COMPACT STABLE HYPERSURFACES WITH FREE BOUNDARY IN
CONVEX SOLID CONES WITH HOMOGENEOUS DENSITIES

ANTONIO CANETE AND CESAR ROSALES

ABSTRACT. We consider a smooth Euclidean solid cone endowed with a smooth ho-
mogeneous density function used to weight Euclidean volume and hypersurface area.
By assuming convexity of the cone and a curvature-dimension condition, we prove
that the unique compact, orientable, second order minima of the weighted area under
variations preserving the weighted volume and with free boundary in the boundary
of the cone are intersections with the cone of round spheres centered at the vertex.

1. INTRODUCTION

A stable hypersurface in a Riemannian manifold with boundary is a second order min-
imum of the area relative to the interior of the manifold for compactly supported de-
formations preserving the boundary of the manifold and the volume separated by the
hypersurface. From the first variation formulae such a hypersurface has constant mean
curvature and free boundary meeting orthogonally the boundary of the manifold. The
second variation formula implies that the index form associated to the hypersurface is
nonnegative for smooth mean zero functions with compact support. The stability condi-
tion has been intensively studied in the literature and plays a central role in relation to
the isoperimetric problem, where we seek sets of the least possible perimeter among those
with fixed volume.

Barbosa and do Carmo in [2], and Barbosa, do Carmo and Eschenburg in [3] used
suitable deformations to show that a smooth, compact, orientable and stable hypersur-
face immersed in a Riemannian space form is a geodesic sphere. In [49], Wente observed
that the variation employed in [2] is geometrically obtained by parallel hypersurfaces di-
lated to keep the enclosed volume constant. The resulting variation strictly decreases the
boundary area unless the hypersurface coincides with a round sphere. This technique was
successfully used later by Morgan and Ritoré [39] to prove that geodesic spheres about
the vertex and boundaries of flat round balls are the unique compact stable hypersurfaces
inside smooth spherical cones of non-negative Ricci curvature and empty boundary. In
smooth, convex, Euclidean solid cones with non-empty boundary, Ritoré and the second
author showed in [43] that the unique compact stable hypersurfaces are either spherical
caps centered at the vertex or half-spheres lying in a flat portion of the boundary of the
cone. Also by following the ideas in [2] and [49], the Wulff shapes were characterized
as the unique compact stable hypersurfaces with constant anisotropic mean curvature in
R+ see the papers by Palmer [40] and Winklmann [50].
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2 A. CANETE AND C. ROSALES

The study of variational problems related to the minimization of the area functional in
metric measure spaces has been focus of attention in the last years, with an increasing de-
velopment of the theory of minimal and constant mean curvature surfaces in this setting.
In this paper we obtain new classification results for compact stable hypersurfaces in the
framework of manifolds with density. These structures have been considered by many
authors and are currently a topic of much interest. They have applications in several ar-
eas ranging from functional analysis and probability theory to Riemannian geometry. In
fact, many important notions in Riemannian geometry have generalizations to manifolds
with density, allowing the extension of some classical questions and results. For a nice
introduction to manifolds with density we refer the reader to Chapter 18 of Morgan’s
book [36] and to Chapter 3 of Bayle’s thesis [5].

Let us introduce the definition of a manifold with density and the corresponding notions
of volume, area and Ricci curvature. By a manifold with density we mean a connected
manifold M"*! with a Riemannian metric (-,-) and a smooth (C*) positive function
f = €% used to weight the Hausdorff measures associated to the Riemannian distance. In
particular, the weighted volume of a Borel set 2 C M and the weighted area of a piecewise
smooth hypersurface ¥ C M relative to an open subset U C M are given by

(1.1) Vf(Q) :Z/Qdi)fZ/Qfdv7 Af(E,U) = LﬂUdafZ Emeda7

where dv and da are the Riemannian elements of volume and area, respectively. We also
denote dly := fdl, where di is the (n — 1)-dimensional Hausdorff measure in M. Mani-
folds with density are also known as smooth metric measure spaces. In fact, if we consider
the Riemannian distance in M and the weighted volume defined above, then we obtain
a metric measure space whose associated Minkowski content coincides with the weighted
area of the boundary for Borel sets with Lipschitz boundary. For a manifold M with
density f = e? the Bakry-Emery-Ricci tensor, or simply f-Ricci tensor, is defined by

(1.2) Ricy := Ric — V¢,

where Ric and V? denote the Ricci tensor and the Hessian operator for the Riemannian
metric in M, respectively. We also consider the k-dimensional Bakry-Emery-Ricci tensor
given by

1
(1.3) Ric} := Ricy — z (dip @ dip), for any k # 0.

The tensor Ricy was first introduced by Lichnerowicz [26], [27], and later generalized in
a form equivalent to Ric’} by Bakry and Emery [1] in the framework of diffusion gener-
ators. Note that Ric’} carries information involving curvature and dimension from both,
the Riemannian manifold M and the density f = e¥. By this reason, a lower bound on
Ricl} is usually known as a curvature-dimension condition. Such a condition allows the
extension to manifolds with density of many classical comparison results in Riemannian
geometry, see [41], [30], [34], [35], [47], [48], [42] and references therein. Moreover, these
Ricci tensors appear explicitly in the second derivative of the weighted area, see and
, and are useful to obtain extensions of the Lévy-Gromov isoperimetric inequality,
see [5, Ch. 3] and [32]. We also remark that the equation Ricy = A (-, -) for some constant
A is the gradient Ricci soliton equation, which plays an important role in the theory of
the Ricci flow.

Once we have notions of volume and area, we can study minimization problems such
as the isoperimetric problem or the Plateau problem, where we try to find hypersurfaces
of the least possible area with a volume or boundary constraint. The complete solution to
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these questions inside an arbitrary manifold with density is a very difficult task. There-
fore, it is natural to focus first on the most simple and symmetric Riemannian spaces
-the space forms- endowed with some suitable densities. Here by a suitable density we
mean one with a simple behaviour of the Ricci tensors (constant, bounded) or having
good properties with respect to a certain subgroup of diffeomorphisms / isometries of the
ambient manifold. Probably the best studied example is the Euclidean space R"*! en-
dowed with a radial density. This includes the Gaussian density exp(—|p|?), the model
density exp(|p|?), and the homogeneous densities |p|* with k& € R. Though there are
several works studying constant mean curvature, stable, and isoperimetric hypersurfaces
for these densities, we do not aim here to give an exhaustive list of references. However,
we would like to point out that the log-convex density conjecture, posed by Bayle, Morgan
and the authors in [44], is a remarkable open question in this setting. It was shown in
[44] that a radial density is log-convex if and only if round spheres centered at the origin
are stable hypersurfaces. Hence, it is natural to ask if these spheres are also global min-
imizers of the area under a volume constraint. The existence of isoperimetric solutions
for radial log-convex densities is a consequence of more general results for radial densities
proved by Morgan and Pratelli [38]. Figalli and Maggi have recently shown in [20] that
the log-convex density conjecture holds for some interval of volumes [0, mg). In [23], Howe
states that round spheres about the origin are isoperimetric in R"** — {0} with any radial
density such that the weighted area of such spheres is a convex function of the weighted
bounded volume and satisfying some additional minor hypotheses. A complete account
of all the related results until 2011 has been given by Morgan in [37].

In this paper we focus on densities defined on solid cones of R"*! and having a nice be-
haviour with respect to the family of dilations centered at the origin. The motivation for
this comes from the existence of many important results in the theory of constant mean
curvature and stable hypersurfaces in R™*! whose proofs rely on the scaling property
that some geometric quantities (volume, area and mean curvature) show under dilations.
Given a smooth solid cone M C R"™*! and a smooth density f = e¥ defined on the
punctured cone M*, we consider the weighted volume V; and the weighted area Ay in
(1.1) relative to the interior of the cone. This means that the intersection ¥ N 9M of
a hypersurface with the boundary of the cone does not contribute to Af(X). Then, we
prove in Lemma @ that Vy and Ay are homogeneous with respect to the one-parameter
group of dilations h;(p) := tp if and only if f is a homogeneous function. This leads us to
consider k-homogeneous densities: these are positive functions whose restriction to any
open segment of the cone leaving from the origin is a monomial of degree k. A basic
example is the Euclidean space R™*! with constant density f = 1. As it is observed in
Remark [3.2] a homogeneous density of degree k # 0 cannot be extended to the origin as
a continuous and positive function. Hence the origin may be understood as a singularity
for such densities and must be treated carefully. In fact, for densities of degree k < —n
we see in Examples that any smooth, compact, embedded hypersurface containing the
origin has infinite weighted area. So, in order to study minimizers of the area functional
it is natural, in the case k < 0, to restrict ourselves to hypersurfaces contained in the
punctured cone.

In Section [3] we provide several examples and properties of homogeneous densities, in-
cluding two characterizations of the curvature-dimension condition Ric’fc > 0 (note that
Ricy and Ricl}‘ only depend on V21 and V1) since Ric = 0 for a Euclidean solid cone). An
important result is given in Proposition where we show that the position vector field
X(p) := p has constant f-divergence, and that the f-mean curvature of hypersurfaces

scales with respect to dilations as the Euclidean mean curvature. The f-divergence of
a smooth vector field is defined in (2.1)) and (2.3)). It provides a generalization of the
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Riemannian divergence functional which allows extending to manifolds with density some
classical divergence theorems and integration by parts formulae in Riemannian geometry,
see Section [2| The f-mean curvature of a hypersurface is the function defined in and
previously introduced by Gromov [2I] in relation to the first derivative of the weighted
area functional, see (4.3)).

The main results of this paper are closely related to the isoperimetric problem in
Euclidean solid cones with homogeneous densities. In the classical case of R**! with
constant density f = 1, it was proved by Lions and Pacella [2§] that, inside a convex
cone, round balls centered at the vertex minimize the relative perimeter among regions
enclosing the same volume. In the same paper they obtain uniqueness of the isoperimetric
regions for smooth convex cones. The uniqueness in the smooth case is also consequence
of the classification of stable hypersurfaces given by Ritoré and the second author in [43].
Recently Figalli and Indrei [I9] have proved uniqueness in arbitrary convex cones.

The isoperimetric question has also been studied in R™*! with the homogeneous radial
density |p|*. For k < —(n + 1), it was first shown by Carroll, Jacob, Quinn and Walters
[11] for the planar case, and later by Diaz, Harman, Howe and Thompson [15] for arbi-
trary dimension, that round spheres centered at the origin are the unique isoperimetric
hypersurfaces (bounding volume away from the origin). For n = 1 and k£ > 0 it was
proved by Dahlberg, Dubbs, Newkirk and Tran [I4] that round circles passing through
the origin are the unique solutions. The description of the isoperimetric curves in planar
cones with density |p|¥, k& > 0, has been given in [I5].

In [6], Cabré and Ros-Oton establish that, in R"*! with a monomial homogenous den-
sity |x1]® -« |Xpg1|¥tt, where o; > 0 for any ¢ = 1,...,n + 1, the intersections with
the cone {(z1,...,Zny1) € R 2, > 0 for all i such that o; > 0} of round spheres
centered at the origin are isoperimetric solutions. Very recently Cabré, Ros-Oton and
Serra in [7] and [§] have applied the ABP method to a linear Neumann problem with
density to obtain the following nice result: the spherical caps centered at the vertex are
isoperimetric solutions for an arbitrary convex cone endowed with a continuous, homo-
geneous, non-negative density function f of degree k > 0, such that f is positive and
locally Lipschitz in the interior of the cone, and f!/* is concave in the interior of the
cone. This was proved in [7] under the further assumptions that f is C1'® with 0 < a < 1
in the interior of the cone and f vanishes along the boundary. The general case has been
treated in [8], together with an extension for anisotropic area functionals associated to
homogeneous densities. In particular, this generalizes the classical result of Lions and
Pacella [28], the Wulff isoperimetric inequality proved by Taylor [46], and a previous re-
sult of Maderna and Salsa [31] for the half-plane y > 0 with density y*, k& > 0. Also, in
the introduction of [§] it is announced that the uniqueness of the isoperimetric solutions
will be discussed in a future work with Cinti and Pratelli. In the recent related work
[33], Milman and Rotem have proven, by means of the Borell-Brascamp-Lieb extension
of the Brunn-Minkowski inequality, that the spherical caps are the unique isoperimetric
hypersurfaces for a k-homogeneous density f with & > 0 and f/* concave. In [I0] the
authors obtain existence results and properties of the isoperimetric profile under mild
regularity conditions on the homogeneous density, and uniqueness of the isoperimetric
solutions for smooth convex cones with Ric’} > 0 and k > 0. It is worth mentioning that,
as a consequence of Lemma the curvature-dimension inequality Ric]; > 0fork>0is
equivalent to the concavity of /¥, which is a key hypothesis assumed in the results of
[7, [8] and [33].

Recently, Emanuel Milman indicated to us that the results given by Howe [23] for
warped products with product volume and area densities can be applied to solve the
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isoperimetric problem for homogeneous densities of negative degree. More precisely, by
using the technique in [23, Thm. 2.8] it can be proved that the complements of round
balls centered at the vertex uniquely minimize the weighted area for fixed weighted vol-
ume inside any Euclidean solid cone of R™*! with a homogeneous density of degree
k < —(n+1). In the recent work [33], Milman and Rotem obtain a new Brunn-Minkowski
type inequality, which allows to extend Howe’s result to arbitrary semi-norms in R™*!
and k-homogeneous densities of degree k < —(n + 1).

Our main goal in this paper is to prove classification results for compact stable hy-
persurfaces inside Euclidean solid cones with homogeneous densities. An f-stable hyper-
surface ¥ in a Riemannian manifold M with a smooth density f = e¥ satisfies that the
second derivative of the weighted area functional is nonnegative under compactly sup-
ported variations preserving OM and the weighted volume separated by . Hence an
isoperimetric hypersurface is also an f-stable one. Recently, many authors have studied
complete f-stable minimal surfaces inside 3-manifolds with non-negative f-Ricci tensor
or f-scalar curvature, see [I8], [22], [13], [I7], [29], [25] and [12]. The f-stability of hy-
perplanes for Euclidean product densities has been considered in [4], see also [16]. The
variational properties of critical points of the weighted area for piecewise regular densities
have been established in [9, Sect. 2.2].

In Section [ we gather some variational properties and examples of f-stable hyper-
surfaces with free boundary in a Euclidean solid cone M C R"*! endowed with a k-
homogenous density f = e¥. The variation formulae for hypersurfaces with non-empty
boundary obtained in [I2] imply that f-stable hypersurfaces have constant f-mean cur-
vature off of the vertex and meet M orthogonally along the free boundary. Moreover,
the associated f-index form Qf defined in satisfies Qf(u,u) > 0 for any smooth
function w supported away from the origin and having mean zero with respect to the
weighted element of area. In Example we show that the spherical caps centered at the
vertex always provide critical points of the area under a volume constraint for arbitrary
homogeneous densities. Hence they are natural candidates to be f-stable. In fact, we see
in Example [4.7) that, for k¥ < —n, the spherical caps centered at the vertex are always f-
stable. This also happens when £ > 0 and Ric’;« > 0 as a consequence of the isoperimetric
results in [8] and [I0]. Then, it is natural to ask under which conditions the spherical
caps centered at the vertex are the unique f-stable hypersurfaces in a Euclidean solid
cone with a homogeneous density. To find such a condition it is interesting to observe
that the f-index form depends on the f-Ricci tensor Ricy and the second fundamental
form II of OM in such a way that the stability inequality Q(u,u) > 0 is more restric-
tive provided Ricy > 0 and II > 0. Hence convexity of the cone M and nonnegativity of
Ricy become natural hypotheses in order to obtain sharp classification results for f-stable
hypersurfaces. In fact, the main result of the paper establishes the following:

Let 3 be a smooth, compact, orientable hypersurface in a conver solid
cone M C R"*! endowed with a k-homogeneous density f of nonnega-
tive Bakry-E’mery-Ricci tensor Ric’}. Suppose that, either k < —n and
YXCM* ork>0andX C M. IfY is f-stable, then X is the intersection
with the cone of a round sphere centered at the vertez.

The proof of the previous theorem is contained in Section [5| and it is divided into two
steps. We first obtain in Theorem that the statement holds for an f-stable hyper-
surface ¥ contained in the punctured cone M*. For this, we insert inside the stability
inequality Qf(u,u) > 0 the test function given by

u=n+k+Hf(X,N),
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where Hy is the f-mean curvature of the hypersurface, X (p) = p is the position vector
field, and N is a unit normal along 3. In R®*! with constant density f = 1 the function u
coincides, up to a constant, with the function used by Barbosa and do Carmo in [2]. As an
application of the divergence theorem in Lemma[2.2] we deduce that u has mean zero with
respect to the weighted element of area. In fact, this integral equality leads us in Propo-
sition [5.1] to generalize to solid cones with homogeneous densities a classical Minkowski
identity for compact hypersurfaces in R®*! relating volume, area and mean curvature
[24]. From a geometric point of view, we show in Lemma that the test function u is
associated to the deformation of ¥ obtained when one leaves by equidistant hypersurfaces
and then applies a dilation centered at the vertex to restore the separated volume. This
variation decreases the weighted area unless ¥ satisfies equality in , which indicates
in some weighted sense that ¥ is totally umbilical, compare with [2, Lem. 3.2]. By us-
ing Lemma [5.8] we conclude that X is the intersection with the cone of a round sphere
centered at the vertex. Second, we prove in Theorem that the statement holds for
homogeneous densities of degree k > 0 and f-stable hypersurfaces that may contain the
vertex of the cone. In fact, an approximation argument similar to the one in [39, Sect. 3]
or [43] Sect. 4] shows that the proof of Theorem can be carried out even in the case
0 € X. It is worth pointing out that the hypothesis k > 0 is essential to perform this
approximation scheme since it ensures that the density is bounded near the singularity.
We finish Section [5| with a list of interesting examples and remarks showing the sharpness
of our result.

Finally, in Section [6] we characterize strongly f-stable hypersurfaces in solid cones with
k-homogeneous densities. Such hypersurfaces are critical points of the area under a vol-
ume constraint, and with non-negative second derivative of the area for any compactly
supported variation. In Example [£.7] we see that the intersection with the cone of any
round sphere centered at the vertex is strongly f-stable if and only if £ < —n. In fact,
as a consequence of Theorem we deduce that these are the unique compact strongly
f-stable hypersurfaces in the punctured cone when k < —n, the cone is convex and
Ric]fc > 0. Observe that the case k = —n is not covered in Theorem This case is par-
ticularly interesting since, as an application of the Minkowski formula 7 any critical
point of the weighted area under a volume constraint has vanishing f-mean curvature. In
Theorem [6.4] we show that, assuming convexity of the cone and the curvature-dimension
condition Ric;” > 0, round spheres centered at the vertex and intersected with the cone
are the unique compact strongly f-stable hypersurfaces contained in the punctured cone.

The paper is organized as follows. In Section [2] we obtain extensions to manifolds with
density of some classical divergence theorems and integration by parts formulae in Rie-
mannian geometry. They provide basic tools that will be used extensively throughout the
paper. In Section [3| we introduce the family of homogeneous densities in Euclidean solid
cones and study their main properties. In Section [4] we gather some variational features,
with emphasis in the characterization of f-stationary and f-stable hypersurfaces. Fi-
nally Sections [f] and [6] contain our classification results for compact f-stable and strongly
f-stable hypersurfaces, respectively.

2. DIVERGENCE THEOREMS IN MANIFOLDS WITH DENSITY

In this section we introduce suitable notions of divergence for vector fields in manifolds
with density. Then we generalize some classical divergence theorems and integration by
parts formulae in Riemannian geometry.

Let M be an (n + 1)-dimensional smooth and oriented Riemannian manifold with
boundary OM. The Riemannian divergence operator div acting on vector fields is the
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adjoint, with respect to the Riemannian volume dv, to the gradient operator —V acting
on functions. In fact, for any smooth vector field X in M and any function ¢ € C5°(M)
vanishing along OM, the divergence theorem implies that

/gpdidev:f/ (Vo, X) dv,
M M

since div(¢X) = ¢ div X 4+ (Vp, X). It follows that the Laplacian Ay := div(V) defines
a self-adjoint operator, in the sense that

/cplAgonv:/ (,DQA(pld’U:—/ (Vp1, Vi) du,
M M M

for any two functions @1, g2 € C5°(M) vanishing along OM.

In order to obtain similar formulae in M endowed with a density f = e¥ we define the
f-divergence of a smooth vector field X by means of equality
(2.1) divy X = (1/f) div(fX) = divX + (Vy, X) .

It is then easy to check that the operator divs is the adjoint to —V with respect to the
weighted volume dvy, that is

/ o divy X dvy = —/ (Vo, X) duy,

M M

for any ¢ € C§°(M) vanishing along OM. Therefore the f-Laplacian operator given by
App = divy(Ve) = Ap +(VY), V)

is self-adjoint with respect to dvy.

As an immediate consequence of the Riemannian divergence theorem and the fact that
divy X dvy = div(fX) dv we can deduce the following result.

Lemma 2.1 (Divergence theorem in manifolds with density). Let M be an oriented Rie-
mannian manifold endowed with a density f. For any smooth vector field X with compact
support on M, and any open set  C M with piecewise smooth boundary, we have

/dindef:—/ (X, N)day,
Q onN

where N is the inner unit normal along O0X).

Suppose now that ¥ is an orientable smooth hypersurface in M and let N be a unit
normal vector along ¥. For any smooth vector field X with compact support on ¥ we
denote X+ = (X,N)N and X' = X — X*. As an application of the Riemannian
divergence theorem we get the well-known formula

(2.2) /ZdiVEXda:—/ZnH<X,N>da—/ (X,v)dl,

%
where divy is the Riemannian divergence relative to ¥, H = (—1/n)divs N is the Rie-
mannian mean curvature, and v is the inner unit normal along 9% in 3. In particular, if
X is tangent to ¥ and ¢ € C§°(X), then

/(pdiszdaz—/<Vg<p,X>da—/ v (X, v)dl,
b b o%

where Vy stands for the gradient operator relative to 3. This implies the classical inte-
gration by parts formula

0
/801 Asxpada = —/ <V23017V2<P2>da—/ ©1 %dl,
by o) 0% v
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for 1,2 € C3°(X), where Agp := divs(Vsy) is the Laplacian operator relative to X
and dyo /v denotes the directional derivative of o with respect to v.

Given a density f = e¥ in M, we define the f-divergence relative to ¥ of X as the
function

(2.3) divy f X :=dive X + (V¢ X) .
For any ¢ € C*°(X) it is easy to check that

(2.4) divs f(pX) = ¢ divs f X + (Vsp, X) .
The f-mean curvature of ¥ with respect to N is the function
(2.5) H;:=—divy f N =nH — (Vy{,N).

The previous definition of Hy coincides with the ones introduced in [21], [5, Chap. 3], [44]
Sect. 3], and it is related to the first derivative of the weighted area functional, see (4.3]).

We can now prove the following generalization of formula (2.2)).

Lemma 2.2 (Divergence theorem for hypersurfaces in manifolds with density). Let 3
be a smooth hypersurface with unit normal vector N in an oriented Riemannian mani-
fold endowed with a density function f = e¥. Then, for any smooth vector field X with
compact support on 3, we have

/dianXdaf:—/Hf<X,N>daf—/ <X,l/>dlf,
3 by ox

where Hy is the f-mean curvature defined in (2.5) and v is the inner unit normal along
0% in X.

Proof. By using equality divs(fX) = fdive X + (Vs f, X) and equation (2.2)), we get

/dng’fXdaf:/f(diV2X+<Vz/J,X>)da
b b))
Z/diVE(fX)da-‘r/ <Vf—V2f,X>da
by >
:—/an(X7N>da—/ f(X,l/>dl+/f<v¢7N><X7N>da.
b ()3 b
:—/Hf<X,N>daf—/ <X,1/>dlf,
b (o))

and the proof follows. O

Finally, we define the f-Laplacian relative to 3 of a function ¢ € C*°(X) as the second
order linear operator

(2.6) A pp=divs ;(Vsp) = Asp + (Vs Vg .
As an immediate consequence of Lemma [2.2| and equation (2.4) we get this result.

Corollary 2.3 (Integration by parts for hypersurfaces in manifolds with density). Let ¥
be a smooth orientable hypersurface in an oriented Riemannian manifold with a density
function f = e¥. Then, for any two functions 1, ps € C°(X), we have

0
/ 01 As fpaday = —/ (Vsp1, Vo) day —/ ©1 —8@2 dly,
P = )3

14

where v is the inner unit normal along 0% in X.
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3. HOMOGENEOUS DENSITIES IN EUCLIDEAN SOLID CONES

In this section we introduce and study some densities defined on solid cones of R"*!
whose associated weighted volume and area have a nice behaviour with respect to the
family of dilations centered at the origin.

By a (smooth) solid cone in R**! we mean a cone
M =0xD:={tp; t >0, pe D},

where D is a smooth region (the union of a connected open set together with its C'*°
boundary) of the unit sphere S™. Clearly M is closed, connected, and invariant under the
family of dilations hy(p) := tp defined for t > 0 and p € R**!. We denote by OM and
int(M) the topological boundary and interior of M, respectively. We will use the notation
M* for the punctured cone M — {0}. Note that M coincides with a closed half-space of
R"*! when D is a hemisphere. In the case D = S™ we get M = R"*!,

Let M be a solid cone and f = e¥ a (smooth) density on M*. Recall that V;(€2) is the
weighted volume of a set {2 C M as defined in . For a smooth hypersurface ¥ in M
we denote by Af(X) the weighted area Ay(X,int(M)) given in (L.I). According to this
definition ¥ NOM does not contribute to A¢(X). We are interested in densities for which
the functionals Vy and Ay are homogeneous with respect to dilations centered at 0.

Lemma 3.1. Let M C R™"! be a solid cone and f = e¥ a density function on M*. For
any t > 0, let hy(p) == tp with p € R" L. The following statements are equivalent:

(i) there is k € R such that V;(hy(Q)) = t"PF1V(Q) for any t > 0 and any Q. C M,
(ii) f is k-homogeneous, i.e., f(hs(p)) = t*¥ f(p) for anyt >0 and any p € M*.

Moreover, in such a case, we also have Ap(hy(X)) = t"t% A(2) for any smooth hyper-
surface 3 in M.

Proof. For any t > 0 the Jacobian determinant of the dilation h; : R**! — R"*! equals
t"+1. Given a set Q) C M we get, by the change of variables formula, that

(3.1) Vi (ha(Q)) = / 751 F(he(p) dv.

If statement (i) holds, then we have

/ £ F(hy(p)) dv = / £ £(p) do,
Q

Q
for any set Q C M and any t > 0. This equality implies (ii) since f is continuous on M*.
On the other hand, statement (i) follows from (ii) by using (3.1). Finally, the behaviour of
Ay with respect to hy comes again from the change of variables formula since the Jacobian
determinant of the diffeomorphism h; : 3 — h(X) equals ™. O

The previous result leads us to the next definition. Let M be a solid cone of R"*+!
and k € R. By a (smooth) homogenous density of degree k on M we mean a C* positive
function f = e¥ on M* whose restriction to any open segment leaving from 0 is a mono-
mial of degree k, i.e., f(tp) = t*f(p) for any ¢t > 0 and any p € M*. Sometimes we will
simply say that f is a k-homogeneous density. Such a density is uniquely determined by
its values on D = M NS™. In fact, we have

(3.2) i) =1 (;) ol = o)) pl*, pe AL,

where 7 is the restriction of f to D and 7 : M* — D is the retraction 7(p) := p/|p|.
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Remark 3.2. The continuity of f gives the existence of constants A, B > 0 such that
A< (nom)(p) < B for any p € M*. Therefore, for k # 0, the density f has well-defined
limits when |p| — 0 and |p| — +oo. More precisely

0 ifk>0 +oo, k>0
33 1 = ’ d 1 — ) )
33 lm f@) {+oo7 p<o 04 im0 {0, it k<0

Hence the origin may be understood as a singularity, in the sense that f cannot be con-
tinuously extended to M as a finite positive density. In the case k = 0 the limits in (3.3
do not exist unless f is a constant function.

Examples 3.3. 1. A homogeneous density of degree k = 0 is determined by a smooth
function which is constant and positive along any open segment of the cone starting from
0. As for the constant density f = 1, weighted volume and area are homogeneous of
degree n + 1 and n, respectively, with respect to dilations centered at 0.

2. Let f be a linear function or a quadratic form on R”*!. Then, the restriction of f to
any solid cone where f > 0 provides a homogeneous density of degree 1 or 2, respectively.

3. The radial densities f(p) = [p|* are homogenous of degree k. In fact, it follows
easily from (3.2 that a k-homogeneous density f is radial if and only if f(p) = c|p|* for
some constant ¢ > 0.

4. Formula (3.2) shows that the family of homogeneous densities is extremely large.
In fact, if n : D — R is any smooth positive function on a smooth region D C S”, then
f(p) :==n(p/|p|) |p|* defines a k-homogeneous density on the cone M = 0xD.

As a consequence of the singularity at the origin, the weighted volume and area of a
compact hypersurface containing 0 may be infinite for a homogeneous density of degree
k < 0. This is illustrated in the next examples.

Examples 3.4. 1. Let ¥ be a round sphere in R**! endowed with a homogeneous density
of degree k < —(n + 1). By using polar coordinates it is easy to check that any conical
sector {tp; 0 <t < a,p € R} over a region R C S™ has infinite weighted volume. If
0 € ¥ then any connected component of R™! — ¥ contains at least one of these sectors,
so that both components have infinite volume.

2. Any compact embedded hypersurface ¥ containing 0 in R®*! with a homogeneous
density of degree k < —n satisfies A;(X) = 4o00. To see this we consider the function
m(r) == A(XN B,)/A(0B,), where A(-) stands for the Euclidean area and B, denotes the
open ball of radius r centered at 0. It is well known that lim,_,g+ m(r) = 1. By taking
into account (3.2)), we can find constants ¢, ¢’ > 0 such that

A(ZNB,) = cerfAZNB,) = r"Rm(r).

We deduce that, if n + k < 0, then A;(X N B,) does not approach 0 when r — 0. As a
consequence Az(X) = +o0.

In the following result we gather some analytical properties of homogeneous densities
that will be used throughout the paper.

Lemma 3.5. For a k-homogeneous density f = e¥ on a solid cone M C R™T! the follo-
wing equalities hold:

(i) (V)(tp) =t~ (V¥)(p), for any t >0 and any p € M,
(i) (Vo)(p), >f/f for any p € M~,
(iii) (V*¥),(p,p) = —k, for any p € M*.
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Proof. The k-homogeneity of f implies that 1 (tp) = klog(t) + ¥ (p), for any ¢t > 0 and
any p € M*. Equalities (i) and (ii) can be obtained by differentiating in the previous
formula. Equality (iii) is easily deduced from (i) and (ii). O

The equalities in the previous lemma also follow from the calculus of the gradient and
the Hessian of 4. This computation is contained in the next lemma, which allows us to
characterize the nonnegativity of the k-dimensional Bakry-Emery-Ricci tensor defined in

[C3).

Lemma 3.6. Let M = 0xD be a solid cone over a smooth region D C S™. Given a
k-homogeneous density f =e¥ on M and a point p € M*, the following equalities hold:

(Vo) (p) = || m(p) + |1| (Vs 1) (n(p)),
(V2)(p.0) = —F,

(V20)p(p,v) = - (Vsnp)(m(p)),v), for any v € Tyr(,)S™,

|
k 1 .
(Vsz) (U ’U) | |2 <u U> | |2 (VS” )TF(p) (ua U)v for any u,v € Tﬂ'(p)S 5

where p = p, the map m : M* — D is the retraction 7(p) := p/|p|, and Vsnp, Vi, u
denote the gradient and the Hessian relative to S™ of p.

Proof. Equation implies that 1 = log(f) = 11 + 1o, where ¥1(p) := (o 7)(p) and
Ya(p) := klog(|p|) for any p € M*. To prove the statement we compute the gradient and
the Hessian of v; for any ¢ = 1,2. Fix a point p € M*. On the one hand, it is easy to
check that

k k 2k
(Viba)(p) = il m(p),  (V242)p(u,v) = 2 (u,v) — rE (u, m(p)) (v, 7(p)),
for any two vectors u,v € R"*1, On the other hand, a straightforward computation gives

(Vn)(p) = ( s» i) (m(p)),

whereas

(V1)p(p,v) = = (V1) (p), ) = % (Vsnp)(m(p)),v), for any v € Tr(p)S™,

(V2¢1)p(u7 ) = | |2 (VS” ) p)(u7v), for any u,v € Tr(,)S™.

Combining the previous equalities the proof follows. ([

Corollary 3.7. Let M = 0xD be a solid cone over a smooth region D C S™. Consider
a k-homogeneous density f = ed’ on M and denote p = ;p. Then, the k-dimensional

Bakry—Emery—Ricci tensor in (|1.3) satisfies RICf 0 on M* if and only if

— (Tou)a),0)* —

for any q € D and any unit vector v € TS".

(VEns)q(v,0) <

Proof. The necessary condition is an immediate consequence of the first and the fourth
equalities in Lemma For the sufficient condition, given p € M™*, we write any vector
u # 0 as the sum u = w+ Av, where w is proportional to ¢ := p/|p| € D and v € T,S™ with
|v| = 1. The statement then follows by combining all the equalities in Lemma O
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Remark 3.8. The previous result implies that a k-homogeneous density defined in the
whole space R™*! cannot exist satisfying & > 0 and Ric’} > 0. Otherwise, we would obtain
(VZ.u), < 0 for any p € S, which contradicts that u reaches its minimum. Obviously
this argument does not hold for a cone M with OM # (), where homogeneous densities of
degree k > 0 and Ricﬁi > 0 can be found, see Examples and @

Another characterization of the inequality Ric’; > 0 is given in the following lemma.

Lemma 3.9. Let M C R"*! be a convex solid cone endowed with a homogeneous density
f=c¢eY of degree k # 0. If k < 0 (resp. k > 0) then the inequality Ric’; >0 on M* is
equivalent to that f1/* is convex (resp. concave) on M*.

Proof. A straightforward computation leads to the identity
-1 .
v2f1/k — ?fl/k R,IC];c,
from which the claim follows. O

Example 3.10. From the previous lemma we deduce that a homogeneous density f of
degree k # 0 on a convex solid cone M satisfies Ricl} =0 on M* if and only if f = £F for
some positive linear function £ on M.

We finish this section with a generalization for homogeneous densities in solid cones
of some important equalities in R™*! involving the divergence of the conformal vector
field X (p) := p and the behaviour of volume, area and mean curvature with respect to
dilations.

Proposition 3.11. Let f = e¥ be a k-homogeneous density on a solid cone M C R™+1,
We consider the position vector field X (p) := p and its associated one-parameter group of
dilations ¢;(p) := e'p. Then we have:

) divi X =n+k+1in M*,
) divs f X = n+ k along any smooth hypersurface ¥ in M*,
i) V7(01(9)) = ()" LV (9), for any @ C M,
) Ap(¢e(X)) = (e)"Tk Ap(S), for any smooth hypersurface S in M,
) if ¥ is a smooth hypersurface in M* with unit normal vector N, then

(Hy)e(¢e(p) = e™" Hy(p), forany p € %,

where (Hy)y is the f-mean curvature in (2.5) of the hypersurface ¢¢(X) with res-
pect to the unit normal Ny such that Ni(¢t(p)) = N(p).

Proof. Equalities (i) and (ii) are consequences of (2.1), (2.3) and Lemma [3.5] (ii). State-
ments (iii) and (iv) follow from Lemma So we only have to prove (v). Let H;

be the Euclidean mean curvature of ¢;(X) with respect to N;. It is well known that
Hi(¢1(p)) = e "H(p) for any p € X. By using Lemma [3.5( (i), we get

(Hp)i(o1(p)) = (nHy — (Vip, Ne) ) (64(p))
=ne " H(p) — (V) (e'p), N(p))
=e ' (nH — (V¢,N) )(p) = e~ Hs(p).

This completes the proof. [l
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4. VARIATIONAL FORMULAE. STATIONARY AND STABLE HYPERSURFACES

In this section we gather some variational properties of those hypersurfaces in a solid
cone which are first and second order minima of the weighted area functional under a
constraint on the separated weighted volume.

Let M C R™*! be a solid cone endowed with a k-homogeneous density f = e¥. We
denote by ¥ a smooth, compact, orientable hypersurface immersed in M. If ¥ has non-
empty boundary then we assume 9% = XN IM. If 0¥ = () then we adopt the convention
that all the integrals along 0% vanish. When ¥ is embedded and separates a bounded
open set {2 with closure contained in the punctured cone M*, then we can apply the diver-
gence theorem in Lemma to the position vector field X (p) := p. By Proposition
(i) and the fact that X is tangent to M, we get

(n+k+1)Vf(Q):/divadvf:f/<X,N>daf,
Q b

where N is the inner unit normal along ¥. As in [2] Eq. (2.2)] we can use the previous
formula to define the oriented weighted volume of an immersed hypersurface ¥ by

-1
T — X, N
n+k+1/2< ’ >da’f?

where N is a fixed unit normal vector along ¥ and k # —(n + 1). By using the change of

variables formula and the fact that the tangent hyperplane to ¥ remains invariant under
dilations, we can prove that

(4.2) Vi(he(3)) = " vp(),
where h;(p) = tp for any p € R**! and any ¢ > 0.

Remark 4.1. For k > 0, a k-homogeneous density f is bounded near 0 by . Hence,
the right side integral in is finite even if 0 € ¥ and so, the volume V;(X) is well
defined for any compact and orientable hypersurface ¥ immersed in M. For the same
reason, the weighted area Ay(X) is finite when k > 0 even if 0 € £. In Examples we
found that, for k£ < 0, the weighted area and volume of a compact hypersurface containing
0 may be infinite. By this reason we shall always consider > C M* when k < 0.

(4.1) V() =

By a variation of ¥ we mean a smooth family of hypersurfaces ¥; with ¢ € (—¢, ¢) given
by smooth immersions ¢; : ¥ — M such that ¥y = X and 9%; = X; NOM for any t. The
associated velocity vector is the vector field along ¥ defined by X, := (d/dt)|i=o0 ¢¢(p)-
Note that X is tangent to OM in the points of 9% — {0}. Let V;(t) = V§(X;) and
Af(t) := Ap(X;) be the corresponding volume and area functionals. The variation is said
to be volume-preserving if Vi (t) = V§(0) for any ¢t € (—¢,¢).

In order to compute the first derivative of V¢(t) and A (t) we must take care of the
fact that, if the density has degree k # 0, then |¢| = |log(f)| tends to +oo by when
we approach 0. However, if the variation 3; leaves invariant a small neighborhood of 0 in
%, then we can compute A%(0) and V{(0) as in [44, Lem. 3.1], [12], to get

(4.3) A}(O):—/EIT—Ifualaf—/aE (X, v)dly, Vf’(O):—/Eudaf,

where H is the f-mean curvature defined in ([2.5)), v is the normal component of X, and
v is the inner unit normal along 0% in X.

We say that the hypersurface ¥ is f-stationary if A%(0) = 0 for any volume-preserving
variation. If A’f(O) = 0 for any variation then we will say that X is strongly f-stationary.
By using the formulae in (4.3)) we can prove the following result, see [12].
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Lemma 4.2. If XY is f-stationary (resp. strongly f-stationary), then we have:

(1) Hy is constant along ¥ — {0} (resp. Hy =0 along ¥ —{0}),
(ii) X meets M orthogonally in the points of ¥ — {0},
(ili) (Af — Hy Vy)'(0) = 0 for any variation of ¥ supported away from 0.

Moreover, if 0 ¢ X then statements (1) and (ii) imply that 3 is f-stationary (resp. strongly
f-stationary).

Example 4.3 (Spheres centered at 0). Let ¥ be the intersection with the cone M of a
round sphere of radius r centered at 0. We consider the unit normal along ¥ given by

N(p) = —p/r. From (2.5) and Lemma [3.] (ii) we get

n+k

Hy(p) = p—

for any p € X. Clearly ¥ meets orthogonally OM in the points of 9%. It follows from
Lemmal[£.2that ¥ is always f-stationary, and strongly f-stationary if and only if k = —n.

Example 4.4 (Spheres containing 0). Consider the radial homogeneous density f(p) =
Ip|* in R"*1. Let ¥ be a round sphere of radius 7 and center py such that 0 € ¥. Take
the unit normal N(p) = (po — p)/r. Note that (V)(p) = kp/|p|? for any p # 0, and so
n  k{p,N(p))
H¢(p) = — — ———.
T

Let p € ¥ with p # 0. Putting p = po — 7N (p) and taking into account that |pg| = r, we
get (p, N(p)) = (po, N(p)) —r and [p|* = =2r ({po, N(p)) — 7). It follows that

2n + k
Hy(p) = 5

for any p € ¥ — {0}. From (4.3) we conclude that ¥ is a critical point of A; for any
volume-preserving variation supported away from 0.

Suppose now that ¥ is an f-stationary hypersurface of constant f-mean curvature Hy
away from the origin. For a variation fixing a small neighborhood of 0 in ¥, we can use
computations similar to those in [44, Prop. 3.6] and [12] to obtain the second variation
formula

(4.4) (Ay — Hy Vy)"(0) = Iy (u, w).

In the above equation Z; denotes the f-index form of ¥, i.e., the quadratic form on

C§°(X — {0}) defined by

(4.5) Zy(u,v) :2/ {{(Vsu, Vsv) — (Ricg(N,N) + |o|*) uv} day —/ II(N, N)uvdly,
b ox

where Ricy is the f-Ricci tensor in (1.2)), |o|? is the squared sum of the principal curva-
tures of ¥, and II is the Euclidean second fundamental form of dM — {0} with respect to
the inner unit normal. From the integration by parts formula in Corollary we get

(4.6) Ty(u,0) = Qp(u,v), for any u,v € G (Z — {0)),

where

(4.7 Q¢(u,v) :=— / u{As sv+ (Rics(N,N) + |o]*) v} day
by

Ov
_/azu {aV—I—H(N,N)U}de.
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Here Ay, ¢ is the f-Laplacian relative to ¥ introduced in (2.6). Following the terminology
in [2] we call the second order linear operator

(4.8) Lsv:= Ag sv+ (Ricy(N,N) + |o]*) v
the f-Jacobi operator of 3. It was shown in [44] Proof of Prop. 3.6] that this operator
coincides with the derivative of the f-mean curvature along the variation. More precisely

(4.9) (Lru)(p) = (Hyp)i(¢¢(p)), for any p € X —{0},

4
dt],—g

where (Hy); denotes the f-mean curvature along the hypersurface ¥; given by the im-
mersion ¢; : ¥ — M. By using that Q; is symmetric we obtain the equality

ou ov
(4.10) /E(uﬁfv—vﬁfu) daf:/az {val/ us, }dlf,

for any two functions u,v € C§°(X — {0}).

Let X be an f-stationary hypersurface of constant f-mean curvature Hy. We say that
Y is strongly f-stable if we have (A — Hy Vy)”(0) > 0 for any variation of ¥. We say
that 3 is f-stable if A’f’(O) > 0 for any volume-preserving variation. Obviously a strongly
f-stable hypersurface is f-stable. For a strongly f-stationary hypersurface the notion of
strong f-stability is analogue to the classical stability for minimal hypersurfaces with free
boundary in a domain of R**+1,

By the arguments in [2, Lem. 2.4], any function v € Cg°(X — {0}) with [, uday =0
is the normal component of a volume- preserving variation of ¥ supported away from 0.

Thus, we can deduce the following result from (4.4) and .
Lemma 4.5. Let 3 be an f-stationary hypersurface with index form Qg defined in (4.7)).

(1) If £ is strongly f-stable then Qf(u,u) > 0 for any u € C°(X —{0}).
(ii) If ¥ is f-stable then Qf(u,u) >0 for any u € C§°(X — {0}) with [, uday = 0.

Moreover, if 0 ¢ ¥ then the reverse statements also hold.

Remark 4.6. Note that, if the cone M is convex and the f-Ricci tensor defined in
satisfies Ricy > 0, then two terms in the expression of Qf(u,u) in are nonpositive
and so, the stability condition in the previous lemma becomes more restrictive. Hence,
convexity of the cone and nonnegativity of Ricy are natural hypotheses to prove classifi-
cation results for f-stable hypesurfaces.

Example 4.7 (Spheres centered at 0). Let ¥ be the intersection with the cone M of
a round sphere of radius r centered at 0. We consider the unit normal N(p) = —p/r.
Note that |0]? = n/r? in ¥ and II(N, N) = 0 along 9% since the inner unit normal to
OM — {0} is constant along any open segment leaving from 0. On the other hand, by
and Lemma (iii), we get Ricy(N, N) = k/r?. All this together gives

Qr(u,u) =Tp(u,u) = /{|V n+k u®} day.

It follows from Lemma [£5] that ¥ is strongly f—stable if and only if £ < —n. In the
particular case of the homogeneous radial density f(p) = |p|* in R"*!, we deduce from
[44] Thm. 3.10] that ¥ is f-stable if and only if £ < 0. If K > 0, M is convex, and the
k-dimensional Bakry—Emery—Ricci tensor in satisfies Ric’} > 0, then any spherical
cap X is an f-isoperimetric solution, i.e., minimizes the weighted area among all hyper-
surfaces in the cone separating a fixed weighted volume, as it is proved in [§] and [10]. In
particular, ¥ is f-stable, see also [8, Re. 1.5].
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5. CLASSIFICATION OF COMPACT f-STABLE HYPERSURFACES

In this section we provide sufficient conditions on a solid cone with a homogeneous
density f to ensure that the unique compact f-stable hypersurfaces are intersections with
the cone of round spheres centered at the vertex. In order to get some information from
the stability condition we must use the inequality in Lemma (ii) with a suitable test
function. This will be done by following the arguments employed in [2] to show that the
round spheres are the unique compact, orientable, stable hypersurfaces immersed in R**!
with the constant density f = 1.

We first prove an integral formula, which gives us the test function that will be inserted
in the index form (4.7) to establish our main result.

Proposition 5.1 (Minkowski formula). Let M C R"*! be a solid cone endowed with a
k-homogeneous density f = e¥. Consider a smooth, compact, orientable hypersurface ¥
immersed in M* with 0¥ = XNOM and such that ¥ meets OM orthogonally in the points
of 0¥. Let N be a unit normal along the hypersurface, Hy the f-mean curvature defined
n , and X (p) := p the position vector field in R" 1. Then we have

(5.1) /Z(n+k+Hf (X, N))day = 0.

If, in addition, k # —(n+ 1) and Hy is constant along X, then
(5.2) (n+k)As(E)=Mn+k+1)H; Vi(X),
where Ay(X) is the weighted area and Vy(X) is the oriented weighted volume.

Proof. We apply the divergence theorem in Lemmatogether with equality divs X =
n + k in Proposition (ii). We get

/E(n+k)daf:—/EHf<X,N>daf—/aE<X,V)dlf,

where v is the inner unit normal along 9% in 3. The orthogonality condition between
> and M implies that v coincides with the inner unit normal to OM along 0%. Hence,
formula (5.1)) follows from the previous equality by using that X is tangent to OM — {0}.
Equality is a consequence of and the definition of V() in (4.1)). O

Remark 5.2. Another proof of (5.1)) follows by applying the divergence theorem in
Lemma, to the vector field X' := X — (X, N) N with X(p) = p, and taking into
account that divs ;X' =n+k+ Hp (X, N).

Remarks 5.3. 1. Suppose that X is embedded, f-stationary, and separates a bounded
open set  with  C M*. In this case, the weighted volume V() is well defined even in
the case k = —(n + 1). By taking the inner unit normal N along %, formula (5.2)) reads

(n+k)Ar(E)=Mn+k+1)H; V().
Thus, a compact hypersurface in the previous conditions cannot exist if k = —(n + 1).
2. As a consequence of (5.2) it follows that H¢ # 0 provided k # —n.

3. In Example we showed that, if & = —n, then the intersection ¥ of M with any
round sphere centered at 0 is strongly f-stationary. In fact, equation implies that
any f-stationary hypersurface ¥ immersed in M* satisfies Hy = 0 when k£ = —n and so,
3 is strongly f-stationary by Lemma This property does not hold if 0 € 3, as it is
illustrated in Example [4.4]

4. For the constant density f = 1 in R**! we deduce the known Minkowski identity
A(X) = (n+ 1)H V(Q) relating Euclidean area, volume and mean curvature [24].
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For the case of the constant density f = 1 in R**! formula says that the function
u =1+ H (X, N) has mean zero with respect to the Euclidean element of area. This is
the test function used in [2] and later interpreted in [49] as the normal component of the
variation of 3 obtained by equidistant hypersurfaces dilated to keep the enclosed volume
constant. In the next result we show that the function u = n+ k + Hy (X, N) in
admits the same interpretation.

Lemma 5.4. Let M C R™*! be a solid cone endowed with a homogeneous density f = e¥
of degree k # —(n+ 1) and k # —n. Consider a smooth, compact, orientable and f-
stationary hypersurface ¥ immersed in M* with 9% = XN OM. Let N be a unit normal
along ¥ and define the variation o (p) := p+t(n+k)N(p). For anyt small enough, let s(t)
be the positive number such that Vy(s(t) (X)) = V(). Then, the normal component of
the variation
¢i(p) := s(t) pu(p) = 5(t) (p + t(n + k) N(p))

equals n+k+Hy (X, N), where Hy is the f-mean curvature defined in , and X (p) :==p
is the position vector field in R™H1.

Remark 5.5. Note that, up to the constant factor n + k, the variation ¢; provides the
classical deformation of 3 by parallel hypersurfaces.

Proof of Lemma 5.4 From Lemma we know that Hy is constant and X meets OM
orthogonally in the points of 9X. Let V(t) := Vy(X;), where ¥, := ¢,(X). The velocity
vector field of the variation ¢; equals (n+ k) N along . By using (4.3)) and (5.2)) we get

VI0) = —(n+ k) A (S) = —(n + k + 1) Hy V;(5).

Thus V{(0) # 0 and we can find £ > 0 such that Vy(¢) has the same sign as V(0) = V(%)
for any t € (—¢,¢). On the other hand, equation (4.2) implies that

Vi (%) = Vi(s(t) Be) = s(8)" 1 Vi (1),

from which s(t) = (V§(X)/V;(t))Y 5+ Hence the function s : (—¢,¢) — R is smooth
and positive with s(0) = 1. By differentiating at ¢ = 0 in the previous equality, and taking
into account the computation of V;(0) above, we have

0=(n+k+1)Vi(2)(s'(0) — Hy),
so that s'(0) = H;. Therefore the velocity vector associated to ¢;(p) = s(t) ¢1(p) equals

d

% ¢i(p) = Hy X(p) + (n+ k) N(p),

t=0
and the claim follows. O

As pointed out in Remark in order to obtain classification results for f-stable hy-
persurfaces it is natural to assume convexity of the cone and a non-negative lower bound
on the f-Ricci tensor defined in : in this way some terms in the index form
are nonpositive and the stability inequality in Lemma (ii) becomes more restrictive.
In fact, we are now ready to prove the following result for f-stable hypersurfaces in the
punctured cone M*.

Theorem 5.6. Let M C R"! be a convex solid cone endowed with a homogeneous den-
sity f = eV of degree k # —(n + 1). Suppose that k < —n or k > 0, and that the
k-dimensional Bakry-Emery-Ricci tensor in (1.3)) satisfies Ric’} > 0. Let X be a smooth,
compact, orientable hypersurface immersed in M* with 0¥ = X NOM. If ¥ is f-stable,
then X is the intersection with M of a round sphere centered at the vertex.
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Remark 5.7. The hypothesis k& # —(n + 1) is quite natural. Indeed, it follows from
(4.1) and Remark that, for k = —(n + 1), there are neither immersed nor embedded
compact f-stationary hypersurfaces contained in the punctured cone M*.

Proof of Theorem[5.6L Let N be a unit normal vector along ¥. From Lemma we
know that the f-mean curvature Hy of ¥ is constant and ¥ meets orthogonally M in
the points of d%. Let X(p) := p be the position vector field in R**! and g := (X, N)
the support function of ¥. By , the function v := n + k + Hyg has mean zero with
respect to the weighted element of area. As X is f-stable, we deduce from Lemma [4.5] (ii)
that the f-index form introduced in satisfies the inequality Qy(u, ) > 0, that is

(5.3) 0<—/u£fudaf—/ u{au—i—II(]\f,]\/')u}dlf7
b o8 v

where Ly is the f-Jacobi operator in (4.8), v is the inner unit normal along 9% in ¥, and
IT is the second fundamental form of 9M — {0} with respect to the inner unit normal.

Now, we compute the two integrals in (5.3)). By using the linearity of L; we get

(5.4) /uﬁfudaf:(n+k)/uﬁf(l)daerHf/uEfgdaf.
) ) )

Consider the one-parameter group ¢;(p) := e'p of dilations associated to X, and the
induced variation 3; := ¢¢(X) of ¥. By equation (4.9) and Proposition (v), we

obtain
(5.5 €)= G| o) =5 ) =y

Equalities ((5.5) and (5.1]) imply that the second integral at the right side of ([5.4)) vanishes.
Hence, we have

(5.6)

/uﬁfudaf:(n+k)2/Ef(l)daf+(n+k)Hf/gﬁf(l)daf
) b )

99

dl
ox 31/ !

:(n—i—k)Q/EEf(l)daf—&-(n—l—k)Hf/ZEfgdaf—i-(n—i—k)Hf

=(n+k)2/2{£f(1)— Ij_]%k}daf—(n—l—kj)Hf/aEH(N,N)gdlf.

n

To get the second equality we have taken into account (4.10]). For the third one, we have
used (5.5 together with the identity dg/dv = —II(N,N)g, which was proved in [43]
Lem. 4.8]. Again from this identity, we deduce

ou

By +II(N,N)u = (n+ k) II(N, N),

v

so that the boundary integral in (5.3)) equals

(5.7) (n+k)? / II(N,N)dls+ (n+k) Hy / II(N, N) g diy.
2> s

By substituting (5.6 and (5.7)) into (5.3]), we conclude that

/E {Ef(l) - Tﬁ} day + /(92 II(N, N) dlf]

H2
/{Rin(N,N)+U|2—f}daf+/ II(N,N)dlfl,
) n—l—k )3

0< —(n+k)?

= —(n+k)?
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where Ricy is the f-Ricci tensor in (1.2)) and |o|? is the squared sum of the principal cur-
vatures of X.. The proof finishes by using the convexity of M and Lemma below. O

Lemma 5.8. Let M C R"! be a solid cone endowed with a k-homogeneous density
f =e¥ with k < —n or k > 0, and such that Riclfc > 0. If ¥ is a smooth, orientable
hypersurface immersed in M*, then we have

2

H
5.8 Rics(N, N 2_ T >,
(5.8) icy (N, N) + o] ——

Moreover, if ¥ is compact with 0¥ = X N OM and f-stationary, then equality holds in X
if and only if ¥ is the intersection with M of a round sphere centered at the vertex.

Proof. Let H be the Euclidean mean curvature of ¥. Recall that |o0|? > nH? with equal-
ity in ¥ for n > 2 if and only if ¥ is totally umbilical [2, Lem. 3.2]. On the other hand,
the hypothesis Ric’fc > 0 is equivalent by (1.3) to Ricy > (1/k)(dy ® dy). By using the
definition of f-mean curvature in ([2.5) and simplifying, we obtain

H? 2 2772 2
Ricy (N, N) + |o]2 — — S (VON) e nPH? 4 (V§N)” = 2nH (VY N)
n+k k n+k

— n (
k(n+k)

The fact that equality holds in (5.8 if ¥ is contained inside a round sphere centered at
the vertex follows from the computations in Examples and Conversely, let us

suppose that we have equality in (5.8]) for a compact f-stationary hypersurface ¥ with
0% =X N0IM. Then we get these identities along X

(Vo). N)’

k b
Note that Hy = (n + k)H # 0 by and (5.1). From the equality |o|> = nH? we
conclude that there exists > 0 such that any connected component of ¥ is contained in
a round sphere of radius r. To finish the proof it suffices to show that the center of any
of these spheres is the vertex of the cone.

(Vip, N) + kH)? > 0.

lo|* =nH?, Ricy(N,N)= (Vip, N) = —kH.

Let S be a connected component of 3 centered at pg. We consider the unit normal
along S given by N (p) = (po—p)/r. By equality (V¢), N) = —kH = —k/r and Lemma[3.5]
(ii), we get ((V¥)(p),po) = 0 for any p € S. Let go € S be a point at maximum dis-
tance from the vertex. If go € 0S then the orthogonality condition along 0S implies
that go is proportional to N(qp), so that pp € OM or pg € —(OM). Cutting with a
plane passing through 0 and containing {v(go), N(qo)} we see that py € M. In the case
qo € S — 0S5 a similar argument gives py € int(M). Suppose pg # 0. Then, we would find
t > 0 such that gy = tpp. By using equalities (i) and (ii) in Lemma we would get
((VY)(q0),p0) =t~ ((V¥)(po), po) = k/t # 0, a contradiction. O

Remark 5.9 (Planar cones). We must note that Theorem holds in the planar case
even if we do not assume convexity of the cone M. In this case the proof is simpler since
II(N, N) identically vanishes along 0X.

Now we will extend Theorem [5.6]to f-stable hypersurfaces that may contain the vertex
of a cone with a homogeneous density of positive degree. Note that this is a non-trivial
task, since the vertex is a singular point for both, the cone and the density. However, for
positive degree we know from that the density is bounded near the vertex. This fact
will allow us to perform an approximation argument similar to the one in [43 Sect. 4].
The key ingredient is the existence of a sequence of functions as in the following lemma.
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Lemma 5.10. Let ¥ be a smooth, compact, orientable hypersurface embedded in a solid
cone M C R™ with a homogeneous density f = e¥ of degree k > 0. We suppose n > 2
orn+k > 2. Then, there is a sequence {¢c}eso of functions in C§°(X — {0}) satisfying:

(i) 0< e <1, for any e >0,
(ii) lim. o @e(p) =1, for any p € ¥ — {0},
(iii) lime—o [5, |[Vsge|? day = 0.

Proof. For n > 2 the construction of a sequence {¢. }.~o satisfying (i), (ii), and whose
Euclidean energy tends to zero follows from [45 Lem. 2.4] and [39, Lem. 3.1] if we consider
0 as an isolated singularity of . The hypothesis £ > 0 implies by and that f
is bounded near the origin, so that such a sequence also satisfies (iii).

Let us prove the case n + k > 2. We denote by B, the open ball of radius r > 0
centered at 0. Take a smooth function ¢ : R**! — [0,1] such that ¢ = 0 in By and
@ =11in R"™ — B;. We define ¢.(p) := (p/e). This is a sequence of smooth functions
with 9. = 0 in B./g, 9. = 1 in R — B, and |V, |? < ¢/e? for some constant ¢ > 0.
Clearly this sequence satisfies properties (i) and (ii). On the other hand, it is well-known
that the function m(e) := A(XNB.)/A(0B¢) tends to 1 when € — 0. Here A(-) stands for
the Euclidean area. By taking into account and that £ > 0, we can find constants
c,c” > 0 such that

Ap(SNB) < FAENBL) =" e me).

Therefore, we deduce that
/ |Vspe|?day < / |Ve|*day < A F(ENB.) <" e 2me),
b $NB.

which tends to zero when € — 0 since n + k > 2. O

We are now ready to prove the following result.

Theorem 5.11. Let M C R be a convex solid cone endowed with a k-homogeneous
density f = e¥ such that k > 0, n +k > 2, and Ric’} > 0. Let X be a smooth, compact,
orientable hypersurface embedded in M with 0% = X NOM. If ¥ is f-stable, then 3 is
the intersection with M of a round sphere centered at the vertex.

Proof. We will show that the proof of Theorem can be formally carried out even in
the case 0 € ¥. We will explain briefly the steps of the argument and omit the details.
We will follow the same notation as in the proof of Theorem

Step 1. We take a sequence {¢.}.>o as in Lemma [5.10] Following [43, Lem. 4.4] we
can prove that the divergence theorem in Lemma holds for any smooth vector field
X on ¥ — {0} satisfying | X|?,divs s X € L'(Z,day) and (X,v) € L'(0%,dls). Here
we denote by L'(X,day) and L' (0%, dly) the spaces of integrable functions with respect
to the Welghted measures day and dly. As a consequence, we can extend Corollary [2.3] -
and formula ) to any pair of bounded functions ui,us € C*°(3 — {0}) such that
|Vsu;|? ,Agdcul € L (3, day) and Ou;/Ov € L' (0%, dly), for i = 1,2.

Step 2. We reason as in [43], Lem. 4.5] to prove that the stability inequality Qf(u,u) > 0
in Lemma [4.5( (ii) is valid for any bounded function v € C*°(X — {0}) with [ uday =0
provided |Vxu|?, Ay, ju € LY(Z,day) and u/dv € LY (9%, dls). We first use approxima-
tion to see that Zy(u,u) > 0. Here the convexity of the cone M and the nonnegativity of
Ricy are essential in order to apply Fatou’s lemma. Second, we use the generalization of
Corollary [2.3[ obtained in Step 1 to deduce Qf(u,u) = Z¢(u,u) > 0.
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Step 3. We can use the stability inequality of Step 2 as in [43] Lem. 4.7] to get two inte-
grability properties, namely Ricy(N, N) + |o|> € L}(Z,day) and II(N, N) € L*(9%,dl).
These are non-trivial facts since the density f and the cone M have a singularity at 0.

Step 4. We define u := n+k+ Hyg, where g = (X, N) and X (p) = p. We can apply to
the vector field X the divergence theorem obtained in Step 1 since ¥ is compact and f is

bounded near the origin. By using that ¥ is f-stationary we deduce, as in Proposition[5.1
that [, uday = 0. Moreover, by equality (5.5) we have

As ju=HyAg yg = —Hj — Hy (Ricy(N,N) + |o]*) g.

By using Step 3, it follows that u satisfies all the integrability conditions stated in Step
2 to ensure that Qg (u,u) > 0.

From this point we can reproduce the proof of Theorem to get the claim. O

We finish this section by showing that our stability results in Theorems and
can be applied in some relevant examples.

Example 5.12. Let £ : R"™! — R be a linear function and M a convex solid cone con-
tained in the open half-space of R**! where ¢ > 0. For any k # 0 we saw in Example
that the density f := &* is k-homogeneous and Ric’} vanishes identically. Thus we can
apply our results provided k < —n and k # —(n+ 1), or k& > 0.

Example 5.13. The following monomial densities were first studied for half-planes in [31]

and more generally in [6]. Let o;, i = 1,...,n+1, be non-negative real numbers such that
a; > 0 for some i. Consider C := {(z1,...,7p11) € R";2; > 0 for all i such that o; >
0}, which is a convex cone. The function f : C — R given by f(z1,...,Tp41) =

a2yttt is a homogeneous density of degree k = oy + ... + ay41 vanishing along

0C. This density satisfies Ric’} > 0 by Lemma since k > 0 and f/* is concave. The
main result in [6] implies that any spherical cap of C' centered at the vertex minimize
weighted area among hypersurfaces separating the same weighted volume. Our stability
results classify f-stable hypersurfaces inside any convex solid cone M with M* C int(C).
More interesting examples of positively homogeneous densities where the isoperimetric
problem has been solved and our result is applied are described in [8 Sect. 2].

Example 5.14. Consider the k-homogeneous radial density f(p) = |p|* in a convex solid
cone M C R*!. If k < 0 then Ric’; > 0 by Corollary since the restriction of f to
M N'S™ is constant. Hence Theorem applies provided £k < —m and k # —(n+1). In
particular, in R"*! with density |p|*, k < —n, k # —(n+1), the unique compact f-stable
hypersurfaces which do not contain 0 are round spheres centered at 0. In fact, it was
proved in [15, Prop. 7.5] that, if & < —(n + 1), then these spheres uniquely minimize the
weighted area for fixed weighted volume. In the case —(n + 1) < k < 0 such spheres are
f-stable by [44, Thm. 3.10] but not f-isoperimetric, see [I5, Prop. 7.3]. The isoperimet-
ric property of round spheres centered at 0 for arbitrary radial densities in R**! is an
interesting question, which leads to the log-convex density conjecture, see [37].

Example 5.15. Let M = 0xD be any convex solid cone in R"*!'. Let us see that,
besides the radial case f(p) = |p|¥, there are several homogeneous non-radial densities
of degree £ < 0 where Ric]fc > 0. Take any smooth function g : D — R such that
¢, = max{(VZ.pu)p(v,v); p € D, v € T,S", |v| = 1} is positive. Fix a number k < 0
and consider the k-homogeneous density in M defined by f,.(p) := et ®/IPD|p|* . Then, for
any a € (0,—k/c,], it is clear that k + c,, < 0 and so, the density f,, has non-negative
Bakry-Emery—Ricci tensor by Corollary Hence Theorem applies provided k < —n
and k # —(n+1).
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Remark 5.16. As pointed out in Example[4.7] the conditions of Theorem [5.6]imply that
any round sphere centered at the vertex and intersected with the cone is f-stable. In-
deed, for k > 0 these spherical caps minimize the weighted area relative to the interior of
the cone among hypersurfaces separating the same weighted volume. This isoperimetric
property has been proved by Cabré, Ros-Oton and Serra in [7] and [§] for an arbitrary
convex cone M endowed with a continuous, homogeneous, non-negative density function
f of degree k > 0, such that f is positive and locally Lipschitz in the points of int(M) and
f/* is concave in int(M). In [I0] we obtain uniqueness of the isoperimetric regions for
smooth cones with k-homogeneous smooth densities satisfying £ > 0 and Ric’fc > 0. From
Lemma we deduce that the hypothesis Ric]} > 0 is equivalent, for C? homogeneous
densities of positive degree, to the concavity of f1/* assumed in [7] and [8].

Remark 5.17. Theorem H need not hold if the hypothesis Ric]; > 0 fails. Consider
the density f(p) = |p|* with k& > 0 in R"*!. From the computations in Lemma it
is easy to check that Ric?(u,u) < 0 for any u # 0 tangent to S™. It is known by [44],
Thm. 3.10] that round spheres about the origin are f-unstable. It was proved in [14]
Thm. 3.16] that round circles containing the origin uniquely minimize weighted length
for fixed weighted area in the plane with density f. In higher dimension it is an open
question if any f-isoperimetric or compact f-stable hypersurface is a sphere through the
origin (such spheres have constant f-mean curvature by Example . In [I5] Thm. 4.17]
we find examples of planar convex cones where compact f-stable curves are not contained
into circles centered at 0.

6. CLASSIFICATION OF COMPACT STRONGLY f—STABLE HYPERSURFACES

In this last section we obtain some results for compact strongly f-stable hypersurfaces
inside a solid cone M with a homogeneous density f of degree k.

We first analyze the case k > 0. Observe that, when the cone M is convex and the k-
dimensional Bakry—Emery—Ricci tensor satisfies Ric’} > 0, then we can apply Theorem
to deduce that a smooth, compact, orientable, strongly f-stable hypersurface ¥ immersed
in M* with 0¥ = ¥ N dM must be the intersection with M of a round sphere centered
at the vertex. However, these spherical caps are not strongly f-stable, as it is shown in
Example [£.7] In the next result we prove that the same happens if the f-Ricci tensor is
nonnegative.

Proposition 6.1. Let M C R™t! be a convez solid cone endowed with a homogeneous
density f whose f-Ricci tensor satisfies Ricy > 0. Then, there are no smooth, compact,
orientable, strongly f-stable hypersurfaces ¥ immersed in M™ with 0% = X NOM.

Proof. We reason by contradiction. Suppose there was a hypersurface ¥ in the conditions
of the statement. By inserting u = 1 in the index form (4.7)) and using Lemma (1),
we would deduce

0< Qf(u,u):—/E(Ricf(N7N)+|a|2) daf—/BZII(N7N)dlf.

Hence the convexity of M and the nonnegativity of Ric; would give us lo|? = 0 along 3.
In particular, any connected component of 3 would be contained inside a hyperplane. Let
Y’ be a component of ¥. We take a point py € ¥/ at maximum distance from the vertex
of the cone. The point pg can be at the interior or at the boundary of ¥'. Anyway, the
fact that ¥’ meets M orthogonally in the points of 9%’ would imply that pg is a normal
vector to X'. As a consequence, ¥/ would be contained inside the tangent hyperplane P
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at po to the round sphere S of radius |pg| centered at 0. This contradicts the definition
of pg, since P is a support hyperplane for the closed ball bounded by S. ]

Note that the hypothesis Ricy > 0 implies that the density has degree k > 0 by the
second equality in Lemma [3.6] In particular, we can reproduce the approximation argu-
ment in the proof of Theorem to obtain the next result, which is valid for strongly
f-stable hypersurfaces containing the vertex of the cone.

Proposition 6.2. Let M C R™t! be a convex solid cone endowed with a k-homogeneous
density f such that n = 2 or n+k > 2. If Ricy > 0 then there are no smooth, compact,
orientable, strongly f-stable hypersurfaces embedded in M with 0% = XN OM.

Now we focus on homogeneous densities with degree k < 0. The next corollary fol-
lows from Theorem and Example [£.7] by taking into account that a strongly f-stable
hypersurface is also f-stable.

Corollary 6.3. Let M C R™*! be a convex solid cone endowed with a homogeneous den-
sity f = eV of degree k # —(n + 1). Suppose also that k < —n and Ric]fc > 0. Let X be a
smooth, compact, orientable hypersurface immersed in M* with 0¥ =X NOM. Then, ¥
is strongly f-stable if and only if X is the intersection with M of a round sphere centered
at the vertex.

It was pointed in Remark [5.3] that any compact f-stationary hypersurface ¥ immersed
in a punctured solid cone M* with a homogeneous density f of degree k = —n satisfies
Hy = 0. In particular, ¥ is strongly f-stationary by Lemma @ and the notion of strong
f-stability is the density analogue to the classical stability for minimal hypersurfaces with
free boundary in a domain of R"*!. On the other hand, we saw in Example that the
intersection with M of any round sphere centered at the vertex is strongly f-stable for
k = —n. In the next result we generalize Corollary by showing uniqueness of these
spherical caps as strongly f-stable hypersurfaces.

Theorem 6.4. Let M C R™"! n > 2, be a convex solid cone endowed with a homoge-
neous density f = e¥ of degree k = —n such that Ric;" > 0. Let X be a smooth, compact,
connected, orientable hypersurface immersed in M* with 0¥ = X N OM. Then, ¥ is
strongly f-stable if and only if ¥ is the intersection with M of a round sphere centered at
the vertex.

Proof. Let N be a unit normal vector along 3. We denote by H; and H the f-mean
curvature and the Euclidean mean curvature of X, respectively. As ¥ is f-stationary, we
deduce from Lemmathat Hy is constant along X, and that ¥ meets orthogonally 0M
in the points of 9X. By we get Hy = 0 and so, nH = (Vi, N) along ¥. Since ¥ is
strongly f-stable we can apply Lemma[4.5| (i) to obtain Qf(u,u) > 0 for any u € C*°(X),
where Q; is the f-index form defined in (4.7). In particular, by taking u = 1, we have

0< —/ (Rics(N,N) + |o|?) day —/ (N, N)diy.
b s
On the other hand, the hypothesis Ric;" > 0 together with the inequality |o|?> > nH?
and the fact that nH = (Vi, N), gives us

+nH?=0.

— N2
Ricy (N, N) +|o]* > W

This inequality and the convexity of the cone imply that

—(Vy, N)?
n

lo|> =nH?, Ricy(N,N) = , II(N,N) =0,
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so that ¥ is contained inside a hyperplane or a round sphere. By reasoning as in the
proof of Proposition we deduce that the first case is not possible. In the second case
we can reproduce the argument at the end of the proof of Lemma to show that ¥ is
the intersection of M with a round sphere centered at the vertex. ]

Remarks 6.5. 1. The previous result does not follow from Theorem where it was
assumed that £ < —n or k > 0. So, for the case k = —n, we cannot deduce that any
f-stable hypersurface is the intersection with M of a round sphere centered at 0.

2. In the previous theorem we have to assume that X is connected to get a single
sphere in the thesis. In fact, in the case k = —n, the union of finitely many spherical caps
centered at 0 turns out to be strongly f-stable by the computations in Example [£.7]

Remark 6.6 (A note on the regularity hypotheses). Theorems [5.6{ and hold for C3
hypersurfaces in C? convex cones with C? densities. Theorem is also valid for C?
hypersurfaces.
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