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1 The Levi-Civita connection: what and why?

Main lessons of General Relativity:

Gravitational interaction is related to curvature of spacetime,
determined by the energy and field content

Spacetime is dynamical quantity, with physical degrees of freedom
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1 The Levi-Civita connection: what and why?

Main lessons of General Relativity:

Gravitational interaction is related to curvature of spacetime,
determined by the energy and field content

Spacetime is dynamical quantity, with physical degrees of freedom

Spacetime = D-dim Lorentzian manifold with metric g,,, and connection I/,

Differential geometry:

Metric: measures distances in manifold and angles in tangent space
Connection: map between tangent spaces that defines parallel transport

Mathematically metric and connection are independent quantities

B. Janssen (UGR) Palatini vs metric formalism in higher-curvature gravity 3/23



However if I'# , satisfies the properties
e symmetric: IV, =17 (& Tf =0)
e metric compatible: V,g,, =0

then I' is uniquely determined by the metric

FZV — % gp>\ (a,ugAV T a,ug,LM _ a)\gpw>

(Levi-Civita connection)

B. Janssen (UGR) Palatini vs metric formalism in higher-curvature gravity 4/23



However if I'# , satisfies the properties
e symmetric: I =17 (& T8 =0)
e metric compatible: V,g,, =0

then I' is uniquely determined by the metric

FZV — % gpA (a,UJgAV T a,ng/J)\ _ a)\QMV)

(Levi-Civita connection)

One usually (tacitly) assumes that Levi-Civita describes correctly physics:
e uniqueness: see above
e simplicity: tensor identities simplify

e physical grounds: Equivalence principle & geodesics

B. Janssen (UGR) Palatini vs metric formalism in higher-curvature gravity 4/23



Simplicity: many curvature tensor identities simplify for Levi-Civita

e Bianchi identity:

0= R/wp/\ + RVPMA + RPMVA
-V, — V,T,, — NV, + T5T + T7 T + T7T)

pv = po vpT po pu- vo
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Simplicity: many curvature tensor identities simplify for Levi-Civita
e Bianchi identity:
0= R/wp/\ + RVPMA + RP/WA
A A A o A o A o A
-V, I, -V 1T, - NV,1., + T, T, + 1,71, + 1717,

e Symmetry of Ricci tensor:

Ryu) = 3R — 3V T0, — V. IOy + 570,13,

v 2" pv
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e Symmetry of Ricci tensor:

Ryu) = 3R — 3V T0, — V. IOy + 570,13,

v 2 v

e Divergence of Einstein tensor:

V.Gt = TR — 3T Ry + iV ,¢" 62 Ryn + 00R,n + Run’
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Simplicity: many curvature tensor identities simplify for Levi-Civita
e Bianchi identity:
0= R/wp/\ + RVPMA + RP/WA
A A A o A o A o A
-V, = VA, — NV, 0, + 1,1, + 1,1, + 1,1,

e Symmetry of Ricci tensor:

Ryu) = 3R — 3V T0, — V. IOy + 570,13,

v 2 v

e Divergence of Einstein tensor:

V.Gt = TR — 3T Ry + iV ,¢" 62 Ryn + 00R,n + Run’

e Partial integration:

g = /d%\/\m vV, A, B"

— /de q] [VMBMVAI/ i (%gmv#gm —|—TZO,>AVBW}
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Physical grounds:

e Equivalence Principle: gravitational force can locally be gauged away by
an appropriate choice of coordinates
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Physical grounds:

e Equivalence Principle: gravitational force can locally be gauged away by

an appropriate choice of coordinates

Mathematically: connection components can locally be set to zero if
torsionless (INB: torsion is tensor)

Ffw(p) = () & ,=0

e Affine and metric geodesics:

metric geodesic = shortest curve between two points
= curve obtained via Action Principle

affine geodesic = curve with covariantly constant tangent vector
= unaccelerated trajectory

Affine geodesics and metric geodesics do not coincide,
unless for Levi-Civita
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However if I'# , satisfies the properties
e symmetric: I =17 (& T8 =0)
e metric compatible: V,g,, =0

then I' is uniquely determined by the metric

FZV — % gpA (a,UJgAV T a,ng/J)\ _ a)\QMV)

(Levi-Civita connection)
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e uniqueness: see above
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However if I'# , satisfies the properties
e symmetric: 1%, =17, (& 17, =0)
e metric compatible: V,g,, =0

then I' is uniquely determined by the metric

F,Zz/ — % gp>\ (a,UJgAV T a,ug,LO\ _ a)\QMV)

(Levi-Civita connection)

One usually (tacitly) assumes that Levi-Civita describes correctly physics:
e uniqueness: see above
e simplicity: tensor identities simplify
e physical grounds: Equivalence principle & geodesics

e mathematically more rigorous reason? Palatini formalism!
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2 Palatini formalism for Einstein-Hilbert

2.1 Metric formalism

S(g) = / d°z \/|g| ¢" R, (g)
where

Ruv - aurﬁu - (%\Fi\”/ + Ff\wriu - FZVF§J

FZI/ — % gp>\ <8,ug)\v + a,ug,u)\ _ 8)\g,uy)

e 5(g) non-linear and second order in g,
— expect fourth-order ditf eqns
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2.1 Metric formalism

S(g) = / d°z \/|g| ¢" R, (g)
where

Ruv - aurﬁu - (%\Fi\”/ + Ff\wriu - FZVF§J

FZI/ — % gp>\ <8,ug)\v + a,ug,uA _ 8)\g,uy)

e 5(g) non-linear and second order in g,
— expect fourth-order ditf eqns

e explicit calculation: only +/|g| ¢"” contributes to 0.5(¢)

Ry (9) — 39 R(g) =0
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2.2 Palatini formalism

Consider metric and connection as independent:

S(g,T) = / 4P \/Tg] ¢ Ry (T)

where R, = 0,I'y, — oI, + 15,5, — T,y

V,.9v, # 0 and /or Ffw + F,’ju

o > Ru(T) — 39 R(I) =0

dghv
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2.2 Palatini formalism

Consider metric and connection as independent:

S(g,T) = / 4P \/Tg] ¢ Ry (T)

where R, = 0,I'y, — oI, + 15,5, — T,y

V,ugv, # 0 and /or e, #17,

o 2 > R, (T) — %QWR(F) =0

dghv

e Palatini identity: 0R,,,\ = V,(6I),) — V,(6I") ) + T7,(5T) )
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2.2 Palatini formalism

Consider metric and connection as independent:

S(g,1) =/de£ lg] 9" R, ()

where R, = 0,7}, — aAFjW + FwaKV — Fzyria

V,.gv, #0 and /or Ffw + Fﬁu

o > Ru(T) — 39, R(I) =0

dghv

e Palatini identity: 072,,, = V(1)) — V, (01 ) + T7,(31) )
0= 38(0.1) = [ ay/gl0TL) [Vag + (107 Vag + T3, )
_vpgpv(g/; . (%gaTvpgaT + Tpo'(j)gpv(?g + gva[’fA}

— Ffw = Levi — Civita
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Advantages of Palatini formalism:

S
dghv

e Practical: Einstein eqn easy to calculate if R,,,* = R, (T)

5= [ % Vigl [ RuulD) + £06.91)
— R, (T) — %QMVR(F) = 1w
I'%, = Levi — Civita

if matter is minimally coupled in £(¢, g,,,)
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5= [ % Vigl [ RuulD) + £06.91)
— R, (T) — %QMVR(F) = 1w
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e Philosophical: Levi-Civita is not just a convenient choice, it is a
minimum of the action, a solution of the equations of motion

Any other connection would not (necessarily) have this property.
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Advantages of Palatini formalism:

S
dghv

e Practical: Einstein eqn easy to calculate if R,,,* = R, (T)

5= [ % Vigl [ RuulD) + £06.91)
— R, (T) — %QMVR(F) = 1w
I'%, = Levi — Civita

if matter is minimally coupled in £(¢, g,

e Philosophical: Levi-Civita is not just a convenient choice, it is a
minimum of the action, a solution of the equations of motion

Any other connection would not (necessarily) have this property.

e (Question: how much remains valid in presence of curvature corrections?
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3 Higher-curvature corrections & Lovelock gravity

e In D = 4, Einstein-Hilbert is most natural choice, but there is no reason
to exclude higher-order corrections for D > 4.
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3 Higher-curvature corrections & Lovelock gravity

e In D = 4, Einstein-Hilbert is most natural choice, but there is no reason
to exclude higher-order corrections for D > 4.

e Lanczos (1938):
S = /d% g1 [RQ — 4R, R" + RW,)ARW’OA}

H,, =2RR,, + 4R, R + 2R, o R," — AR, R,°

_%g,uu {RQ - 4Rp)\R'O>\ -+ Rp)\JTR’OAUT:|

— second order, divergence-free modified Einstein eqns
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3 Higher-curvature corrections & Lovelock gravity

e In D = 4, Einstein-Hilbert is most natural choice, but there is no reason
to exclude higher-order corrections for D > 4.

e Lanczos (1938):
S = /d593 9] [RQ — 4R, R" + RW,)ARW’)A}

H,, =2RR,, + 4R R + 2R, o R, — 4R, R,°

g, [RQ AR R + R,MRPW}
— second order, divergence-free modified Einstein eqns
NB: R? — 4R, R" + R, R""" is Gauss-Bonnet term
— topological invariantin D = 4

identically zeroin D < 4
dynamical in D > 4
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e Lovelock (1970): generalise Lanczos to arbitrary D
second order, divergence-free Einstein eqns for

S = /dDaf |g\{/\ + R+ Lgg + ... + £[D/2]:|

where
g,ulyl . g,UJQ’rLVl

L, = det : : Ry gy - - - 1

: H2n—1H2nV2n—1V2n

ngVQn o gMQnVQn
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e Lovelock (1970): generalise Lanczos to arbitrary D
second order, divergence-free Einstein eqns for

S = /dDat ]g\{/\ + R+ Lgg + ... + £[D/2]:|

where
g,ulyl . g,LLQ’rLVl

L, = det : : R oy - - R

: H2n—1H2nV2n—1V2n

g,ulVQn o g,u2nl/2n

e String theory: higher-curvature terms appear as correction to sugra

[Candelas, Horowitz, Strominger, Witten]
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e Lovelock (1970): generalise Lanczos to arbitrary D

second order, divergence-free Einstein eqns for

S:/dDSE ]g\{/\ + R+ Lg + ... + E[D/Q]:|

where
g:ul V1

L, = det

g,uly2n

g,LLQTL Vl

g,u2nV2n

RM1M2V1V2 c

R

: H2n—1H2nV2n—1V2n

e String theory: higher-curvature terms appear as correction to sugra

e In general ghosts appear due to higher-derivative terms, unless

corrections are of the Lovelock type £,
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e Lovelock (1970): generalise Lanczos to arbitrary D
second order, divergence-free Einstein eqns for

S:/dD:E ]g\{/\ + R+ Lgg + ... + L[D/Q]:|

where
g:ull/l o gﬂ?nl/l

Lo=det| . ' | Ry R

‘ H2n—1HU2nV2n—1V2n

g,u‘1y2n L. g,u2ny2n

e String theory: higher-curvature terms appear as correction to sugra

e In general ghosts appear due to higher-derivative terms, unless
corrections are of the Lovelock type £,

L, is Euler character in D = 2n
— identically zeroin D < 2n
topological invariant in D = 2n
dynamical in D > 2n
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e absence of ghosts make Lovelock gravities natural extensions to
Einstein-Hilbert for D > 4
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e absence of ghosts make Lovelock gravities natural extensions to
Einstein-Hilbert for D > 4

e Not all stringy corrections are Lovelock, but dilaton might cure the
problem.

e Higher-curvature terms are popular in cosmology
— modify FRW dynamics that mimic dark matter/energy or cause
late time acceleration?
— increasingly more difficult to derive eqns of motion
— Palatini come to help?
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4 More general Lagrangians

4.1 Metric formalism

S(g) = / d° /|9 L(gs Ry (9))

with £ functional of (Riem), but not of V(Riem)

Gravitational tensor via chain rule
1 65(g) 1 05(9)

H, = —
“ Vgl 09 /gl 69

where

1 1 45(g) 5Rocﬁ75 5Fg/\
expl A/ ‘g| 5Ra575 5Fg>\ 59“”

5R,uyp>\ — vu(csrﬁp) o vV(érﬁp)a

T, = 397 [Vil0ga) + Vo (09,0) = Va(3g)]
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5L oL
HMV = 59”” - %guuﬁ =+ %[vav V5] (5Raﬁp)\)gp(“6’i\)
5L oL
1 0= Ayl R )
IV, V(5 o )950:0% + 3V, V5 (5 R ) Gaiu)

oL
A A
+ %V Va( 5 Raﬁpx)gﬁwv)p - %V Vﬁ(m)ga(ugmp
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0L
H,uy — 59/“/ — %guvﬁ + %[va,Vﬁ](

5L .
5Raﬁp>\ ) gP(M5v)

oL oL
_ 1 = A 1 dad A
QVPVCV (5Raﬁp)\)gﬁ(/151/) —i_ QVPVB (5Raﬁp>\ ) go‘(,u(sl/)

oL
A A
+ %V Va( 5 Ragp/\)%(“g”)p - %V Vﬁ(m)ga(ugvm

Examples:
o L =R: H,, =R, — 39uR
e [ = R* H, = 2V,0,R — 29,,V’R + 2R,,R — 3g,,R*

o L =R>— 4R, R" + R, \R":

H, =2RR,, +4R ,,,\RpA + 2R AURV’OAU — 4R, R,” — 19 L
I p pH P pp 21
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4.2 Palatini formalism

S(g.T) = / 422/ [g] £(Gs By (1)

with £ functional of (Riem), but not of V(Riem)

— Many inequivalent Palatini actions S(g,I)
that reduce to the same metric action S(g)
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4.2 Palatini formalism

S(g.T) = / 422/ [g] £(Gs By (1)

with £ functional of (Riem), but not of V(Riem)

— Many inequivalent Palatini actions S(g,I)
that reduce to the same metric action S(g)

_ A 5N A _ A
Rp = Ry R, =9"Ru, R, = Ryua

~

R, R"™, R,R™ R,R" . — R,R"

— what is the equivalent of Lovelock gravity?
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Gravitational tensor & connection tensor:
1 45(g,T)

Vgl o9

) 1 65(g.I)

Vgl oL,

H,,

]
>
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Gravitational tensor & connection tensor:
i, 1 65(g,1) w_ 1 05(g,T)

Vgl o9 SRVIVIR Ly

Examples:
e L =P H, =R — tgu R, K}, = OV, Ty,)
o [ — R2: H,, = 2R,,R,

K, =9 [gw,vAR - 53%3} + O(V gy, T)
o L =R2— 4R, R"™ + R, R
Hy,, = 2Ru)R — 8RRy + Roo(uBR™)
+ 2R (upop By " = Boxulol B0 — 39/ L,
"

), = 2|guV R —V,R| —8[V R, — V7 R,|

+4VRyeN + OV g, T)
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e H,, hasno V*(Riem) terms, even for general S(g,T")
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e H,, hasno V*(Riem) terms, even for general S(g,T")

o fo] W L) — inconsistency with I ww = T?
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e H,, hasno V*(Riem) terms, even for general S(g,T")
° fo] HY £ () — inconsistency with H o = T7?
e Comparison: take Levi-Civita as Ansatz and substitute in /,, and K"

— R, — —R,, R, — R,, R, — 0

— H,, =H, K, = K

1%
Levi—Civita Y11 evi—Civita
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e H,, hasno V*(Riem) terms, even for general S(g, ")
e V,[I" 40 — inconsistency with H,, = T,,?

e Comparison: take Levi-Civita as Ansatz and substitute in 7, and K"

— R, — —R,, R, — R, Ry, — 0
— T _F] U ICA — KA
Hy P Levi—Civita HY HY | Levi—Civita
Examples:
o LI Hyw = Ruy — 29 R, K2, =0
o [ = R M, = 2R, R, K = 2|9V R — 53V, R

o L =R?—4R,,R" + Ry, R
Hu = 2Ru,R — 8R0R, + 2R, R — 1guL,

Ko = 2|uV R = OVuR| =8|V Ry — 0V Ry | + AV R,
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4.3 Comparison

Hy = 5351/ - _gul/[' + [Va,v ](5Ra5p )gp u(s
5L
~3V,Va (5R )gg u(s %vaﬁ(maﬁpk)ga(u@)
+ %vAva(aRiﬁﬁpA)gﬁ(u%)p - %vAvﬁ(aRiﬁﬁpA)ga(MQV)p

p

H,., = oL %gwﬁ

dghv

\ Ky = Vv[(aRifm) N (5Piiﬁ)}
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4.3 Comparison

Hu = 55 = 39k + §[Va, Vol (7

174 5gyu

A
aﬁp )gp(u(su)
1 5L Ty A
— 3V Va (5R )9 /J(S 5VpVp 5Raﬁp )ga(u5u)
5L 5L
+ %vkva(m&ﬁpk)gﬁ(u%)p - %vkvﬁ(afzaﬁpk)ga(u%)p

p

H,LLV = oL igluyﬁ

dghv

\ Ky = Vv[(mifm) N (5Piiﬁ)}

Hyy = Hu — $VoOK,) + 19V°K), + 190 VK,
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e Palatini formalism:

Huw = Ty, Ky, =0
e Metric formalism:
Hu = My — 5V0K0,) + 590 VPK,) + 590 VKL, = T
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e Palatini formalism:

H =Ty, K =0

%
e Metric formalism:

Hy = Huy — 5V K{ 0 + 590V K) + 3900V K ) = T

o V,H" =0 if T% ison-shell
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e Palatini formalism:

H =Ty, K =0

%
e Metric formalism:

Hy = Huy — 5V K{ 0 + 590V K) + 3900V K ) = T

o V,H" =0 if T% ison-shell

e Any solution of Palatini is solution of metric
In general solutions of metric will not be solutions of Palatini
— Palatini is non-trivial subset of metric

e Actions S(g.I') with ), = 0:
— Metric and Palatini formalism are equivalent
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e Palatini formalism:

H = T, KA =0

[
e Metric formalism:

Hy = Huy — 5V K{ 0 + 590V K) + 3900V K ) = T

e V,/H" =0 if I, ison-shell

e Any solution of Palatini is solution of metric
In general solutions of metric will not be solutions of Palatini
— Palatini is non-trivial subset of metric

e Actions S(g,I') with I}, = 0:
— Metric and Palatini formalism are equivalent

— These are Lovelock gravities! [Exirifard, Sheikh-Jabbari]
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5 Conclusions

For an action
S = /de ’9‘[£(guwRWpA) + £(9uw¢)}

e Metric formalism:

1 9
=T where = 5(9)

[ZS \/m 5g/ﬂ/

H
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5 Conclusions

For an action
S = /de |g‘[£(gMV7RMVP>\) + ﬁ(guw@b)}

e Metric formalism:

1
H, =T, where = 05(9)

pr = \/m 59“”

e Palatini formalism:

Ho = T, Ky, =0
where
1 05(g.T) w_ 1 05(g,1)
H,uy — IC)\ —
Vgl 09" ILevi-cCivita Mgl 0T%, |Levi-Civita
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5 Conclusions

For an action
S = /de |g‘[£(gMV7RMVP>\) + ﬁ(guw@b)}

e Metric formalism:

1
H, =T, where = 05(9)

pr = \/m 5g,u1/

e Palatini formalism:

Ho = T, Ky, =0
where
H,uy — IC)\ —
Vgl 09" ILevi-cCivita Mgl 0T%, |Levi-Civita

® Hyu=Huw— %Vp,cfuu) T %gkﬂvplc(kvp) + %gAVVp/C(AW)
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e Solutions of Palatini eqns are solutions of metric eqns
Solutions of metric eqns are solutions of Palatini if required symmetry
— Palatini is non-trivial subset of metric

e Equivalence between both formalisms for £/, = 0
— Lovelock gravities
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Solutions of metric eqns are solutions of Palatini if required symmetry
— Palatini is non-trivial subset of metric

e Equivalence between both formalisms for £/, = 0
— Lovelock gravities

e Philosophical advantage?
— Levi-Civita is minimum of the action for Palatini solutions
— for other solutions, just convenient choice?
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e Solutions of Palatini eqns are solutions of metric eqns
Solutions of metric eqns are solutions of Palatini if required symmetry
— Palatini is non-trivial subset of metric

e Equivalence between both formalisms for £/, = 0
— Lovelock gravities

e Philosophical advantage?
— Levi-Civita is minimum of the action for Palatini solutions
— for other solutions, just convenient choice?

e Advantages are obvious when equivalence: Lovelock is very special!
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e Recall:
1 65(g) 1 3S(g) 0Rap," 0T,

H, =
H \/m S ghv expl \/\? O Rope® L7, 5gW

v Vgl g V0gl Th

o Hu =M —35V,K{,, +30,VK] reflects structure of

the chain rule

QgAVv IC

(vp) (1p)

e Lovelock gravities <= no V(Riem) terms
A —
— K, =0

<= equivalence between metric & Palatini
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