), if t is such that v(f) = §, we get

/t_oo D(v(s))ds < (D'(0) + 1) /t_oov(s)ds < 400

since v is fast. Therefore, defining ¢ = [° D(v(s))ds < 400 and u as in
(19), u is a sharp heteroclinic solution of (13) with ¢ = ¢*(Df). Indeed, we
will only compute u'(¢7); the other properties can be easily verified. Since

u(o(r)) = v(r) one has () = u(6,(r)) D(v(r)), so
PN )
O = Dol m)

All we need to conclude is to take the limit as t — /.

Vice versa, let u be a sharp heteroclinic solution solution of (13) with ¢ =
c*(D, f) and let £ such that

u(€) < min{o, (W/(6;) = 1)(€— L)} for every & € (£,4,).
We have

D(u(§)) < (D'(0)+1) u(§) < (D'(0)+1) (w'(€,)—=1) (6—Lu), for & € (€ 4u)

=[5

Nu\tw) = F=YarrsTy
o D)

This prove that 1, maps (—o0,£,) into R. Then defining v(7) = u(n, (7)),

v is a heteroclinic solution of (15) for such a value of ¢. Let show that this

/
v t V(T _
heteroclinic is fast. As before, m =/(t). Then 5 ((T))) Dy a8

T — 400 and the conclusion holds since % — D'(0). ]

d¢ = 4o0.
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Remark. Let us observe that when we fix tp € R and sy € (0, 1) the sharp
heteroclinic solution of (13) satisfying u(ty) = s¢ is again unique.

Now we can prove the following convergence result.

Theorem 23 Let {D,},>1 be a sequence of positive (non-degenerate) dif-
fusion terms that converges uniformly on [0,1] to a degenerate one Dy (i.e.
with Dy(0) = 0), such that D{(0) > 0.

Given {fu}n>0, {tn}tn>0, {Sntn>0 and {u,}n>0 as in Theorem 9, then
(D, fn) — (Do, fo) and the sequence {u,}, uniformly converges on R
to the sharp solution uy. Moreover, the sequence of the derivatives {u], }n>1
converges uniformly to uj, and {ul },,>1 converges uniformly to ug on compact
subsets of (—00, ly,).

Proof. The convergence of ¢*(D,, f,) to ¢*(Dy, fo) follows from Theorem
8 and Proposition 22. The proof of the uniform convergence on compact
subsets of (—o0,4,,) of u, v and u” is similar to that of Theorem 14. Let
observe that the corresponding sequence of diffeomorphisms (¢, ), converges
uniformly on compact sets to ¢ that is not a diffeomorphism, but Lemma
15 can be applied obtaining the uniform convergence on compact subsets of
(—00,y,). This convergence is enough in order to apply Lemma 5. [

Observe that in Theorem 20, as smaller is the value of Dy(0), greater is
the weight with respect to which convergence exists. This fact leads us to ask
ourselves if in the setting of Theorem 23 the convergence of the profile holds
in H'(e*) for every positive a. The answer is affirmative, as the following
result states.

Theorem 24 Under the same assumptions of Theorem 23, assume further
the existence of a value €9 > 0 such that

D, (u) > eu  for any u € [0,1] and n > 0. (20)
Then, u, — ug in H' (e, for every a > 0.

Proof. Let ¢ := ¢*(D,, f,) and v, be the corresponding solution of (15).
Using the environment of Theorem 23 that is formally the same as Theorem
14, we have ug(¢o(7)) = vo(7), then lim ¢, (7) = Ly, s

Cun = to + /0°° Do(uo(s)) ds (21)
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Since D,, — Dy uniformly in [0, 1] one obtains Dy o v,, — Dy o vy using also
that Dy is uniformly continuous. So
D, (vn(t)) < Do(vo(t)) + 0, for any ¢ € R, (22)

where §,, — 0, and consequently using (21)
t
On(t) = 60, (1) + tu < [ Dolwo())dt + 8ut 4+t < luy + 8t + to — o, (23)

On the other hand, observe that n,(¢,,) — +0o. Indeed, if there exists a
subsequence satisfying 1, (¢,,) < 7o for some constant 75 > 0, then since ¢,
is the inverse of n,, €y, < ¢,(79) and taking the limit as n — +oo we obtain
lyy < Po(T9), that is a contradiction.

To finish these preliminary claims, observe that v/, is uniformly bounded,

O _ o 0m(0)]
i (8)] = 5 s <
Dy (vn(1a(t))) eovn(n(t))
for any ¢t € (—o0, {,,) and this is bounded by Lemma 4 and Theorem 23.
Now we have to prove that

/meMﬂ—%@fd—w.

—00

First of all, we note that

[e.e] Zu o
/ wwmw—%@fw:/°w%ma—%@fw+ et (1)? dt.
— 00 —00 euo
The first part tend to zero by the Dominated Convergence Theorem, since u/,
is uniformly bounded. As for the second one, we make the change of variable
t = ¢,(7) obtaining

2

/Oo el (t)? dt = /OO e@n(7) 7(%(7)) dr.
Lugy " n (Lug) Dn<UN<T))

By the assumptions and (23) we get

e e T TR
€0 1 (L) U (T) €0 i (Cug)

Now using Holder inequality we estimate the last integral by

1 1
C* ea(euo +tn7t0) +00 . 2 +o0o . 2
- / e(2a0n=co)T 7 / ey, (1)2dr
€o Tin (Zuo ) Tin (euo )

The first term is clearly bounded, the second one can be easily calculated
and tends to zero since 1,,(¢,,) — oco. Finally, the last term is bounded since
by Theorem 20 we have v, — vy in H!(e%?). This concludes the proof. =
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6 Proof of Theorem 8

Let us do the change of variable @(t) = u(%) transforming (4) in
u" +u + Af(u) =0, (24)

where \ = C% This change of variable puts in equivalence the two equations
(4) and (24) so this last equation has a heteroclinic solution if and only if
0 < A < )\* where

YD G >

is just the infimum in (6).

From the variational point of view, equation (24) allows to consider only
fixed space H!(e!) instead of the space H!(e) of the previous sections. A fast
heteroclinic here means a heteroclinic solution (24) that belongs to H*(e?).
So, a function w is a minimizer for (6) if and only if is a fast heteroclinic
solution of equation (24), and it can exist only when A = \*.

Moreover, we have
1

41'(0)
and when such an inequality is strict (in the sense of the extended real

numbers), then the corresponding heteroclinic is fast, as a consequence of
Theorem 3.

A< (26)

The following Lemma is a technical result whose proof can be picked out
from [1] but we prefer to give it here for the sake of clarity.

Lemma 25 Let f € F and {u,}, C H'(e') be a sequence with 0 < u,(t) <
1, for everyt € R, n € N, and such that

St X< [ e Pty ar—1
— — — — 1.
2/ " 4f(0)’ "

—00
Then, u, — ug in H'(e') and ug is a minimizer in (5).

Proof.
Let uy denote the weak limit of a subsequence of {u,},. Since the mini-
mizer in (5) is unique, there is no loss of generality in supposing {u,, }, weakly
convergent.
2
First we note that {f/(0) /72 et% dt}, is convergent. Indeed, observe
that
oo (t)?

/ T (1)) dt = £(0) [ e

o —0 2

+oo ~
dt + / ¢ F(un(t)) dt,
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where F(u) = F(u) — f/(0)% 5. By applying [1, Lemma 8], we deduce that
JEX EF (up(8)) dt — 73 € F(uo(t)) dt. So

7o) [ g / T e Flug(t)) dt.

—o0 2 —o0

On the other hand, since \* < ; f,l(o), using (3) we obtain that
40 ! t 2 +00 t 2
/ et“(2> dt—)\*f’(O)/ etu<2) dt

is a positive convex function, vanishing only at u = 0, whose square root
provides an equivalent norm to the usual one in the space H'(e!). The weak
semicontinuity of the norm implies that

/

wox (1= [T e Fomyar) = [ ey o) [ ol

— 00 o0 —0o0 2

2

and hence Ly
+00 un(t +0o0
0> / e“’;) dt — \* / e F(up(t)) dt.
Since the left side term is nonnegative by (6), the previous inequality, and
o (27), is in fact an equality. Hence, ug is a minimizer in (5). Finally, the
convergence of the norms, together with the weak convergence, implies the
strong convergence in the Hilbert space H!(e!). [

Now we can give the proof of Theorem 8.

Proof. Of course, in the present notations, we have to prove that A*(f,,) —

A (fo)-

Put €, 1= sup,c o +|fa(u) — fo(u)], by the assumption we have €, — 0 and
u?
[Fu(w) = Fo(uw)] < ensry we [0,1], (28)

where, obviously, F,,(u) = [ fa(s)ds
Given ¢ > 0, consider u € H'(e") such that

/+Oo ' Fo(u(t))dt =1 and \*(fy) < /+OO etu,§>2 dt < X (fo) + €.

—00

By (28) we get

‘/_;OO R () dt — [ e Fy(u(t) it <e. [ - et“(;)z i,
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and by (3) we have [*2°e!F,(u(t))dt — 1. Using (6) we obtain

6t

M) S =i m )t  e €2

+oo tu(t)? gy ool (#)2
Lot [ s < () e
and then,
limsup A*(f,) < A*(fo)-

To show the other inequality, assume by contradiction the existence of a
subsequence, relabelled {f,},, such that \*(f,,) < A*(fy) — € for some € > 0.
Since f}(0) — f4(0), inequality (26) is strict for n large enough and so \*(f,,)
is achieved at some u,,.

Again by (28), we have

‘ / +: o Fu (1)) it — [ o

—00

¢! Fo(un (1)) dt’ <e | oo un(t)?

dt <
-0 2

400 / t2
< 45n/ etu”;) dt = 4e,\*(fn) — 0, n — .

Since [T €t F, (u,(t))dt = 1, [T e Fy(u,(t))dt — 1, n — oo. Therefore,
by (6),

o el e X (f)
N(fy) < o= 2 _ e
(fo) < [T e Fo(un () At [T etFy(un(t)) At (fo).
for a certain «, which is impossible. .

Corollary 26 Under the same assumptions of Theorem 8, suppose moreover
that inequality (26) is strict for fo.

Then the infimum in (6) is attained for f,, n large enough, and the se-
quence of minimizers converges in H'(e') to the minimizer for fo.

Proof. Since (26) is strict for fy we deduce that it is strict for f,, too, for
n large enough and we have a minimizer w,, in (6) for f,. Such minimizers
satisfy [72° e F,, (u,(t)) dt = 1. Using (27) as previously we obtain

/ T e By () dt — 1,

—0o0

and we can apply Lemma 25. [ |
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