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1 The Levi-Civita connection: what and why?

Main lessons of General Relativity:

Gravitational interaction is related to curvature of spacetime,

determined by the energy and field content

Spacetime is dynamical quantity, with physical degrees of freedom
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1 The Levi-Civita connection: what and why?

Main lessons of General Relativity:

Gravitational interaction is related to curvature of spacetime,

determined by the energy and field content

Spacetime is dynamical quantity, with physical degrees of freedom

Spacetime = D-dim Lorentzian manifold with metric gµν and connection Γρ
µν

Differential geometry:

Metric: measures distances in manifold and angles in tangent space

Connection: map between tangent spaces that defines parallel transport

Mathematically metric and connection are independent quantities
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However if Γρ
µν satisfies the properties

• symmetric: Γρ
µν = Γρ

νµ (⇔ T ρ
µν = 0)

• metric compatible: ∇µgνρ = 0

then Γρ
µν is uniquely determined by the metric

Γρ
µν = 1

2
gρλ

(

∂µgλν + ∂µgµλ − ∂λgµν

)

(Levi-Civita connection)
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However if Γρ
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• symmetric: Γρ
µν = Γρ

νµ (⇔ T ρ
µν = 0)

• metric compatible: ∇µgνρ = 0

then Γρ
µν is uniquely determined by the metric

Γρ
µν = 1

2
gρλ

(

∂µgλν + ∂µgµλ − ∂λgµν

)

(Levi-Civita connection)

One usually (tacitly) assumes that Levi-Civita describes correctly physics:

• uniqueness: see above

• simplicity: tensor identities simplify

• physical grounds: Equivalence principle & geodesics
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Simplicity: many curvature tensor identities simplify for Levi-Civita

• Bianchi identity:

0 = Rµνρ
λ + Rνρµ

λ + Rρµν
λ

− ∇µT
λ
νρ − ∇νT

λ
ρµ − ∇ρT

λ
µν + T σ

µνT
λ
ρσ + T σ

νρT
λ
µσ + T σ

ρµT
λ
νσ
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Rµνλ

λ − 1
2
∇λT

λ
µν −∇[µT

λ
ν]λ + 1

2
T ρ

µνT
λ
λρ

• Divergence of Einstein tensor:

∇µGν
µ = T ρ

µνRρ
µ − 1

2
T λ

µρRνλ
µρ + 1

2
∇ρg

µλ
[

δρ
µRνλ + δρ

νRµλ + Rµνλ
ρ
]
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λ
ν]λ + 1

2
T ρ

µνT
λ
λρ

• Divergence of Einstein tensor:

∇µGν
µ = T ρ

µνRρ
µ − 1

2
T λ

µρRνλ
µρ + 1

2
∇ρg

µλ
[

δρ
µRνλ + δρ

νRµλ + Rµνλ
ρ
]

• Partial integration:

S =

∫

dDx
√

|g| ∇µAν Bµν

= −
∫

dDx
√

|g|
[

∇µB
µνAν +

(

1
2
gστ∇µgστ + T σ

µσ

)

AνB
µν

]

• ...
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Physical grounds:

• Equivalence Principle: gravitational force can locally be gauged away by

an appropriate choice of coordinates
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• Equivalence Principle: gravitational force can locally be gauged away by

an appropriate choice of coordinates

Mathematically: connection components can locally be set to zero if

torsionless (NB: torsion is tensor)

Γρ
µν(p) = 0 ⇔ T ρ

µν = 0

• Affine and metric geodesics:

metric geodesic = shortest curve between two points

= curve obtained via Action Principle

affine geodesic = curve with covariantly constant tangent vector

= unaccelerated trajectory

Affine geodesics and metric geodesics do not coincide,

unless for Levi-Civita
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However if Γρ
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However if Γρ
µν satisfies the properties

• symmetric: Γρ
µν = Γρ

νµ (⇔ T ρ
µν = 0)

• metric compatible: ∇µgνρ = 0

then Γρ
µν is uniquely determined by the metric

Γρ
µν = 1

2
gρλ

(

∂µgλν + ∂µgµλ − ∂λgµν

)

(Levi-Civita connection)

One usually (tacitly) assumes that Levi-Civita describes correctly physics:

• uniqueness: see above

• simplicity: tensor identities simplify

• physical grounds: Equivalence principle & geodesics

• mathematically more rigorous reason? Palatini formalism!
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2 Palatini formalism for Einstein-Hilbert

2.1 Metric formalism

S(g) =

∫

dDx
√

|g| gµνRµν(g)

where

Rµν = ∂µΓλ
λν − ∂λΓ

λ
µν + Γλ

µσΓσ
λν − Γσ

µνΓ
λ
λσ

Γρ
µν = 1

2
gρλ

(

∂µgλν + ∂µgµλ − ∂λgµν

)

• S(g) non-linear and second order in gµν

−→ expect fourth-order diff eqns
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∫

dDx
√

|g| gµνRµν(g)

where

Rµν = ∂µΓλ
λν − ∂λΓ

λ
µν + Γλ

µσΓσ
λν − Γσ

µνΓ
λ
λσ

Γρ
µν = 1

2
gρλ

(

∂µgλν + ∂µgµλ − ∂λgµν

)

• S(g) non-linear and second order in gµν

−→ expect fourth-order diff eqns

• explicit calculation: only
√

|g| gµν contributes to δS(g)

Rµν(g) − 1
2
gµνR(g) = 0
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2.2 Palatini formalism

Consider metric and connection as independent:

S(g, Γ) =

∫

dDx
√

|g| gµνRµν(Γ)

where
Rµν = ∂µΓλ

λν − ∂λΓ
λ
µν + Γλ

µσΓσ
λν − Γσ

µνΓ
λ
λσ

∇µgνρ 6= 0 and/or Γρ
µν 6= Γρ

νµ

• δS
δgµν −→ Rµν(Γ) − 1

2
gµνR(Γ) = 0
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νρ) −∇ν(δΓ
λ
µρ) + T σ

µν(δΓ
λ
σρ)
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2.2 Palatini formalism

Consider metric and connection as independent:

S(g, Γ) =

∫

dDx
√

|g| gµνRµν(Γ)

where
Rµν = ∂µΓλ

λν − ∂λΓ
λ
µν + Γλ

µσΓσ
λν − Γσ

µνΓ
λ
λσ

∇µgνρ 6= 0 and/or Γρ
µν 6= Γρ

νµ

• δS
δgµν −→ Rµν(Γ) − 1

2
gµνR(Γ) = 0

• Palatini identity: δRµνρ
λ = ∇µ(δΓλ

νρ) −∇ν(δΓ
λ
µρ) + T σ

µν(δΓ
λ
σρ)

0 ≡ δS(g, Γ) =

∫

dDx
√

|g|(δΓλ
µν)

[

∇λg
µν +

(

1
2
gστ∇λgστ + T σ

λσ

)

gµν

−∇ρg
ρνδµ

λ −
(

1
2
gστ∇ρgστ + T σ

ρσ

)

gρνδµ
λ + gρνT µ

ρλ

]

⇐⇒ Γλ
µν = Levi − Civita
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Advantages of Palatini formalism:

• Practical: Einstein eqn δS
δgµν easy to calculate if Rµνρ

λ = Rµνρ
λ(Γ)

S =

∫

dDx
√

|g|
[

gµνRµν(Γ) + L(φ, gµν)
]

−→ Rµν(Γ) − 1
2
gµνR(Γ) = Tµν

Γλ
µν = Levi − Civita

if matter is minimally coupled in L(φ, gµν)
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• Philosophical: Levi-Civita is not just a convenient choice, it is a

minimum of the action, a solution of the equations of motion

Any other connection would not (necessarily) have this property.
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Advantages of Palatini formalism:

• Practical: Einstein eqn δS
δgµν easy to calculate if Rµνρ

λ = Rµνρ
λ(Γ)

S =

∫

dDx
√

|g|
[

gµνRµν(Γ) + L(φ, gµν)
]

−→ Rµν(Γ) − 1
2
gµνR(Γ) = Tµν

Γλ
µν = Levi − Civita

if matter is minimally coupled in L(φ, gµν)

• Philosophical: Levi-Civita is not just a convenient choice, it is a

minimum of the action, a solution of the equations of motion

Any other connection would not (necessarily) have this property.

• Question: how much remains valid in presence of curvature corrections?
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3 Higher-curvature corrections & Lovelock gravity

• In D = 4, Einstein-Hilbert is most natural choice, but there is no reason

to exclude higher-order corrections for D > 4.
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3 Higher-curvature corrections & Lovelock gravity

• In D = 4, Einstein-Hilbert is most natural choice, but there is no reason

to exclude higher-order corrections for D > 4.

• Lanczos (1938):

S =

∫

d5x
√

|g|
[

R2 − 4RµνR
µν + RµνρλR

µνρλ
]

Hµν = 2RRµν + 4RρµνλR
ρλ + 2RµρλσRν

ρλσ − 4RµρRν
ρ

−1
2
gµν

[

R2 − 4RρλR
ρλ + RρλστR

ρλστ
]

−→ second order, divergence-free modified Einstein eqns
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3 Higher-curvature corrections & Lovelock gravity

• In D = 4, Einstein-Hilbert is most natural choice, but there is no reason

to exclude higher-order corrections for D > 4.

• Lanczos (1938):

S =

∫

d5x
√

|g|
[

R2 − 4RµνR
µν + RµνρλR

µνρλ
]

Hµν = 2RRµν + 4RρµνλR
ρλ + 2RµρλσRν

ρλσ − 4RµρRν
ρ

−1
2
gµν

[

R2 − 4RρλR
ρλ + RρλστR

ρλστ
]

−→ second order, divergence-free modified Einstein eqns

NB: R2 − 4RµνR
µν + RµνρλR

µνρλ is Gauss-Bonnet term

−→ topological invariant in D = 4

identically zero in D < 4

dynamical in D > 4
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• Lovelock (1970): generalise Lanczos to arbitrary D

second order, divergence-free Einstein eqns for

S =

∫

dDx
√

|g|
[

Λ + R + LGB + ... + L[D/2]

]

where

Ln = det

∣

∣

∣

∣

∣

∣

∣

∣

∣

gµ1ν1 . . . gµ2nν1

...
. . .

...

gµ1ν2n . . . gµ2nν2n

∣

∣

∣

∣

∣

∣

∣

∣

∣

Rµ1µ2ν1ν2 . . . Rµ2n−1µ2nν2n−1ν2n
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∣

∣
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• String theory: higher-curvature terms appear as correction to sugra

[Candelas, Horowitz, Strominger, Witten]
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• String theory: higher-curvature terms appear as correction to sugra
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• In general ghosts appear due to higher-derivative terms, unless

corrections are of the Lovelock type Ln [Zwiebach][Zumino]
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∣

Rµ1µ2ν1ν2 . . . Rµ2n−1µ2nν2n−1ν2n

• String theory: higher-curvature terms appear as correction to sugra

[Candelas, Horowitz, Strominger, Witten]

• In general ghosts appear due to higher-derivative terms, unless

corrections are of the Lovelock type Ln [Zwiebach][Zumino]

Ln is Euler character in D = 2n

−→ identically zero in D < 2n

topological invariant in D = 2n

dynamical in D > 2n
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• absence of ghosts make Lovelock gravities natural extensions to

Einstein-Hilbert for D > 4
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Einstein-Hilbert for D > 4

• Not all stringy corrections are Lovelock, but dilaton might cure the

problem.

• Higher-curvature terms are popular in cosmology

−→modify FRW dynamics that mimic dark matter/energy or cause

late time acceleration?

−→ increasingly more difficult to derive eqns of motion

−→ Palatini come to help?

• Palatini formalism has been studied in various contexts, though not

systematically

[Exirifard, Sheikh-Jabbari] state that Palatini and metric are equivalent for

Lovelock gravity
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Einstein-Hilbert for D > 4

• Not all stringy corrections are Lovelock, but dilaton might cure the

problem.

• Higher-curvature terms are popular in cosmology

−→modify FRW dynamics that mimic dark matter/energy or cause

late time acceleration?

−→ increasingly more difficult to derive eqns of motion

−→ Palatini come to help?

• Palatini formalism has been studied in various contexts, though not

systematically

[Exirifard, Sheikh-Jabbari] state that Palatini and metric are equivalent for

Lovelock gravity

• We will demonstrate that metric includes Palatini, but not vice versa

B. Janssen (UGR) Palatini vs metric formalism in higher-curvature gravity 13/29



4 Palatini vs metric formalism for (Riem)2 gravity

4.1 Metric formalism

S =

∫

dDx
√

|g|
[

αR2 + 4βRµνR
µν + γRµνρλR

µνρλ
]

=

∫

dDx
√

|g|
[

α gµρgσαδν
λδ

τ
β + 4β gµσgραδν

λδ
τ
β + γ gµσgντgραgλβ

]

Rµνρ
λRστα

β

Gravitational tensor via chain rule

Hµν ≡ 1
√

|g|
δS(g)

δgµν
=

1
√

|g|
δS(g)

δgµν

∣

∣

∣

expl
+

1
√

|g|
δS(g)

δRαβγ
δ

δRαβγ
δ

δΓσ
ρλ

δΓσ
ρλ

δgµν

where

δRµνρ
λ = ∇µ(δΓλ

νρ) −∇ν(δΓ
λ
µρ),

δΓρ
µν = 1

2
gρλ

[

∇µ(δgλν) + ∇ν(δgµλ) −∇λ(δgµν)
]
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Hµν = α
[

2∇µ∂νR − 2gµν∇2R + 2RµνR − 1
2
gµνR

2
]

+ 4β
[

∇µ∂νR −∇2Rµν − 1
2
gµν∇2R − 2RµνρλR

ρλ − 1
2
gµνRρλR

ρλ
]

+ γ
[

2∇µ∂νR − 4∇2Rµν − 4RµρRν
ρ − 4RρµνλR

ρλ

+2RµρλσRν
ρλσ − 1

2
gµνRρλστR

ρλστ
]

.
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Hµν = α
[

2∇µ∂νR − 2gµν∇2R + 2RµνR − 1
2
gµνR

2
]

+ 4β
[

∇µ∂νR −∇2Rµν − 1
2
gµν∇2R − 2RµνρλR

ρλ − 1
2
gµνRρλR

ρλ
]

+ γ
[

2∇µ∂νR − 4∇2Rµν − 4RµρRν
ρ − 4RρµνλR

ρλ

+2RµρλσRν
ρλσ − 1

2
gµνRρλστR

ρλστ
]

.

• ∇2(Riem) terms cancel for (α, β, γ) = (1,−1, 1)

−→ Gauss-Bonnet is 2nd Lovelock term L2
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Hµν = α
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2∇µ∂νR − 2gµν∇2R + 2RµνR − 1
2
gµνR

2
]

+ 4β
[

∇µ∂νR −∇2Rµν − 1
2
gµν∇2R − 2RµνρλR

ρλ − 1
2
gµνRρλR

ρλ
]

+ γ
[

2∇µ∂νR − 4∇2Rµν − 4RµρRν
ρ − 4RρµνλR

ρλ

+2RµρλσRν
ρλσ − 1

2
gµνRρλστR

ρλστ
]

.

• ∇2(Riem) terms cancel for (α, β, γ) = (1,−1, 1)

−→ Gauss-Bonnet is 2nd Lovelock term L2

• ∇µH
µν = 0 for arbitrary (α, β, γ)

−→ energy conservation generally valid
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Hµν = α
[

2∇µ∂νR − 2gµν∇2R + 2RµνR − 1
2
gµνR

2
]

+ 4β
[

∇µ∂νR −∇2Rµν − 1
2
gµν∇2R − 2RµνρλR

ρλ − 1
2
gµνRρλR

ρλ
]

+ γ
[

2∇µ∂νR − 4∇2Rµν − 4RµρRν
ρ − 4RρµνλR

ρλ

+2RµρλσRν
ρλσ − 1

2
gµνRρλστR

ρλστ
]

.

• ∇2(Riem) terms cancel for (α, β, γ) = (1,−1, 1)

−→ Gauss-Bonnet is 2nd Lovelock term L2

• ∇µH
µν = 0 for arbitrary (α, β, γ)

−→ energy conservation generally valid

• Compare Hµν = Tµν to corresponding eqns of Palatini formalism
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4.2 Palatini formalism

S(g, Γ) =

∫

dDx
√

|g|
[

αR2 + β1RµνR
νµ + 2β2RµνR̃

νµ + β3R̃µνR̃
νµ

+ β4RµνR
µν + 2β5RµνR̃

µν + β6R̃µνR̃
µν

+ γ1RµνρλR
ρλµν + γ2RµνρλR

µνρλ + γ3RµνρλR
µνλρ

]

with
Rµρ ≡ Rµλρ

λ R̃µ
λ ≡ gνρRµνρ

λ
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4.2 Palatini formalism

S(g, Γ) =

∫

dDx
√

|g|
[

αR2 + β1RµνR
νµ + 2β2RµνR̃

νµ + β3R̃µνR̃
νµ

+ β4RµνR
µν + 2β5RµνR̃

µν + β6R̃µνR̃
µν

+ γ1RµνρλR
ρλµν + γ2RµνρλR

µνρλ + γ3RµνρλR
µνλρ

]

with
Rµρ ≡ Rµλρ

λ R̃µ
λ ≡ gνρRµνρ

λ

Gravitational tensor: H̃µν ≡ 1√
|g|

δS(g,Γ)
δgµν

H̃µν = 2αRµνR + β1(RµλR
λ

ν + RλµRν
λ) − β2(2R(ν|λσ|µ)R

λσ + R̃λ
µRνλ + R̃λ

νRµλ)

+ 2β3Rλ(ν|ρ|µ)R̃
λρ + β4(RµλRν

λ + RλµR
λ

ν) − β5(2R(ν|λσ|µ)R
σλ + R̃λ

µRλν + R̃λ
νRλµ)

+ 2β6Rλ(ν|ρ|µ)R̃
ρλ + γ1(RρλσµRν

σλρ + RρµσλR
σλρ

ν) + 2γ3RµρσλRν
ρλσ

+ γ2(RρλσµR
ρλσ

ν + 2RµλσρRν
λσρ − RρλµσRρλ

ν
σ) − 1

2
gµνL
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Connection tensor:

Kµν
λ ≡ 1

√

|g|
δS(g, Γ)

δΓλ
µν

= 2α
[

gµν∇λR − δλ
ν∇µR

]

+ 2β1

[

∇λRνµ − δλ
ν∇σRσµ

]

−2β2

[

−∇λR̃νµ + δλ
ν∇σR̃σµ + gµν∇σR

σλ −∇µRν
λ
]

+ 2β3

[

∇µR̃ν
λ − gµν∇σR̃σλ

]

+2β4

[

∇λRµν − δλ
ν∇σRµσ

]

− 2β5

[

−∇λR̃µν + δλ
ν∇σR̃µσ + gµν∇σR

λσ −∇µR
λ

ν

]

+2β6

[

−gµν∇σR̃λσ + ∇µR̃
λ

ν

]

+ 2γ1∇σ
[

Rλ
µνσ − Rλ

µσν

]

+ 4γ2∇σRνσ
λ

µ

+ 4γ3∇σRνσµ
λ + O(∇λgµν) + O(T λ

µν)
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Connection tensor:

Kµν
λ ≡ 1

√

|g|
δS(g, Γ)

δΓλ
µν

= 2α
[

gµν∇λR − δλ
ν∇µR

]

+ 2β1

[

∇λRνµ − δλ
ν∇σRσµ

]

−2β2

[

−∇λR̃νµ + δλ
ν∇σR̃σµ + gµν∇σR

σλ −∇µRν
λ
]

+ 2β3

[

∇µR̃ν
λ − gµν∇σR̃σλ

]

+2β4

[

∇λRµν − δλ
ν∇σRµσ

]

− 2β5

[

−∇λR̃µν + δλ
ν∇σR̃µσ + gµν∇σR

λσ −∇µR
λ

ν

]

+2β6

[

−gµν∇σR̃λσ + ∇µR̃
λ

ν

]

+ 2γ1∇σ
[

Rλ
µνσ − Rλ

µσν

]

+ 4γ2∇σRνσ
λ

µ

+ 4γ3∇σRνσµ
λ + O(∇λgµν) + O(T λ

µν)

• H̃µν has no ∇2(Riem) terms, even for arbitrary (α, β, γ)
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Connection tensor:

Kµν
λ ≡ 1

√

|g|
δS(g, Γ)

δΓλ
µν

= 2α
[

gµν∇λR − δλ
ν∇µR

]

+ 2β1

[

∇λRνµ − δλ
ν∇σRσµ

]

−2β2

[

−∇λR̃νµ + δλ
ν∇σR̃σµ + gµν∇σR

σλ −∇µRν
λ
]

+ 2β3

[

∇µR̃ν
λ − gµν∇σR̃σλ

]

+2β4

[

∇λRµν − δλ
ν∇σRµσ

]

− 2β5

[

−∇λR̃µν + δλ
ν∇σR̃µσ + gµν∇σR

λσ −∇µR
λ

ν

]

+2β6

[

−gµν∇σR̃λσ + ∇µR̃
λ

ν

]

+ 2γ1∇σ
[

Rλ
µνσ − Rλ

µσν

]

+ 4γ2∇σRνσ
λ

µ

+ 4γ3∇σRνσµ
λ + O(∇λgµν) + O(T λ

µν)

• H̃µν has no ∇2(Riem) terms, even for arbitrary (α, β, γ)

• ∇µH̃
µν 6= 0 −→ inconsistency with H̃µν = Tµν?
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• Comparison: take Levi-Civita as Ansatz and substitute in H̃µν and Kµν
λ

=⇒ R̃µν −→ −Rµν Rνµ −→ Rµν

=⇒ Hµν = H̃µν

∣

∣

∣

Levi−Civita
Kλ

µν ≡ Kλ
µν

∣

∣

∣

Levi−Civita
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• Comparison: take Levi-Civita as Ansatz and substitute in H̃µν and Kµν
λ

=⇒ R̃µν −→ −Rµν Rνµ −→ Rµν

=⇒ Hµν = H̃µν

∣

∣

∣

Levi−Civita
Kλ

µν ≡ Kλ
µν

∣

∣

∣

Levi−Civita

Hµν = 2αRµνR + 4β
(

RµρRν
ρ + RµρλνR

ρλ
)

+ 2γRµρλσRν
ρλσ

−1
2
gµν

[

αR2 − βRρλR
ρλ + γRρλστR

ρλστ
]

Kλ
µν = 2(α + β)gµν∇λR + 4(β + γ)∇λRµν

− 2(α + β)δλ
ν∇µR − 4(β + γ)∇µRν

λ
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Compare:

Hµν = α
[

2∇µ∂νR − 2gµν∇2R + 2RµνR − 1
2
gµνR

2
]

+β
[

∇µ∂νR −∇2Rµν − 1
2
gµν∇2R − 2RµνρλR

ρλ − 1
2
gµνRρλR

ρλ
]

+γ
[

2∇µ∂νR − 4∇2Rµν − 4RµρRν
ρ − 4RρµνλR

ρλ + 2RµρλσRν
ρλσ − 1

2
gµνRρλστR

ρλστ
]











































Hµν = 2αRµνR + 4β
(

RµρRν
ρ + RµρλνR

ρλ
)

+ 2γRµρλσRν
ρλσ

−1
2
gµν

[

αR2 − βRρλR
ρλ + γRρλστR

ρλστ
]

Kλ
µν = 2(α + β)gµν∇λR + 4(β + γ)∇λRµν

− 2(α + β)δλ
ν∇µR − 4(β + γ)∇µRν

λ
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Compare:

Hµν = α
[

2∇µ∂νR − 2gµν∇2R + 2RµνR − 1
2
gµνR

2
]

+β
[

∇µ∂νR −∇2Rµν − 1
2
gµν∇2R − 2RµνρλR

ρλ − 1
2
gµνRρλR

ρλ
]

+γ
[

2∇µ∂νR − 4∇2Rµν − 4RµρRν
ρ − 4RρµνλR

ρλ + 2RµρλσRν
ρλσ − 1

2
gµνRρλστR

ρλστ
]











































Hµν = 2αRµνR + 4β
(

RµρRν
ρ + RµρλνR

ρλ
)

+ 2γRµρλσRν
ρλσ

−1
2
gµν

[

αR2 − βRρλR
ρλ + γRρλστR

ρλστ
]

Kλ
µν = 2(α + β)gµν∇λR + 4(β + γ)∇λRµν

− 2(α + β)δλ
ν∇µR − 4(β + γ)∇µRν

λ

Hµν = Hµν − 1
2
∇λKλ

(µν) + 1
4
gλµ∇ρKλ

ρν + 1
4
gλν∇ρKλ

ρν
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• Kλ
µν = 2(α + β)gµν∇λR + 4(β + γ)∇λRµν

− 2(α +β)δλ
ν∇µR − 4(β + γ)∇µRν

λ ≡ 0 for (α, β, γ) = (1,−1, 1)

−→ equivalence for Gauss-Bonnet (= Lovelock)
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• Kλ
µν = 2(α + β)gµν∇λR + 4(β + γ)∇λRµν

− 2(α +β)δλ
ν∇µR − 4(β + γ)∇µRν

λ ≡ 0 for (α, β, γ) = (1,−1, 1)

−→ equivalence for Gauss-Bonnet (= Lovelock)

• All Lagrangians with (α, β, γ) = (1,−1, 1) reduce to Gauss-Bonnet,

but not all have Kλ
µν ≡ 0:

Kλ
µν = 2(α − β2 + β3 − β5 + β6)gµν∇λR + 4(β1 − β2 + β4 − β5 + γ)∇λRµν

− 2(α + β1 − β2 + β4 − β5)δ
λ
ν∇µR − 4(−β2 + β3 − β5 + β6 + γ)∇µRν

λ
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• Kλ
µν = 2(α + β)gµν∇λR + 4(β + γ)∇λRµν

− 2(α +β)δλ
ν∇µR − 4(β + γ)∇µRν

λ ≡ 0 for (α, β, γ) = (1,−1, 1)

−→ equivalence for Gauss-Bonnet (= Lovelock)

• All Lagrangians with (α, β, γ) = (1,−1, 1) reduce to Gauss-Bonnet,

but not all have Kλ
µν ≡ 0:

Kλ
µν = 2(α − β2 + β3 − β5 + β6)gµν∇λR + 4(β1 − β2 + β4 − β5 + γ)∇λRµν

− 2(α + β1 − β2 + β4 − β5)δ
λ
ν∇µR − 4(−β2 + β3 − β5 + β6 + γ)∇µRν

λ

• Conditions for Kλ
µν ≡ 0:

α = γ 6= 0, β1 + β4 = β3 + β6, α + β1 + β4 − β2 − β5 = 0
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• Lagrangiangs with K ≡ 0 are

S1(g, Γ) =

∫

dDx
√

|g|
[

R2 − RµνR
νµ − 2RµνR̃

νµ − R̃µνR̃
νµ + RµνρλR

ρλµν
]

S2(g, Γ) =

∫

dDx
√

|g|
[

R2 − RµνR
νµ − R̃µνR̃

νµ + RµνρλR
ρλµν

]

S3(g, Γ) =

∫

dDx
√

|g|
[

R2 − 2RµνR̃
νµ + RµνρλR

ρλµν
]
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• Lagrangiangs with K ≡ 0 are

S1(g, Γ) =

∫

dDx
√

|g|
[

R2 − RµνR
νµ − 2RµνR̃

νµ − R̃µνR̃
νµ + RµνρλR

ρλµν
]

S2(g, Γ) =

∫

dDx
√

|g|
[

R2 − RµνR
νµ − R̃µνR̃

νµ + RµνρλR
ρλµν

]

S3(g, Γ) =

∫

dDx
√

|g|
[

R2 − 2RµνR̃
νµ + RµνρλR

ρλµν
]

• Lagrangians must mimic the symmetries of Rµνρ
λ in metric formalism

Determinant definition of Lovelock is too restrictive

More (Palatini) inequivalent Lagrangians give Lovelock conditions

Hµν = Hµν(g, g′, g′′) ∇µH
µν = 0
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5 More general Lagrangians

S =

∫

dDx
√

|g| L(gµν , Rµνρ
λ)

with L functional of (Riem), but not of∇(Riem)

Hµν =
δL

δgµν
− 1

2
gµνL + 1

2
[∇α,∇β]

( δL
δRαβρ

λ

)

gρ(µδ
λ
ν) − 1

2
∇ρ∇α

( δL
δRαβρ

λ

)

gβ(µδ
λ
ν)

+1
2
∇ρ∇β

( δL
δRαβρ

λ

)

gα(µδ
λ
ν) + 1

2
∇λ∇α

( δL
δRαβρ

λ

)

gβ(µgν)ρ − 1
2
∇λ∇β

( δL
δRαβρ

λ

)

gα(µgν)ρ
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5 More general Lagrangians

S =

∫

dDx
√

|g| L(gµν , Rµνρ
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with L functional of (Riem), but not of∇(Riem)

Hµν =
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δgµν
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[∇α,∇β]

( δL
δRαβρ

λ

)

gρ(µδ
λ
ν) − 1

2
∇ρ∇α

( δL
δRαβρ

λ

)

gβ(µδ
λ
ν)

+1
2
∇ρ∇β

( δL
δRαβρ

λ

)

gα(µδ
λ
ν) + 1

2
∇λ∇α

( δL
δRαβρ

λ

)

gβ(µgν)ρ − 1
2
∇λ∇β

( δL
δRαβρ

λ

)

gα(µgν)ρ















Hµν = δL
δgµν − 1

2
gµνL

Kµρ
λ = ∇ν

[(

δL
δRρνµ

λ

)

−
(

δL
δRνρµ

λ

)]

B. Janssen (UGR) Palatini vs metric formalism in higher-curvature gravity 22/29
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∇λ∇β

( δL
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)

gα(µgν)ρ















Hµν = δL
δgµν − 1

2
gµνL

Kµρ
λ = ∇ν

[(

δL
δRρνµ

λ

)

−
(

δL
δRνρµ

λ

)]

Hµν = Hµν − 1
2
∇ρKρ

(µν) + 1
2
gλµ∇ρKλ

(νρ) + 1
2
gλν∇ρKλ

(µρ)
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• Palatini formalism:

Hµν = Tµν , Kλ
µν = 0

• Metric formalism:

Hµν = Hµν − 1
2
∇ρKρ

(µν) + 1
2
gλµ∇ρKλ

(νρ) + 1
2
gλν∇ρKλ

(µρ) = Tµν
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• Palatini formalism:

Hµν = Tµν , Kλ
µν = 0

• Metric formalism:

Hµν = Hµν − 1
2
∇ρKρ

(µν) + 1
2
gλµ∇ρKλ

(νρ) + 1
2
gλν∇ρKλ

(µρ) = Tµν

• ∇µHµν = 0 if Γρ
µν is on-shell
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(µρ) = Tµν

• ∇µHµν = 0 if Γρ
µν is on-shell

• Any solution of Palatini is solution of metric

In general solutions of metric will not be solutions of Palatini

−→ Palatini is non-trivial subset of metric

• Solutions of metric are solution of Palatini

⇐⇒ Kµρ
λ ≡ ∇νB

νµρ
λ = 0

⇐⇒ Bνµρ
λ is conserved current

⇐⇒ gµν satisfies certain symmetry requirements
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• Einstein-Hilbert, L = R:

Kµρ
λ = ∇ν

[

gµνδρ
λ − gρµδν

λ

]

≡ 0

−→ no extra conditions!
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λ

]

≡ 0

−→ no extra conditions!

• L = R2:

Kµρ
λ = −2∇ν

[

δρ
λg

µνR − δν
λg

µρR
]

= 0

−→ E.g.: R = Λ (AdSm × Sn, ...)

• L = RµνR
µν + 2RµνR̃

µν + R̃µνR̃
µν :

Kµρ
λ = 4∇ν

[

δν
λR

ρµ + gρµRν
λ − δρ

λR
µν − gµνRρ

λ

]

= 0

−→ E.g.: Rµν = Λgµν (Einstein spaces)
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• L = RµνρλR
µνρλ:

Kµρ
λ = −4∇νR

µνρ
λ = 0

−→ E.g.: Rµνρλ = Λ(gµρgνλ − gνρgµλ) (max. symmetric spaces)
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• L = RµνρλR
µνρλ:

Kµρ
λ = −4∇νR

µνρ
λ = 0

−→ E.g.: Rµνρλ = Λ(gµρgνλ − gνρgµλ) (max. symmetric spaces)

• L = L(gµν , Rµνρ
l):

Kµρ
λ = ∇ν

[( δL
δRρνµ

λ

)

−
( δL

δRνρµ
λ

)]

−→ E.g.: δL
δRµνρ

λ = Λ (gµρ δν
λ − gνρ δµ

λ) (diff eqn for gµν for given L)
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6 Explicit example: FRW in Gauss-Bonnet gravity

S =

∫

dDx
√

|g|
[

R2 − 4RµνR
µν + RµνρλR

µνρλ
]

NB: β4 = 1, β1 = β3 = β6 = 0 =⇒ Not Palatini-Lovelock!

Kµρ
λ = 4∇λG

µρ + 2∇µGρ
λ + 2∇ρGµ

λ
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• Ansatz: ds2 = dt2 − e2A(t)ḡmndxmdxn with R̄mnp
q = 0

Tµν : perfect fluid with P = ωρ
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q = 0

Tµν : perfect fluid with P = ωρ

• Metric eqns:

Htt = − (D−1)!
2(D−5)!

(A′)4, Hmn = (D−2)!
(D−5)!

e2Aḡmn

[

2A′′(A′)2 + 1
2
(D − 1)(A′)4

]
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q = 0

Tµν : perfect fluid with P = ωρ

• Metric eqns:

Htt = − (D−1)!
2(D−5)!

(A′)4, Hmn = (D−2)!
(D−5)!

e2Aḡmn

[

2A′′(A′)2 + 1
2
(D − 1)(A′)4

]

Solutions:

– ω = −1: de Sitter space with A(t) = λ1t

– ω 6= −1: power law solution with eA(t) = λ2

(

t
t0

)
4

(D−1)(1+ω)
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• Palatini eqns:

Htt = −(D − 1)(D − 2)
[

4(A′′)2 + 4A′′(A′)2 + 1
2
(D − 3)(D − 4)(A′)4

]

Hmn = e2Aḡmn

[

−4(D − 2)(A′′)2 + 2(D − 2)2(D − 5)A′′(A′)2 + (D−1)!
2(D−5)!

(A′)4
]

Kt
tt = −8(D − 1)(D − 2)A′′A′

Kp
tm = −2(D − 2) δp

m

[

A′′′ + (D − 4)A′′A′
]

Kt
mn = 4(D − 2) e2Aḡmn

[

A′′′ + (D − 2)A′′A′
]

B. Janssen (UGR) Palatini vs metric formalism in higher-curvature gravity 27/29



• Palatini eqns:

Htt = −(D − 1)(D − 2)
[

4(A′′)2 + 4A′′(A′)2 + 1
2
(D − 3)(D − 4)(A′)4

]

Hmn = e2Aḡmn
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−→Hµν = Tµν =⇒ Hµν = Tµν
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[
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]

Solutions:

– Kρ
µν = 0 for de Sitter solution

−→Hµν = Tµν =⇒ Hµν = Tµν

– Kρ
µν 6= 0 for power law solution

−→ no solution for Palatini eqns!
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A′′′ + (D − 4)A′′A′
]

Kt
mn = 4(D − 2) e2Aḡmn

[

A′′′ + (D − 2)A′′A′
]

Solutions:

– Kρ
µν = 0 for de Sitter solution

−→Hµν = Tµν =⇒ Hµν = Tµν

– Kρ
µν 6= 0 for power law solution

−→ no solution for Palatini eqns!

• Only de Sitter satisfies Gµν = Λgµν

Only ω = −1 has necessary symmetries
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7 Conclusions

For an action

S =

∫

dDx
√

|g|
[

L(gµν , Rµνρ
λ) + L(gµν , φ)

]

• Metric formalism:

Hµν = Tµν where Hµν ≡ 1
√

|g|
δS(g)

δgµν
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7 Conclusions

For an action

S =

∫

dDx
√

|g|
[

L(gµν , Rµνρ
λ) + L(gµν , φ)

]

• Metric formalism:

Hµν = Tµν where Hµν ≡ 1
√

|g|
δS(g)

δgµν

• Palatini formalism:

Hµν = Tµν , Kλ
µν = 0

where

Hµν ≡ 1
√

|g|
δS(g, Γ)

δgµν
, Kµν

λ ≡ 1
√

|g|
δS(g, Γ)

δΓλ
µν

∣

∣

∣

Levi−Civita
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• Hµν = Hµν − 1
2
∇ρKρ

(µν) + 1
2
gλµ∇ρKλ

(νρ) + 1
2
gλν∇ρKλ

(µρ)

• Equivalence between both formalisms for Kρ
µν ≡ 0

−→ Lovelock in metric AND sufficient symmetries in Palatini

• Solutions of Palatini eqns are solutions of metric eqns

Solutions of metric eqns are solutions of Palatini if required symmetry

−→ Palatini is non-trivial subset of metric
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• Philosophical advantage?

−→ Levi-Civita is minimum of the action for Palatini solutions

−→ for other solutions, just convenient choice?
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• Equivalence between both formalisms for Kρ
µν ≡ 0

−→ Lovelock in metric AND sufficient symmetries in Palatini

• Solutions of Palatini eqns are solutions of metric eqns

Solutions of metric eqns are solutions of Palatini if required symmetry

−→ Palatini is non-trivial subset of metric

• Practical advantage?

−→ Still possible to calculate Hµν from Palatini eqns

−→ but it is not worth it ...

• Philosophical advantage?

−→ Levi-Civita is minimum of the action for Palatini solutions

−→ for other solutions, just convenient choice?

• Advantages are obvious when equivalence: Lovelock is very special!
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• Recall:

Hµν =
1

√

|g|
δS(g)

δgµν

∣

∣

∣

expl
+

1
√

|g|
δS(g)

δRαβγ
δ

δRαβγ
δ

δΓσ
ρλ

δΓσ
ρλ

δgµν

H̃µν ≡ 1
√

|g|
δS(g, Γ)

δgµν
, Kµν

λ ≡ 1
√

|g|
δS(g, Γ)

δΓλ
µν

• Hµν = Hµν − 1
2
∇ρKρ

(µν) + 1
2
gλµ∇ρKλ

(νρ) + 1
2
gλν∇ρKλ

(µρ) reflects structure of

the chain rule

• Lovelock gravities ⇐⇒ no∇(Riem) terms

⇐⇒ Kλ
µν ≡ 0

⇐⇒ equivalence between metric & Palatini
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