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Motivation

A lot is known about the dynamics of multiple coinciding D-branes:

strings between same brane: m ∼ 0

strings between different branes: m ∼ L

As L → 0:

=⇒ N + N(N − 1) = N2 degrees of freedom

=⇒ U(1)N → U(N) gauge enhancement
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Different degrees of freedom and different symmetries

=⇒ different dynamics

=⇒ different worldvolume action

LD1 ∼ STr
{

CµνDaX
µDbX

ν + i[Xµ, Xν ]CµνρλDaX
ρDbX

λ + ...
}

[Taylor, van Raamsdonk][Myers]

Many applications in modern string theory
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Question: Is the constructed action (dynamics) gauge invariant?

• U(N) invariance is straight forward.

[Douglas, 1995; Dorn, 1996; Hull, 1997; Tseytlin, 1997; Garousi & Myers, 1998]
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• Background gauge invariance is less obvious.

– R-R and massive gauge transformations δC = ∂ΛeB + mΣeB :

Non-Abelian generalization of known (Abelian) results

[Green, Hull, Townsend, 96; Ciocarli, 2001] [Adam, Gheeardyn, B.J.,Lozano, 2003] [Adam, 2005]
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• U(N) invariance is straight forward.

[Douglas, 1995; Dorn, 1996; Hull, 1997; Tseytlin, 1997; Garousi & Myers, 1998]

• Background gauge invariance is less obvious.

– R-R and massive gauge transformations δC = ∂ΛeB + mΣeB :

Non-Abelian generalization of known (Abelian) results

[Green, Hull, Townsend, 96; Ciocarli, 2001] [Adam, Gheeardyn, B.J.,Lozano, 2003] [Adam, 2005]

– NS-NS transformation: [Adam, Illán, B.J., 2005]

δBµν = 2∂[µΣν] δVa = −ΣµDaX
µ δXµ = iΣρ[X

ρ, Xµ]

Also worldvolume fields transform under NS-NS!

−→No longer U(1) gauge symmetry: [δΣ1, δΣ2] 6= 0

Aim: Explore the group structure of the

non-Abelian NS-NS transformations
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Outlook

1. Derivation of transformations rule via T-duality

2. Simple case: Pure gauge NS-NS transformations

3. Full NS-NS algebra and Jacobi identity

4. Conclusions
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1. Derivation of the transformation rules via T-duality

T-duality in worlvolume direction x:

Dp-brane −→ D(p − 1)-brane

(V̂â, Y
i) −→ (Va, X

ı̂)

• Matching of degrees of freedom: [Bergshoeff, de Roo]

V̂a −→ Va, Y i −→ X i,

V̂x −→ Xx, Y x = σx.
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∂aY
i −→ ∂aX

i, ∂xY
i = 0, ∂âY

x = δ
x

â ,

F̂ax −→ ∂aX
x, F̂ab −→ Fab.

• Field strengths, non-Abelian case: (DaY
µ = ∂aY

µ + i[Va, Y
µ]) [Myers]

D̂aY
i −→ DaX

i, D̂xY
i = i[Vx, Y

i] −→ i[Xx, X i], ∂âY
x = δ

x

â ,

F̂ax −→ DaX
x, F̂ab −→ Fab.
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• Role played by fields in Dp-brane action is the same as role of fields in

D(p − 1)-brane action.

Fields in both actions transform in the same way under:

– Worldvolume general coordinate transformations ζa

– U(1) or U(N) transformations χ

– NS-NS transformations Σ

– Target space general coordinate transformations
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D(p − 1)-brane action.

Fields in both actions transform in the same way under:

– Worldvolume general coordinate transformations ζa

– U(1) or U(N) transformations χ

– NS-NS transformations Σ

– Target space general coordinate transformations

=⇒ Derive transformation rules from T-duality between Dp-brane actions
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T-duality on gauge transformations: Abelian case

T-duality in worlvolume direction x:

Dp-brane −→ D(p − 1)-brane

(V̂â, Y
i) −→ (Va, X

ı̂)

T-dual variation of BI vector: V̂a −→ Va

=⇒ δV̂a = ζ̂b∂bV̂a + ∂aζ̂
bV̂b + ∂aζ̂

xV̂x + ∂aχ̂ − Σµ̂∂aY
µ̂
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i) −→ (Va, X

ı̂)

T-dual variation of BI vector: V̂a −→ Va

=⇒ δV̂a = ζ̂b∂bV̂a + ∂aζ̂
bV̂b + ∂aζ̂

xV̂x + ∂aχ̂ − Σµ̂∂aY
µ̂

T-duality rules: ζ̂x → Σx (gµx → Bµx)

χ̃ → χ − ΣxX
x

−→ ζb∂bVa + ∂aζ
bVb + ∂aΣxXx + ∂aχ̃ − Σµ∂aX

µ

= ζb∂bVa + ∂aζ
bVb + ∂aχ − Σµ̂∂aX

µ̂

= δVa
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T-dual variation of BI vector: V̂x → Xx

=⇒ δV̂x = ζ̂b∂bV̂x − Σx∂xY
x

−→ ζb∂bX
x − ξx

= δXx

−→ Xx behaves as a scalar in worldvolume and coordinate in target space.

Worldvolume transformations:

δVa = ζb∂bVa + ∂aζ
bVb + ∂aχ − Σµ̂∂aX

µ̂

δX µ̂ = ζb∂bX
µ̂ − ξµ̂
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T-duality on gauge transformations: non-Abelian case

T-duality in worlvolume direction x:

Dp-brane −→ D(p − 1)-brane

(V̂â, Y
i) −→ (Va, X

ı̂)

T-dual variation of BI vector: V̂a −→ Va

=⇒ δV̂a = ζ̂b∂bV̂a + ∂aζ̂
bV̂b + ∂aζ̂

xV̂x + D̂aχ̂ − Σµ̂D̂aY
µ̂
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T-duality on gauge transformations: non-Abelian case

T-duality in worlvolume direction x:

Dp-brane −→ D(p − 1)-brane

(V̂â, Y
i) −→ (Va, X

ı̂)

T-dual variation of BI vector: V̂a −→ Va

=⇒ δV̂a = ζ̂b∂bV̂a + ∂aζ̂
bV̂b + ∂aζ̂

xV̂x + D̂aχ̂ − Σµ̂D̂aY
µ̂

T-duality rules: ζ̂x → Σx (gµx → Bµx)

χ̃ → χ − ΣxX
x

−→ ζb∂bVa + ∂aζ
bVb + ∂aΣxXx + Daχ̃ − ΣµDaX

µ

= ζb∂bVa + ∂aζ
bVb + Daχ − Σµ̂DaX

µ̂

= δVa

−→ Va behaves as a vector in worldvolume, U(N) Yang-Mills vector and shift

under NS-NS transf .
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=⇒ δV̂x = ζ̂b∂bV̂x + i[Vx, χ] − ΣµD̂xY
µ − ΣxDxY

x
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T-duality on gauge transformations: non-Abelian case

T-duality in worlvolume direction x:

Dp-brane −→ D(p − 1)-brane

(V̂â, Y
i) −→ (Va, X

ı̂)

T-dual variation of BI vector: V̂x → Xx

=⇒ δV̂x = ζ̂b∂bV̂x + i[Vx, χ] − ΣµD̂xY
µ − ΣxDxY

x

−→ ζb∂bV̂x + i[Xx, χ] − iΣµ[Xx, Xµ] − ξx

= δXx
[Adam, Illán, B.J.]
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T-duality on gauge transformations: non-Abelian case

T-duality in worlvolume direction x:

Dp-brane −→ D(p − 1)-brane

(V̂â, Y
i) −→ (Va, X

ı̂)

T-dual variation of BI vector: V̂x → Xx

=⇒ δV̂x = ζ̂b∂bV̂x + i[Vx, χ] − ΣµD̂xY
µ − ΣxDxY

x

−→ ζb∂bV̂x + i[Xx, χ] − iΣµ[Xx, Xµ] − ξx

= δXx
[Adam, Illán, B.J.]

−→ Xx behaves as a scalar in worldvolume, adjoint scalar under U(N),

coordinate in target space and has extra “dielectric” Σ variation:

δVa = ζb∂bVa + ∂aζ
bVb + Daχ − Σµ̂DaX

µ̂

δX µ̂ = ζb∂bX
µ̂ + i[Xµ, χ] − iΣρ[X

µ, Xρ] − ξµ̂
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Non-Abelian NS-NS transformations

Basic transformation rules:

δBµν = 2∂[µΣν], δVa = − ΣµDaX
µ, δXµ = iΣρ[X

ρ, Xµ]
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δBµν = 2∂[µΣν], δVa = − ΣµDaX
µ, δXµ = iΣρ[X

ρ, Xµ]

Composite transformation rules:

δΦ(X) = i Σµ[Xµ, Φ(X)]

δDaX
µ = iΣρ[X

ρ, DaX
µ] + 2i[Xµ, Xλ]∂[λΣν]DaX

ν

δ[Xµ, Xν ] = iΣρ[X
ρ, [Xµ, Xν]] + 2i[Xµ, Xρ]∂[ρΣλ][X

λ, Xν ]
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Non-Abelian NS-NS transformations

Basic transformation rules:

δBµν = 2∂[µΣν], δVa = − ΣµDaX
µ, δXµ = iΣρ[X

ρ, Xµ]

Composite transformation rules:

δΦ(X) = i Σµ[Xµ, Φ(X)]

δDaX
µ = iΣρ[X

ρ, DaX
µ] + 2i[Xµ, Xλ]∂[λΣν]DaX

ν

δ[Xµ, Xν ] = iΣρ[X
ρ, [Xµ, Xν]] + 2i[Xµ, Xρ]∂[ρΣλ][X

λ, Xν ]

−→with these transformation rules one can prove gauge invariance of

Dp-brane action (at least Chern-Simons part) [Adam, Illán, B.J.]

−→what about the symmetry algebra, as [δΣ1, δΣ2 ] 6= 0?
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2. Simple case: Pure gauge NS-NS transformations

δBµν = 2∂[µΣν], δXµ = iΣρ[X
ρ, Xµ], δVa = − ΣµDaX

µ

Transformations that leave Bµν invariant, but act on Xµ and Va: Σµ = ∂µχ:

δBµν = 0, δXµ = i∂ρχ[Xρ, Xµ], δVa = − ∂µχDaX
µ
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δBµν = 2∂[µΣν], δXµ = iΣρ[X
ρ, Xµ], δVa = − ΣµDaX

µ

Transformations that leave Bµν invariant, but act on Xµ and Va: Σµ = ∂µχ:

δBµν = 0, δXµ = i∂ρχ[Xρ, Xµ], δVa = − ∂µχDaX
µ

Properties of non-Abelian calculus:

[χ(X), Xµ] = ∂ρχ(X)[Xρ, Xµ] Daχ(X) = ∂µχ(X)DaX
µ
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Properties of non-Abelian calculus:

[χ(X), Xµ] = ∂ρχ(X)[Xρ, Xµ] Daχ(X) = ∂µχ(X)DaX
µ

=⇒ δBµν = 0 δXµ = i[χ, Xµ] δVa = − Daχ

δ[Xµ, Xν ] = i[χ, [Xµ, Xν ]], δDaX
µ = i[χ, DaX

µ]
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2. Simple case: Pure gauge NS-NS transformations

δBµν = 2∂[µΣν], δXµ = iΣρ[X
ρ, Xµ], δVa = − ΣµDaX

µ

Transformations that leave Bµν invariant, but act on Xµ and Va: Σµ = ∂µχ:

δBµν = 0, δXµ = i∂ρχ[Xρ, Xµ], δVa = − ∂µχDaX
µ

Properties of non-Abelian calculus:

[χ(X), Xµ] = ∂ρχ(X)[Xρ, Xµ] Daχ(X) = ∂µχ(X)DaX
µ

=⇒ δBµν = 0 δXµ = i[χ, Xµ] δVa = − Daχ

δ[Xµ, Xν ] = i[χ, [Xµ, Xν ]], δDaX
µ = i[χ, DaX

µ]

−→ pure gauge part of NS-NS is U(N) transformation

• Intertwining between NS-NS and U(N)

• What about the rest?
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3. Full NS-NS algebra

Calucate commutators

[U(N), U(N)], [U(N),NS-NS] [NS-NS,NS-NS]
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[U(N), U(N)], [U(N),NS-NS] [NS-NS,NS-NS]

• [δχ1, δχ2] = δχ3 with χ3 = i[χ1, χ2]

• [δΣ, δχ]Xµ = −Σρ[X
ρ, [χ, Xµ]] + [χ, Xρ][Σρ, X

µ]

− [χ, Σρ][X
ρ, Xµ] + [χ, Σρ[X

ρ, Xµ]]

= i[χ̃, Xµ]

[δΣ, δχ]Va = i∂µΣρDaX
µ[Xρ, χ] + iΣρ[DaX

ρ, χ] + iΣρ[X
ρ, Daχ]

= Daχ̃
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3. Full NS-NS algebra

Calucate commutators

[U(N), U(N)], [U(N),NS-NS] [NS-NS,NS-NS]

• [δχ1, δχ2] = δχ3 with χ3 = i[χ1, χ2]

• [δΣ, δχ]Xµ = −Σρ[X
ρ, [χ, Xµ]] + [χ, Xρ][Σρ, X

µ]

− [χ, Σρ][X
ρ, Xµ] + [χ, Σρ[X

ρ, Xµ]]

= i[χ̃, Xµ]

[δΣ, δχ]Va = i∂µΣρDaX
µ[Xρ, χ] + iΣρ[DaX

ρ, χ] + iΣρ[X
ρ, Daχ]

= Daχ̃

[δΣ, δχ] = δχ̃ with χ̃ = iΣρ[X
ρ, χ]
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• [δΣ(1) , δΣ(2)]Xµ = i
[

iΣ
(1)
λ Σ

(2)
ρ [Xλ, Xρ], Xµ

]

= i[χ̄, Xµ]

[δΣ(1) , δΣ(2)]Va = Da

(

iΣ
(1)
λ Σ

(2)
ρ [Xλ, Xρ]

)

= Daχ̄

with χ̄ = iΣ
(1)
λ Σ

(2)
ρ [Xλ, Xρ]
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• [δΣ(1) , δΣ(2)]Xµ = i
[

iΣ
(1)
λ Σ

(2)
ρ [Xλ, Xρ], Xµ

]

= i[χ̄, Xµ]

[δΣ(1) , δΣ(2)]Va = Da

(

iΣ
(1)
λ Σ

(2)
ρ [Xλ, Xρ]

)

= Daχ̄

with χ̄ = iΣ
(1)
λ Σ

(2)
ρ [Xλ, Xρ]

Full U(N)-NS-NS algebra:

[δχ1, δχ2] = δχ3 with χ3 = i[χ1, χ2],

[δΣ, δχ] = δχ̃ with χ̃ = iΣρ[X
ρ, χ],

[δΣ1 , δΣ2] = δχ̄ with χ̄ = iΣ
(1)
λ Σ

(2)
ρ [Xλ, Xρ].

−→ All commutators result in U(N) transformation
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Jacobi identities

[δχ1 , [δχ2, δχ3]]Z + [δχ2, [δχ3, δχ1]]Z + [δχ3, [δχ1, δχ2]]Z = i[χ0, Z],

[δΣ, [δχ1, δχ2]]Z + [δχ2, [δΣ, δχ1]]Z + [δχ1, [δχ2, δΣ]]Z = i[χ̃, Z],

[δΣ1 , [δΣ2, δχ]]Z + [δχ, [δΣ1, δΣ2 ]]Z + [δΣ2, [δχ, δΣ1]]Z = i[χ̄, Z],

[δΣ1 , [δΣ2, δΣ3]]Z + [δΣ3 , [δΣ1, δΣ2]]Z + [δΣ2 , [δΣ3, δΣ1]]Z = i[χ̂, Z],
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[δχ1 , [δχ2, δχ3]]Z + [δχ2, [δχ3, δχ1]]Z + [δχ3, [δχ1, δχ2]]Z = i[χ0, Z],

[δΣ, [δχ1, δχ2]]Z + [δχ2, [δΣ, δχ1]]Z + [δχ1, [δχ2, δΣ]]Z = i[χ̃, Z],

[δΣ1 , [δΣ2, δχ]]Z + [δχ, [δΣ1, δΣ2 ]]Z + [δΣ2, [δχ, δΣ1]]Z = i[χ̄, Z],

[δΣ1 , [δΣ2, δΣ3]]Z + [δΣ3 , [δΣ1, δΣ2]]Z + [δΣ2 , [δΣ3, δΣ1]]Z = i[χ̂, Z],

with

χ0 = [χ1, [χ2, χ3]] + [χ2, [χ3, χ1]] + [χ3, [χ1, χ2]] = 0,

χ̃ = Σρ

(

[[χ1, χ2], X
ρ] + [[Xρ, χ1], χ2] + [[χ2, X

ρ], χ]

)

= 0,

χ̄ = −Σ
(1)
λ Σ(2)

ρ

(

[Xλ, [Xρ, χ]] + [χ, [Xλ, Xρ]] + [Xρ, [χ, Xλ]]
)

= 0,

χ̂ = −Σ(1)
ν Σ

(2)
λ Σ(3)

ρ

(

[Xν , [Xλ, Xρ]] + [Xρ, [Xν, Xλ]] + [Xλ, [Xρ, Xν ]]
)

= 0

−→NS-NS Jacobi identities satisfied thanks to U(N) Jacobi identities
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4. Conclusions

• NS-NS transformations act non-trivially on worldvolume fields

δBµν = 2∂[µΣν], δXµ = iΣρ[X
ρ, Xµ], δVa = − ΣµDaX

µ
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• NS-NS transformations act non-trivially on worldvolume fields

δBµν = 2∂[µΣν], δXµ = iΣρ[X
ρ, Xµ], δVa = − ΣµDaX

µ

• NS-NS and U(N) form non-trivial algebra

[δχ1, δχ2] = δχ3 with χ3 = i[χ1, χ2],

[δΣ, δχ] = δχ̃ with χ̃ = iΣρ[X
ρ, χ],

[δΣ1 , δΣ2] = δχ̄ with χ̄ = iΣ
(1)
λ Σ

(2)
ρ [Xλ, Xρ].

• U(N) modifies NS-NS but in mild way:

NS-NS

U(N)
= U(1)

−→ U(N) “non-Abelianises” NS-NS
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• NS-NS gauge transformations behave very differently from R-R

transformations

−→ S-duality: non-abelianisation of R-R transformations
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• NS-NS mixes with general coord. transformations under T-duality

−→ T-dual of NS-NS algebra & non-commutative geometry?
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• NS-NS gauge transformations behave very differently from R-R

transformations

−→ S-duality: non-abelianisation of R-R transformations

• NS-NS mixes with general coord. transformations under T-duality

−→ T-dual of NS-NS algebra & non-commutative geometry?

Thanks!
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