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Central Idea
Orionites with knowlegde of

• special relativity

• quantum field theory

• standard model & QCD

• NOT general relativity

discover gravity

F = GN

m1m2

r2

They will try to describe gravity as a special relativistic field theory

−→ try to find a bosonic field (graviton) that is responsable for gravity
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spin 0 propagator ∼ k−2

only coupling T µ
µ k−2 T ν

ν
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Properties of the graviton:

Gravity

• is long range =⇒Massless

• is static =⇒ integer spin (bosonic field)

• is universally attractive =⇒ even spin (spin 0, 2, 4, ...)

• has deflection of light =⇒ not spin 0
spin 0 propagator ∼ k−2

only coupling T µ
µ k−2 T ν

ν

electromagnetism (in D = 4): T µ
µ = 0

• theoretical problems for spin ≥ 5/2 =⇒ spin ≤ 2

=⇒ Spin 2 field hµν : Representation theory: 16 = 9 + 6 + 1
with 9 = symmetric & traceless

6 = antisymmetric = spin 1
1 = trace = spin 0

=⇒ Massless traceless symmetric spin 2 field hµν :
B. Janssen (UGR) Granada, 14 dec 2006 3



Outlook

1. Introduction 1: Short review of General Relativity

2. Introduction 2: Electromagnetism as SRFT of spin 1
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Outlook

1. Introduction 1: Short review of General Relativity

2. Introduction 2: Electromagnetism as SRFT of spin 1

3. Construction of Fierz-Pauli theory

4. Consistency problems with couplings

5. Deser’s argument & General Relativity

6. (Philosophical) Conclusions
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1 Short review of General Relativity
Einstein & Hilbert (1915):

Gravity is curvature of spacetime, caused by matter
−→ Interaction between gµν and Tµν

S =
1

κ

∫

d4x
√

|g|
[

R + Lmatter

]

Rµν − 1
2
gµνR = κ Tµν

with

Rµν = ∂µΓλ
νλ − ∂λΓ

λ
µν + Γλ

µσΓσ
λν − Γλ

µνΓ
σ
λσ

Γρ
µν = 1

2
gρσ

(

∂µgσν + ∂νgµσ − ∂σgµν

)

Tµν =
1

√

|g|
δLmatter

δgµν

−→ Very geometrical way to understand gravity
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Linear perturbations of Minkowski space

Suppose gµν = ηµν + εhµν

h = hµ
µ = ηµνhµν
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Linear perturbations of Minkowski space

Suppose gµν = ηµν + εhµν

h = hµ
µ = ηµνhµν

=⇒ gµν ≈ ηµν − εhµν

Rµν ≈ 1
2
ε
[

∂2hµν + ∂µ∂νh− ∂µ∂
ρhνρ − ∂ν∂

ρhµρ

]

Rµν − 1
2gµνR ≈ 1

2ε
[

∂2hµν + ∂µ∂νh− ∂µ∂
ρhνρ − ∂ν∂

ρhµρ

−ηµν

(

∂2h− ∂ρ∂λh
ρλ

)]

Tµν ≈ 0 + ετµν
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Linear perturbations of Minkowski space

Suppose gµν = ηµν + εhµν

h = hµ
µ = ηµνhµν

=⇒ gµν ≈ ηµν − εhµν

Rµν ≈ 1
2ε

[

∂2hµν + ∂µ∂νh− ∂µ∂
ρhνρ − ∂ν∂

ρhµρ

]

Rµν − 1
2
gµνR ≈ 1

2
ε
[

∂2hµν + ∂µ∂νh− ∂µ∂
ρhνρ − ∂ν∂

ρhµρ

−ηµν

(

∂2h− ∂ρ∂λh
ρλ

)]

Tµν ≈ 0 + ετµν

Einstein eqn Rµν = −κ(Tµν − 1
2gµνT ) =⇒

1
2

[

∂2hµν + ∂µ∂νh− ∂µ∂
ρhνρ − ∂ν∂

ρhµρ

]

≈ −κ(τµν − 1
2ηµντ)
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Intermezzo (
Linear perturbations of general solution
Suppose gµν = ḡµν + εhµν

h = hµ
µ = ḡµνhµν

=⇒ Rµν ≈ R̄µν + 1
2
ε
[

∇2hµν +∇µ∂νh−∇µ∇ρhνρ −∇ν∇ρhµρ

]

Tµν ≈ T̄µν + ετµν

Einstein eqn Rµν = −κ(Tµν − 1
2gµνT ) =⇒

[ε0] : R̄µν = −κ(T̄µν − 1
2 ḡµνT̄ )

[ε1] : 1
2

[

∇2hµν +∇µ∂νh−∇µ∇ρhνρ −∇ν∇ρhµρ

]

≈ −κ
(

τµν − 1
2
ḡµντ − 1

2
hµνT̄ + 1

2
ḡµνh

ρλT̄ρλ

)

)
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Gauge invariance

Suppose gµν = ηµν + εhµν

δxµ = ξµ, with ξµ = 0 + εχµ
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Gauge invariance

Suppose gµν = ηµν + εhµν

δxµ = ξµ, with ξµ = 0 + εχµ

=⇒ δgµν = ξρ∂ρgµν + ∂µξ
ρgρν + ∂νξ

ρgµρ

[ε0] : δηµν = 0

[ε1] : δhµν = ∂µχν + ∂νχµ −→ “Gauge invariance”

=⇒ δΓρ
µν = ε∂µ∂νχ

ρ

δRµνρλ = δRµν = 0

NB: gµν = ηµν + εhµν with hµν = ∂µχν + ∂νχµ

=⇒ gµν = ηµν since hµν is pure gauge
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Let’s forget

about all this

(for a moment)
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2 Electromagnetism as SRFT of spin 1

Massless spin 1 field Aµ:

∂µ∂
µAν = jν
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2 Electromagnetism as SRFT of spin 1

Massless spin 1 field Aµ:

∂µ∂
µAν = jν

−→ not pos. def. energy density due to non-physical states
(Aµ: 4 components←→ photon: 2 helicity states)

• We can impose Lorenz condition ∂µA
µ = 0 by hand

=⇒ ∂µj
µ = 0 (charge conservation)

• We would like L such that eqns of motion yield Fµ(A) = jµ

charge conservation ⇒ ∂µFµ(A) = 0

gauge identity implying Lorenz cond.
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Most general Lorentz-invar action, quadratic in ∂A

L = α ∂µAν∂
µAν + β ∂µAν∂

νAµ

Eqns of motion: F ν(A) = α ∂2Aν + β ∂µ∂
νAµ = 0

Gauge condition: ∂νFν(A) ≡ 0 =⇒ α = −β
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Most general Lorentz-invar action, quadratic in ∂A

L = α ∂µAν∂
µAν + β ∂µAν∂

νAµ

Eqns of motion: F ν(A) = α ∂2Aν + β ∂µ∂
νAµ = 0

Gauge condition: ∂νFν(A) ≡ 0 =⇒ α = −β

The action is

L = −1
2

[

∂µAν∂
µAν − ∂µAν∂

νAµ
]

= −1
4FµνF

µν
with Fµν = ∂µAν − ∂νAµ

Fν = ∂µF µν
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Most general Lorentz-invar action, quadratic in ∂A

L = α ∂µAν∂
µAν + β ∂µAν∂

νAµ

Eqns of motion: F ν(A) = α ∂2Aν + β ∂µ∂
νAµ = 0

Gauge condition: ∂νFν(A) ≡ 0 =⇒ α = −β

The action is

L = −1
2

[

∂µAν∂
µAν − ∂µAν∂

νAµ
]

= −1
4
FµνF

µν with Fµν = ∂µAν − ∂νAµ

Fν = ∂µF µν

Gauge invariance:

δL =
[

∂µ

δL
δ(∂µAν)

− δL
δAν

]

δAν = ∂µF
µνδAν ∼ ∂µ∂νF

µνΛ

=⇒ δAµ = ∂µΛ
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Coupling to matter

L0 = 1
2∂µφ

∗∂µφ− 1
4FµνF

µν

Eqns of motion: ∂µ∂
µφ = 0, ∂µ∂

µφ∗ = 0, ∂µF
µν = 0

Invariant under: δAµ = ∂µΛ (local U(1))
δφ = ieλφ (global U(1))
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Coupling to matter

L0 = 1
2∂µφ

∗∂µφ− 1
4FµνF

µν

Eqns of motion: ∂µ∂
µφ = 0, ∂µ∂

µφ∗ = 0, ∂µF
µν = 0

Invariant under: δAµ = ∂µΛ (local U(1))
δφ = ieλφ (global U(1))

Noether current for λ:

δλL0 = − ie
2
∂µλ

(

φ∗∂µφ− φ∂µφ∗
)

= eλ∂µj
µ

(0)

jµ

(0) preserved on-shell: ∂µj
µ

(0) = i
2

[

φ∗∂µ∂
µφ− φ∂µ∂

µφ∗
]
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Coupling to matter

L0 = 1
2∂µφ

∗∂µφ− 1
4FµνF

µν

Eqns of motion: ∂µ∂
µφ = 0, ∂µ∂

µφ∗ = 0, ∂µF
µν = 0

Invariant under: δAµ = ∂µΛ (local U(1))
δφ = ieλφ (global U(1))

Noether current for λ:

δλL0 = − ie
2
∂µλ

(

φ∗∂µφ− φ∂µφ∗
)

= eλ∂µj
µ

(0)

jµ

(0) preserved on-shell: ∂µj
µ

(0) = i
2

[

φ∗∂µ∂
µφ− φ∂µ∂

µφ∗
]

jµ

(0) is not source term for F µν

−→ add coupling term L ∼ eAµj
µ

(0)
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Coupling term

L1 = 1
2∂µφ

∗∂µφ− 1
4FµνF

µν + eAµj
µ

(0)

with j
µ

(0) = ie
2

(

φ∗∂µφ− φ∂µφ∗

)

Eqn of motion: ∂µF
µν = ejν

(0)

∂µ∂
µφ− ie∂µA

µφ− 2ieAµ∂
µφ = 0

∂µ∂
µφ∗ + ie∂µA

µφ∗ + 2ieAµ∂
µφ∗ = 0

Problem: jµ

(0) is not conserved on-shell!

0 = ∂µ∂νF
µν = ∂µj

µ

(0) 6= 0

−→ INCONSISTENCY!!!
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Coupling term

L1 = 1
2∂µφ

∗∂µφ− 1
4FµνF

µν + eAµj
µ

(0)

with j
µ

(0) = ie
2

(

φ∗∂µφ− φ∂µφ∗

)

Eqn of motion: ∂µF
µν = ejν

(0)

∂µ∂
µφ− ie∂µA

µφ− 2ieAµ∂
µφ = 0

∂µ∂
µφ∗ + ie∂µA

µφ∗ + 2ieAµ∂
µφ∗ = 0

Problem: jµ

(0) is not conserved on-shell!

0 = ∂µ∂νF
µν = ∂µj

µ

(0) 6= 0

−→ INCONSISTENCY!!!

Reason:
jµ

(0) is Noether current of L0, not of L1

Real Noether current: jµ

(1) = jµ

(0) + eAµφ∗φ
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Noether procedure

Identify λ and Λ

δAµ = ∂µΛ, δφ = ieΛφ
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Noether procedure

Identify λ and Λ

δAµ = ∂µΛ, δφ = ieΛφ

Then:
δL0 = −e∂Λjµ

(0) 6= 0

−→ add L ∼ eAµj
µ

(0)
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Noether procedure

Identify λ and Λ

δAµ = ∂µΛ, δφ = ieΛφ

Then:
δL0 = −e∂Λjµ

(0) 6= 0

−→ add L ∼ eAµj
µ

(0)

δL1 = −e∂Λjµ

(0) + e∂Λjµ

(0) − e2∂µΛAµφ∗φ 6= 0

−→ add L ∼ 1
2e

2AµA
µφ∗φ
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Noether procedure

Identify λ and Λ

δAµ = ∂µΛ, δφ = ieΛφ

Then:
δL0 = −e∂Λjµ

(0) 6= 0

−→ add L ∼ eAµj
µ

(0)

δL1 = −e∂Λjµ

(0) + e∂Λjµ

(0) − e2∂µΛAµφ∗φ 6= 0

−→ add L ∼ 1
2e

2AµA
µφ∗φ

L2 = 1
2∂µφ

∗∂µφ− 1
4FµνF

µν + eAµj
µ

(0) + 1
2e

2AµA
µφ∗φ

−→ δL2 = −e2∂µΛAµφ∗φ + e2∂µΛAµφ∗φ = 0

B. Janssen (UGR) Granada, 14 dec 2006 14



Nota bene:

L2 = 1
2∂µφ

∗∂µφ− 1
4FµνF

µν +
ie

2
Aµ(φ

∗∂µφ− φ∂µφ∗) + 1
2e

2AµA
µφ∗φ

= 1
2(∂µφ

∗ + ieAµφ
∗)(∂µφ− ieAµφ)− 1

4FµνF
µν

= Dµφ
∗Dµφ− 1

4FµνF
µν

with: Dµφ = ∂µφ− ieAµφ

δDµφ = Dµ(δφ)
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Nota bene:

L2 = 1
2∂µφ

∗∂µφ− 1
4FµνF

µν +
ie

2
Aµ(φ

∗∂µφ− φ∂µφ∗) + 1
2e

2AµA
µφ∗φ

= 1
2(∂µφ

∗ + ieAµφ
∗)(∂µφ− ieAµφ)− 1

4FµνF
µν

= Dµφ
∗Dµφ− 1

4FµνF
µν

with: Dµφ = ∂µφ− ieAµφ

δDµφ = Dµ(δφ)

Lesson:
Lorentz symm & gauge invariance =⇒ free theory
Gauge invariance & consistent couplings

=⇒ fully consistent theory coupled to matter
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3 Gravity as a SRFT of spin 2

Massless spin 2 field hµν :

∂ρ∂
ρhµν = κT µν

−→ not pos. def. energy density due to non-physical states
(hµν : 4 components←→ graviton: 2 helicity states)
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3 Gravity as a SRFT of spin 2

Massless spin 2 field hµν :

∂ρ∂
ρhµν = κT µν

−→ not pos. def. energy density due to non-physical states
(hµν : 4 components←→ graviton: 2 helicity states)

Look for action L such that eqns of motion yieldHµν(h) = κT µν

energy conservation ∂µT
µν = 0 =⇒ ∂µHµν(h) = 0

−→ gauge invariant action
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Most general Lorentz-invar action, quadratic in ∂h

L = a ∂µhνρ∂
µhνρ + b ∂µhνρ∂

νhµρ + c ∂µh∂ρhµρ + d ∂µh∂µh

with h = hµ
µ = ηµνhµν

Eqns of motion: Hνρ(h) ≡ a ∂2hνρ + 2b ∂µ∂
(νhρ)µ + c ∂(ν∂ρ)h

+ c ηνρ∂µ∂λh
µλ + 2d ηνρ∂2h = 0

Gauge condition: ∂νHνρ(h) ≡ 0 =⇒ a = −1
2
b = 1

2
c = −d
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Most general Lorentz-invar action, quadratic in ∂h

L = a ∂µhνρ∂
µhνρ + b ∂µhνρ∂

νhµρ + c ∂µh∂ρhµρ + d ∂µh∂µh

with h = hµ
µ = ηµνhµν

Eqns of motion: Hνρ(h) ≡ a ∂2hνρ + 2b ∂µ∂
(νhρ)µ + c ∂(ν∂ρ)h

+ c ηνρ∂µ∂λh
µλ + 2d ηνρ∂2h = 0

Gauge condition: ∂νHνρ(h) ≡ 0 =⇒ a = −1
2
b = 1

2
c = −d

The action then is

L = 1
4∂µhνρ∂

µhνρ − 1
2∂µhνρ∂

νhµρ + 1
2∂µh∂ρhµρ − 1

4∂µh∂µh

Hµν(h) ≡ ∂2hµν + ∂µ∂νh− ∂ρ∂µhνρ − ∂ρ∂νhµρ

−ηµν∂
2h + ηµν∂ρ∂λh

ρλ = 0

(NB: Hµν(h) is first order of Rµν − 1
2gµνR for gµν = ηµν + εhµν)
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Gauge invariance

δL =
[

∂µ

δL
δ(∂µhνρ)

− δL
δhνρ

]

δhµν = Hνρδhνρ ∼ ∂νHνρχ

=⇒ δhµν = ∂µχν + ∂νχµ

(NB: δhµν is first order of δgµν for gµν = ηµν + εhµν)
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Gauge invariance

δL =
[

∂µ

δL
δ(∂µhνρ)

− δL
δhνρ

]

δhµν = Hνρδhνρ ∼ ∂νHνρχ

=⇒ δhµν = ∂µχν + ∂νχµ

(NB: δhµν is first order of δgµν for gµν = ηµν + εhµν)

• Transverse traceless gauge: ∂µh
µν = 0 = h

=⇒Hµν(h) = ∂ρ∂
ρhµν = 0

• De Donder gauge: ∂µh̄
µν = 0 with h̄µν = hµν − 1

2ηµνh

=⇒Hµν(h) = ∂ρ∂
ρh̄µν = 0

B. Janssen (UGR) Granada, 14 dec 2006 18



Coupling to matter

L = LFP + Lφ + κ hµνT
µν(φ)

Eqns of motion: Hµν = κTµν(φ) ∂2φ + ... = 0

Gauge condition: ∂µHµν = 0 =⇒ ∂µT
µν(φ) = 0
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Coupling to matter

L = LFP + Lφ + κ hµνT
µν(φ)

Eqns of motion: Hµν = κTµν(φ) ∂2φ + ... = 0

Gauge condition: ∂µHµν = 0 =⇒ ∂µT
µν(φ) = 0

Questions:
1. How good is this theory?

−→ Experimental verification

2. Is ∂µT
µν(φ) = 0 consistent with ∂2φ + ... = 0?

−→ Consistency problems

B. Janssen (UGR) Granada, 14 dec 2006 19



Newtonian limit

Point mass: T µν = −M δµ
0 δν

0 δ(xρ)

=⇒ H00 = −κMδ(xρ), Hij = 0

=⇒ h00 = Φ, hii = Φδij Φ =
M

8π|x|
(Newtonian potential)

Action for mass m moving in gravitational potential Φ:

S = −m

∫

dt
{

√

1− v2 +
1√

1− v2
[1 + v2]Φ

}

≈
∫

dt
{

1
2mv2 −mΦ− 1

4mv4 + 3
2mv2Φ + ...

}

=⇒ Good agreement for light deflection, time dilatation, ...
Perihelium Mercury is 0.75 × observed value
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4 Consistency problems with couplings
L0 = 1

4∂µhνρ∂
µhνρ − 1

2∂µhνρ∂
νhµρ

+ 1
2∂µh∂ρhµρ − 1

4∂µh∂µh + 1
2∂µφ∂µφ

Eqns of motion: Hµν = 0 ∂µ∂
µφ = 0

Invariant under: δhµν = ∂µχν + ∂νχµ + κ Σλ∂λhµν

δφ = κ Σµ∂µφ

δxµ = −κ Σµ with Σµ global symm
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4 Consistency problems with couplings
L0 = 1

4∂µhνρ∂
µhνρ − 1

2∂µhνρ∂
νhµρ

+ 1
2∂µh∂ρhµρ − 1

4∂µh∂µh + 1
2∂µφ∂µφ

Eqns of motion: Hµν = 0 ∂µ∂
µφ = 0

Invariant under: δhµν = ∂µχν + ∂νχµ + κ Σλ∂λhµν

δφ = κ Σµ∂µφ

δxµ = −κ Σµ with Σµ global symm

Noether current for Σµ:

δΣL0 = κ ∂µΣν
[

Tµν(φ) + Tµν(h)
]

with Tµν(φ) energy-momentum tensor of matter
Tµν(h) gravitational energy-momentum tensor
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Tµν(φ) = −∂µφ∂νφ + 1
2
ηµν(∂φ)2

Tµν(h) = −1
2∂µhρλ∂νh

ρλ + ∂µhρλ∂
ρhν

λ − 1
2∂µh∂ρhνρ

−1
2∂

ρh∂µhνρ + 1
2∂µh∂µh + ηµνLFP

Tµν(φ) and Tµν(h) preserved on shell:

∂µTµν(φ) = − ∂2φ ∂νφ ∂µTµν(h) = −∂νhµρHµρ
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Tµν(φ) = −∂µφ∂νφ + 1
2
ηµν(∂φ)2

Tµν(h) = −1
2∂µhρλ∂νh

ρλ + ∂µhρλ∂
ρhν

λ − 1
2∂µh∂ρhνρ

−1
2∂

ρh∂µhνρ + 1
2∂µh∂µh + ηµνLFP

Tµν(φ) and Tµν(h) preserved on shell:

∂µTµν(φ) = − ∂2φ ∂νφ ∂µTµν(h) = −∂νhµρHµρ

Tµν(φ) is not source term for hµν :
−→ add coupling term L ∼ κhµνTµν(φ)
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Coupling term

L1 = 1
4∂µhνρ∂

µhνρ − 1
2∂µhνρ∂

νhµρ

+ 1
2
∂µh∂ρhµρ − 1

4
∂µh∂µh + 1

2
∂µφ∂µφ + 1

2
κhµνTµν(φ)

Eqns of motion: Hµν = κTµν(φ)

∂µ∂
µφ = κ∂µ

[

hµν∂νφ− 1
2
h∂µφ

]

Problem: Tµν(φ) is no longer conserved on shell!

0 = ∂µHµν = κ ∂µTµν(φ) = κ∂2φ∂νφ 6= 0 (-22)

−→ INCONSISTENCY!!!
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Coupling term

L1 = 1
4∂µhνρ∂

µhνρ − 1
2∂µhνρ∂

νhµρ

+ 1
2
∂µh∂ρhµρ − 1

4
∂µh∂µh + 1

2
∂µφ∂µφ + 1

2
κhµνTµν(φ)

Eqns of motion: Hµν = κTµν(φ)

∂µ∂
µφ = κ∂µ

[

hµν∂νφ− 1
2h∂µφ

]

Problem: Tµν(φ) is no longer conserved on shell!

0 = ∂µHµν = κ ∂µTµν(φ) = κ∂2φ∂νφ 6= 0 (-22)

−→ INCONSISTENCY!!!

Reason:
T µν(φ) is Noether current of L0, not of L1

Total energy conserved, not only energy of φ

Gravity couples also to own energy −→ non-linear theory
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Gravity self-coupling

L2 = 1
4∂µhνρ∂

µhνρ − 1
2∂µhνρ∂

νhµρ + 1
2∂µh∂ρhµρ

− 1
4
∂µh∂µh + 1

2
∂µφ∂µφ + 1

2
κhµνTµν(φ) + 1

2
κhµνTµν(h)
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Gravity self-coupling

L2 = 1
4∂µhνρ∂

µhνρ − 1
2∂µhνρ∂

νhµρ + 1
2∂µh∂ρhµρ

− 1
4
∂µh∂µh + 1

2
∂µφ∂µφ + 1

2
κhµνTµν(φ) + 1

2
κhµνTµν(h)

−→ TOO NAIVE!!!

Eqn of motion does not give

Hµν = κTµν(φ) + κTµν(h)

due to contribuition of Tµν(h)

B. Janssen (UGR) Granada, 14 dec 2006 24



Gravity self-coupling

L2 = 1
4∂µhνρ∂

µhνρ − 1
2∂µhνρ∂

νhµρ + 1
2∂µh∂ρhµρ

− 1
4
∂µh∂µh + 1

2
∂µφ∂µφ + 1

2
κhµνTµν(φ) + 1

2
κhµνTµν(h)

−→ TOO NAIVE!!!

Eqn of motion does not give

Hµν = κTµν(φ) + κTµν(h)

due to contribuition of Tµν(h)

−→ Tµν(h) too simple for energy-monentum tensor for hµν
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We need Lcorr = κ hµνLµν ∼ κ h(∂h)(∂h) such that

L3 = 1
4
∂µhνρ∂

µhνρ − 1
2
∂µhνρ∂

νhµρ + 1
2
∂µh∂ρhµρ

− 1
4∂µh∂µh + 1

2∂µφ∂µφ + 1
2 κ hµνTµν(φ) + κ hµνLµν

yields
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We need Lcorr = κ hµνLµν ∼ κ h(∂h)(∂h) such that

L3 = 1
4
∂µhνρ∂

µhνρ − 1
2
∂µhνρ∂

νhµρ + 1
2
∂µh∂ρhµρ

− 1
4∂µh∂µh + 1

2∂µφ∂µφ + 1
2 κ hµνTµν(φ) + κ hµνLµν

yields

• Tµν(h) = Lµν − ∂σ

(

hρλ δLρλ

δ∂σhµν

)
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We need Lcorr = κ hµνLµν ∼ κ h(∂h)(∂h) such that

L3 = 1
4
∂µhνρ∂

µhνρ − 1
2
∂µhνρ∂

νhµρ + 1
2
∂µh∂ρhµρ

− 1
4∂µh∂µh + 1

2∂µφ∂µφ + 1
2 κ hµνTµν(φ) + κ hµνLµν

yields

• Tµν(h) = Lµν − ∂σ

(

hρλ δLρλ

δ∂σhµν

)

• L3 is invariant upto order κ2 under

δhµν = ∂µχν + ∂νχµ + κ χρ∂ρhµν δφ = κ χρ∂ρφ
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We need Lcorr = κ hµνLµν ∼ κ h(∂h)(∂h) such that

L3 = 1
4
∂µhνρ∂

µhνρ − 1
2
∂µhνρ∂

νhµρ + 1
2
∂µh∂ρhµρ

− 1
4∂µh∂µh + 1

2∂µφ∂µφ + 1
2 κ hµνTµν(φ) + κ hµνLµν

yields

• Tµν(h) = Lµν − ∂σ

(

hρλ δLρλ

δ∂σhµν

)

• L3 is invariant upto order κ2 under

δhµν = ∂µχν + ∂νχµ + κ χρ∂ρhµν δφ = κ χρ∂ρφ

• Hµν = κTµν(φ) + κTµν(h) ∂µ
(

Tµν(φ) + Tµν(h)
)

= 0
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Most general term for Lcorr:

Lcorr = 1
2κ hµν

[

α ∂µhρλ∂νh
ρλ + β ∂µhρλ∂

ρhλ
ν + ...

]

−→ 20 terms with 16 coefficients
−→ determine coefficients by demanding ∂µT µν(h) = γν

ρλHρλ
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Most general term for Lcorr:

Lcorr = 1
2κ hµν

[

α ∂µhρλ∂νh
ρλ + β ∂µhρλ∂

ρhλ
ν + ...

]

−→ 20 terms with 16 coefficients
−→ determine coefficients by demanding ∂µT µν(h) = γν

ρλHρλ

=⇒ Lcorr = 1
2κ hµν

[

−1
2∂µhρλ∂νh

ρλ − ∂ρhµ
λ∂ρhλν + ∂λhρ

(µ∂ρhν)λ

+2∂λhρ
(µ∂ν)hρλ − ∂(µhν)λ∂

λh− ∂λhµν∂
ρhρλ

−∂λhλ(µ∂ν)h + ∂λhµν∂
λh + 1

2∂µh∂νh + ηµνLFP

]

Eqns of motion: Hµν = κTµν(h) + κTµν(φ)

∂µ∂
µφ = κ∂µ

[

hµν∂νφ− 1
2h∂muφ

]

Conservation of energy: ∂µ
[

Tµν(h) + Tµν(φ)
]

= 0
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• Consistent result upto order κ

• Right values for perihelium of Mercury
−→ previous deficit due to neglecting self-interaction

• What about order κ2, κ3, ... ?
−→ Extremely tedious!!
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• Consistent result upto order κ

• Right values for perihelium of Mercury
−→ previous deficit due to neglecting self-interaction

• What about order κ2, κ3, ... ?
−→ Extremely tedious!!

WE NEED A MORE GENERAL ARGUMENT!
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5 Deser’s argument & General Relativity

L0 = −κ h̄µν

[

∂µΓ
ρ
νρ − ∂ρΓ

ρ
µν

]

+ ηµν
[

Γλ
µρΓ

ρ
νλ − Γλ

µνΓ
ρ
λρ

]

with h̄µν = hµν − 1
2ηµνh

Γρ
µν = Γρ

νµ

Invariant under: δhµν = ∂µχν + ∂νχµ

δΓρ
µν = ∂µ∂νχ

ρ

Eqns of motion: [h̄µν ] : ∂ρΓ
ρ
µν − 1

2∂µΓ
ρ
νρ − 1

2∂µΓ
ρ
νρ = 0

[Γρ
µν ] : −κ ∂ρh̄

µν + κ ∂λh̄
λ(µδ

ν)
ρ + 2ηλ(µΓ

ν)
ρλ

−ηλσΓ
(µ
λσδ

ν)
ρ − ηµνΓλ

ρλ = 0

[Γρ
µν ] is algebraic eqn for Γρ

µν −→ Constraint on Γρ
µν
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Constraint on Γρ
µν :

Γρ
µν = 1

2κ ηρλ
[

∂µhλν + ∂νhµλ − ∂λhµν

]

−→ Γρ
µν is not independent field
( Γρ

µν is 1st order of Christoffel symbol for gµν = ηµν + εhµν)
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Constraint on Γρ
µν :

Γρ
µν = 1

2κ ηρλ
[

∂µhλν + ∂νhµλ − ∂λhµν

]

−→ Γρ
µν is not independent field
( Γρ

µν is 1st order of Christoffel symbol for gµν = ηµν + εhµν)

Substitute in [h̄µν ]:

∂2hµν + ∂µ∂ν − ∂ρ∂µhνρ − ∂ρ∂νhµρ = 0

⇐⇒ Hµν − 1
2ηµνHρ

ρ = 0

( 1st order of Rµν = 0 for gµν = ηµν + εhµν)

=⇒L0 is equivalent to LFP

B. Janssen (UGR) Granada, 14 dec 2006 29



We want to find correction to L0 which takes in account the
self-interaction of hµν , such that Hµν = κTµν

L1 = −κ h̄µν

[

∂µΓ
ρ
νρ − ∂ρΓ

ρ
µν

]

+ (ηµν − κhµν)
[

Γλ
µρΓ

ρ
νλ − Γλ

µνΓ
ρ
λρ

]

Eqns of motion:
[h̄µν ]: Rµν(Γ) = 0

[Γρ
µν ]: −κ ∂ρh̄

µν + κ ∂λh̄
λ(µδ

ν)
ρ + 2(ηλ(µ − κh̄λ(µ)Γ

ν)
ρλ

−(ηλσ − κh̄λσ)Γ
(µ
λσδ

ν)
ρ − (ηµν − κh̄µν)Γλ

ρλ = 0
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We want to find correction to L0 which takes in account the
self-interaction of hµν , such that Hµν = κTµν

L1 = −κ h̄µν

[

∂µΓ
ρ
νρ − ∂ρΓ

ρ
µν

]

+ (ηµν − κhµν)
[

Γλ
µρΓ

ρ
νλ − Γλ

µνΓ
ρ
λρ

]

Eqns of motion:
[h̄µν ]: Rµν(Γ) = 0

[Γρ
µν ]: −κ ∂ρh̄

µν + κ ∂λh̄
λ(µδ

ν)
ρ + 2(ηλ(µ − κh̄λ(µ)Γ

ν)
ρλ

−(ηλσ − κh̄λσ)Γ
(µ
λσδ

ν)
ρ − (ηµν − κh̄µν)Γλ

ρλ = 0

• Correction term has no ηµν =⇒No contribution to Tµν(h)

No further correction needed
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We want to find correction to L0 which takes in account the
self-interaction of hµν , such that Hµν = κTµν

L1 = −κ h̄µν

[

∂µΓ
ρ
νρ − ∂ρΓ

ρ
µν

]

+ (ηµν − κhµν)
[

Γλ
µρΓ

ρ
νλ − Γλ

µνΓ
ρ
λρ

]

Eqns of motion:
[h̄µν ]: Rµν(Γ) = 0

[Γρ
µν ]: −κ ∂ρh̄

µν + κ ∂λh̄
λ(µδ

ν)
ρ + 2(ηλ(µ − κh̄λ(µ)Γ

ν)
ρλ

−(ηλσ − κh̄λσ)Γ
(µ
λσδ

ν)
ρ − (ηµν − κh̄µν)Γλ

ρλ = 0

• Correction term has no ηµν =⇒No contribution to Tµν(h)

No further correction needed

• Rµν(Γ) = ∂ρΓ
ρ
µν − ∂µΓ

ρ
νρ + Γλ

µνΓ
ρ
λρ − Γλ

µρΓ
ρ
νλ is Ricci tensor

(Surprise!) What is the conecction Γρ
µν?
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Define


















ηµν − κ h̄µν = ĝµν

ĝµν ĝνρ = δρ
µ

gµν =
√

|ĝ| ĝµν

−→ gµν non-linear combination of hµν (infinite series)
−→ gµν acts as metric
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Define


















ηµν − κ h̄µν = ĝµν

ĝµν ĝνρ = δρ
µ

gµν =
√

|ĝ| ĝµν

−→ gµν non-linear combination of hµν (infinite series)
−→ gµν acts as metric

Constraint on Γρ
µν :

Γρ
µν = 1

2
gρλ

[

∂µgλν + ∂νgµλ − ∂λgµν

]

−→ Γρ
µν is Levi-Civita conection

−→ Rµν(Γ) = Rµν(g)

−→ [h̄µν ] is Einstein eqn Rµν = 0
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Eqn of motion Rµν = 0 invariant under general coord transf

However L1 is not!
−→ add total derivative ηµν

[

∂µΓ
ρ
νρ − ∂ρΓ

ρ
µν

]
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Eqn of motion Rµν = 0 invariant under general coord transf

However L1 is not!
−→ add total derivative ηµν

[

∂µΓ
ρ
νρ − ∂ρΓ

ρ
µν

]

=⇒ L2 = (ηµν − κ h̄µν)
[

∂µΓ
ρ
νρ − ∂ρΓ

ρ
µν

]

+(ηµν − κhµν)
[

Γλ
µρΓ

ρ
νλ − Γλ

µνΓ
ρ
λρ

]

= gµν
[

∂µΓ
ρ
νρ − ∂ρΓ

ρ
µν

]

+ gµν
[

Γλ
µρΓ

ρ
νλ − Γλ

µνΓ
ρ
λρ

]

= gµνRµν(g)

−→ Einstein-Hilbert action!
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6 Conclusions

• Fierz-Pauli LFP is consistent as free theory

• Couplings to matter =⇒ self-coupling of gravity
=⇒ inconsistent

• Possible (but difficult) to construct consistent theory upto
order κ2

• General Relativity is consistent extension to all orders
(unique?)

• Suprising geometrical interpretation: non-linear function of
hµν is metric

−→ very elegant & much richer structure
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