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Outlook
. General Relativity: a quick review
. The Schwarzschild black hole
. The Kerr black hole

. The area theorem

1
2
3
4. Penrose Process
5
6. The laws of black hole mechanics
7

. Quantum black holes:
— Counting of microstates
— Information paradox

Disclaimer:
Main goal of this talk is to expose open issues
not to propose concrete solutions...
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1. General Relativity: a quick review

Gravity = manifestation of curved spacetime

apparant direction
Y of source

John A. Wheeler: Matter says space how to curve
Space says matter how to move
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1. General Relativity: a quick review

Gravity = manifestation of curved spacetime

apparant direction
Y of source

John A. Wheeler: Matter says space how to curve
Space says matter how to move

e Spacetime = 4-dim Lorentzian manifold, equiped with metric g, and
Levi-Civita connection I/, .

A
g — 1), = Ru,
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e Equivalence Principle: Weight can be locally gauged away
Inhomogeneities of gravitational field are shown in tidal effects

weight ~ I . tidal forces ~ R,,,"
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e Equivalence Principle: Weight can be locally gauged away
Inhomogeneities of gravitational field are shown in tidal effects

weight ~ T, tidal forces ~ R,

e Finstein equations: relation between curvature and matter content

Ru = 30w R = = [Fuublf = tguFuf?] = Shws(a —a(r)

4m
V. F* = qi" §(x — z(71))
m (i@ + 70,00 ) = g,
— system of 10 + N non-linear coupled 2nd order partial diff eqns
for g, () and A,(z) and z#(7)

— in general extremely difficult to solve!
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2. The Schwarzschild black hole

Metric of static spherically symmetric vacuum solution [Schwarzschild, 1916]
2M 2M N 1
ds* = (1 — —)dt2 — (1 — —) dr* — r*(d6* + sin® Ode?)
r r

e (External region of) spherically symmetric object with mass m = M /G
In GR, mass is only asymptotically defined: ¢, ~ 1 + Gmr—t 4+ ...

e Singular for r = 0 and r = 2M/:
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Metric of static spherically symmetric vacuum solution [Schwarzschild, 1916]
2M 2M N 1
ds* = (1 — —)dt2 — (1 — —) dr* — r*(d6* + sin® Ode?)
r r

e (External region of) spherically symmetric object with mass m = M /G
In GR, mass is only asymptotically defined: ¢, ~ 1 + Gmr—t 4+ ...

e Singular for r = 0 and r = 2M/:

Curvature invariante R, R*** = 48 G m? r~°

— r =0 is a physical singularity
is point of infinite tidal forces
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2. The Schwarzschild black hole

Metric of static spherically symmetric vacuum solution [Schwarzschild, 1916]

2M 2MN -1
ds® = (1 — —)dt2 — (1 — —) dr* — r*(df* + sin® Ode?)

r T

e (External region of) spherically symmetric object with mass m = M /G
In GR, mass is only asymptotically defined: ¢, ~ 1 + Gmr—t 4+ ...
e Singular for r = 0 and r = 2M/:
Curvature invariante R, R*** = 48 G m? r~°
— r =0 is a physical singularity
is point of infinite tidal forces

— 7 = 2M is a coordinate singularity
— Schwarzschild radius

e Eddington-Finkelstein coordinates: ¢ = ¢ + 2M log(r — 2M)

OMN ., AM oM
ds? = (1—Z2)aP? — ==didr — (1+22)dr® — r2d9;

r r r
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— Lightcones incline towards singularity
— 1 = 2M: surface of infinite redshift
— 1 = 2M point of no return: light and matter end inevitably in singularity
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Lightcones incline towards singularity
r = 2M: surface of infinite redshift
r = 2M point of no return: light and matter end inevitably in singularity

No causal influences can travel fromr < 2M tor > 2M [Finkelstein, 1958]

LLLLEL e

r = 2M is an event horizon: one-dimensional causal membrane
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3. The Kerr solution

Metric of stationary axially symmetric vacuum solution [Kerr, 1963]
2 2 2 2 2 | 12 a2
r* —2Mr + a* cos* 0 4Marsin® 0 r* 4 a® cos* 0
ds® = dt* + dtdyp — dr®
% 4 a? cos? 0 r? 4 a® cos? 0 r2 —2Mr + a?
2Ma?r sin® 0

— (r* +a*cos?0)db* — |r* +a® + sin” ) d*

r2 + a2 cos? 0

e Rotating, axially symmetric object with mass m = M /G and angular
momentum J = a/M

e Unique solution with these characteristics!
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3. The Kerr solution

Metric of stationary axially symmetric vacuum solution [Kerr, 1963]
2 2 2 2 2 | 12 a2
r* —2Mr + a* cos* 0 4Marsin® 0 r* 4 a® cos* 0
ds® = dt* + dtdyp — dr®
% 4 a? cos? 0 r? 4 a® cos? 0 r2 —2Mr + a?
2Ma?r sin® 0

— (r* +a*cos?0)db* — |r* +a® + sin” ) d*

r2 + a2 cos? 0

e Rotating, axially symmetric object with mass m = M /G and angular
momentum J = a/M

e Unique solution with these characteristics!

Kerr-Newmann (idem with charge () is unique solution of stationary black
hole! — Uniqueness theorems [Israel; Hawking; Carter; 1965-1975]

e stationary =  axially symmetric =  Kerr-Newmann
e static =  spherically symmetric =  Reissner-Nordstrém

Black hole have no hair: completely determined by 1/, () and J!
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12 — r? — 2Mr + a® cos* 0 i 4Mar sin® 0 dtdo — 2 1 a2 cos? 0
r2 4+ a2 cos? 6 r2 4+ a2 cos? @ 2 — OMr + a2
2Ma?r sin? 0

r2 4+ a2 cos? 0

dr?

— (r* +a*cos*0)df* — |r* +a® + sin® 0 dy*

e Physical singularityatr =aand § =0 — ring singularity!
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. r? — 2Mr + a* cos* 0 P 4Mar sin® 0 dtdo r? + a® cos® 0
% + a? cos? 0 r? 4+ a? cos? 0 r2 —2Mr 4+ a?
2Ma*r sin® 0

r2 + a? cos2 0

dr?

— (r* +a*cos*0)df* — |r* +a® + sin® § d*

e Physical singularityatr =aand 0 =0 — ring singularity!

e ¢'" = 0: Inner and outer horizon at r = M 4+ /M? — a? = R,
— limit of static region

A

t

AL

R R, r

\/
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r2 — 2Mr + a? cos® 0 AM ar sin® 0 r? + a® cos? 0

ds®> = dt? dtdp — dr?
> r2 + a? cos? 0 + r2 + a? cos2 0 14 r2 —2Mr + a?
2IM a?r sin® 0
2 2 9 2 2 2 .9 2
— (r*+a“cos*0)df* — |r*+a +T2—|—CL2COSQ(9]SIH 0 dyp

e Physical singularityatr =aand § =0 — ring singularity!

e ¢ = 0: Inner and outer horizon at r = M ++/M? — a?> = Ry

— limit of static region

e ¢, = 0: Surfaces of infinite redshift at » = M + /M2 — a?cos? 6l = S.
— limit of stationary region
— Effects of frame dragging

L
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Fl‘ame dl‘agging: [Lense & Thirring, 1918]

General axially symmetric stationary metric:

ds* = gudt® + 2gi, dtde + grr dr® + g9 d0* + gy, dp®

Stationary observer: rotation with constant velocity in equatorial plane
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Fl‘ame dl‘agging: [Lense & Thirring, 1918]

General axially symmetric stationary metric:

ds* = gudt® + 2gi, dtde + grr dr® + g9 d0* + gy, dp®

Stationary observer: rotation with constant velocity in equatorial plane

— Angular velocity: ) = 22 = ¢
— Angular momentum: L = —g,,p" = —mo (Gipt + Gpp )
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Frame dragging:

General axially symmetric stationary metric:

ds® = gudt® + 2gi,dtde + gr dr? + gopd6® + gy, dp?

Stationary observer: rotation with constant velocity in equatorial plane

. . _d ¢
— Angular velocity: ) = 7= = =

— Angular momentum: L = —g 0" = —mg (Gipt + Gop )

Zero angular momentum observer: dragged along with rotation

Gep

Lense-Thirring effect for Earth:
& rediccion: —39,2 mili-arcsec/year
GPB: —37,2 £ 7,2 mili-arcsec/year
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Ergoregion: Frame dragging limits velocities of stationary observers

2
gi i Gt
L = T4 aia — =
Yo G G
2Ma 4M2q? r—2M
T3—|—a2r—|—2Ma2 :|: (7“3—|—a27“—|—2Ma2)2 —|_ T3—|—a27“—|—2Ma2 (Kerr)

1/2

e RegionI (g4 > 0): both co-rotation and counter-rotation possible
e Region Il (g4 <0, g™ > 0): only co-rotation possible

e Region Il (¢"" < 0): no stable rotation
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Equatorial plane:

% singularidad

“~._ '~ horizonte
& ergosfera

Ergoregion is not trapped surface!
e Region I: static observers; escape to infinity
e Region II: stationary non-static observers; escape to infinity

e Region III: non-stationary, trapped observers

B. Janssen (UGR) Granada, January 16th, 2015 13/28



4. The Penrose process

Energy at infinity (seen by asymptotic observer)

E = t,p" = gup" = gup’ + G1o07
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4. The Penrose process

Energy at infinity (seen by asymptotic observer)
E = t,p" = gyup" = gup" + giop”

In ergoregion: g, < 0:

E<0 <= pr<_Jdty

gtcp

— opposing frame dragging as much as possible

NB: E < 0 only for asymptotic observer. Local observer sees £/ > 0!
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Penrose process: extracting energy from black hole! [Penrose, 1969]

Energy and angular momentum conservation: A — B + C

Ey, = Ep + Ec, Ly = Lp + Lp
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Penrose process: extracting energy from black hole! [Penrose, 1969]

Energy and angular momentum conservation: A — B + C

ks = Ep + Ec, Ly = Lg + Lp

Launch particle such that £ < 0:

AM = Eg = E4, — Eo < 0 AJ = Lg = Ly — Lo < 0

o Fo > Eyu:
Black hole delivers work on
particle!

o AM <0, AJ<O:
Black hole loses mass and

) angular momentum!
V4

rgosfera - :

Srgoste a — black holes are not just the

/ ° °
horizonte sinks of the universe!
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Misner, Thorme & Wheeler: Advanced society’s recycling scheme

DUy o

« Ejection point
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Misner, Thorme & Wheeler: Advanced society’s recycling scheme

o Ak~

. ' -

— CT12: Sensibilidad hacia temas medioambientales
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5. The area theorem

The area A of the horizon of a black hole never decreases in a physical
process, not even in a Penrose process [Hawking, 1971]

A = 47 {QM2 + 2MVM? — a? (Kerr)
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5. The area theorem

The area A of the horizon of a black hole never decreases in a physical

process, not even in a Penrose process [Hawking, 1971]

A = 4r {2]\42 + 2M\/M2—a2} (Kerr)

The irreducible mass 1/, of a black hole never decreases in a physical proces,

not even in a Penrose process [Christodoulou & Ruffini, 1971]
M?* = M? + S (Kerr)
' 40?2
with
M2 = oM 4 oMY= a? | (Kerr)
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5. The area theorem

The area A of the horizon of a black hole never decreases in a physical

process, not even in a Penrose process [Hawking, 1971]

A = 4r {2]\42 + 2M/ M? —aQ} (Kerr)

The irreducible mass 1/, of a black hole never decreases in a physical proces,
not even in a Penrose process [Christodoulou & Ruffini, 1971]

J2
M?* = M? +

h TV (Kerr)

with

M? = % [2M? + 2M\/M2—a2} (Kerr)

*

In Penrose process: ANM < QpAJ
e non-optimal process: AM < QyAJ =AM, >0 (irreversable)

e optimal process: AM = QyAJ — AM, =0 (reversable)
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So far...

e No-hair theorems: unique 3-parameter family of stationary black hole
solutions, completely characterised by A, () and J

e Penrose process: possible to extract (certain amount of) work from black
holes AM < QpAJ

e Area theorem: area A = 167 M ? never descreases in physical processes,
and only constant in reversable processes.
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So far...

e No-hair theorems: unique 3-parameter family of stationary black hole
solutions, completely characterised by A/, () and J

e Penrose process: possible to extract (certain amount of) work from black
holes AM < QpAJ

e Area theorem: area A = 167 M ? never descreases in physical processes,
and only constant in reversable processes.

— smells like mechanical system!

— A =167 M? smells like entropy...
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So far...

e No-hair theorems: unique 3-parameter family of stationary black hole
solutions, completely characterised by A/, () and J

e Penrose process: possible to extract (certain amount of) work from black
holes AM < QpAJ

e Area theorem: area A = 167 M ? never descreases in physical processes,
and only constant in reversable processes.

— smells like mechanical system!

— A =167 M? smells like entropy...

— The analogy goes even further...
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6. The laWS Of blaCk hOle mEChaniCS [Bardeen, Carter, Hawking; 1973]

o Zeroth law: In stationary black holes, the surface gravity xy is constant
along the horizon.

NB: Surface gravity kg = acceleration of mass on horizon, measured by
asymptotic observer
= force aplied by asymptotic observer to
maintain a mass stationary on horizon
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6. The laWS Of blaCk hOle mEChaniCS [Bardeen, Carter, Hawking; 1973]

o Zeroth law: In stationary black holes, the surface gravity xy is constant
along the horizon.

NB: Surface gravity kg = acceleration of mass on horizon, measured by
asymptotic observer
= force aplied by asymptotic observer to
maintain a mass stationary on horizon

e First law: In quasi-stationary processes, M, A, J and () vary like

Ky
87TGN

M — dA + QpdJ + ®ydQ
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6. The laWS Of blaCk hOle mEChaniCS [Bardeen, Carter, Hawking; 1973]

o Zeroth law: In stationary black holes, the surface gravity xy is constant
along the horizon.

NB: Surface gravity kg = acceleration of mass on horizon, measured by
asymptotic observer
= force aplied by asymptotic observer to
maintain a mass stationary on horizon

e First law: In quasi-stationary processes, M, A, J and () vary like

Ky
87TGN

dM = dA + QygdJ + PydQ

e Second law: The area A of the black hole horizon never descreases in
physical processes.
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6. The laWS Of blaCk hOle mEChaniCS [Bardeen, Carter, Hawking; 1973]

o Zeroth law: In stationary black holes, the surface gravity xy is constant
along the horizon.

NB: Surface gravity kg = acceleration of mass on horizon, measured by
asymptotic observer
= force aplied by asymptotic observer to
maintain a mass stationary on horizon

e First law: In quasi-stationary processes, M, A, J and () vary like

Ky
87TGN

dM = dA + QygdJ + PydQ

e Second law: The area A of the black hole horizon never descreases in
physical processes.

e Third law: It is not possible to reduce the surface gravity xy to zero by
physical processes in a finite time.
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Compare with laws of thermodynamics:

e Zeroth law: In systems in thermodynamic equilibrium, the temperature
T is constant throughout the system.

e First law: In quasi-stationary processes, £/, S, V and N vary like

dE = kgTdS — PdV + udN,

e Second law: The entropy of a closed system never descreases in physical
processes.

e Third law: It is not possible to reduce the temperature 7' to zero by
physical processes in a finite time.
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Compare Wlth laws Of thermodynamics: [Clausius; Kelvin; Gibbs; Nernst]

e Zeroth law: In systems in thermodynamic equilibrium, the temperature
T is constant throughout the system.

e First law: In quasi-stationary processes, I/, S, V and N vary like

dE = kpTdS — PdV + pdN,

e Second law: The entropy of a closed system never descreases in physical
processes.

e Third law: It is not possible to reduce the temperature 1" to zero by
physical processes in a finite time.

Suggests:
M ~ FE relativistic mass en energy
QpdJ ~ —PdV work done by system
A~S < uniqueness theorems: S =0
kg ~ 1 < black hole emits nothing: 7' =0
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7. Quantum black holes

Bardeen, Carter, Hawking: Pure analogy, no physical connection
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7. Quantum black holes

Bardeen, Carter, Hawking: Pure analogy, no physical connection

Bekenstein: Deep relation between black holes and thermodynamics!

((
S=0

>0 g
/ Black holes must have non-trivial
— Entropy is real and huge! S ~ A/{%

entropy, in order to satisfy Second
Law of Thermodynamics
— Black hole = maximal entropy object: S < *"kpERy

S< 0?

B. Janssen (UGR) Granada, January 16th, 2015 21/28



7. Quantum black holes

Bardeen, Carter, Hawking: Pure analogy, no physical connection

Bekenstein: Deep relation between black holes and thermodynamics!

Black holes must have non-trivial
entropy, in order to satisty Second
Law of Thermodynamics

S< 0?

— Entropy is real and huge! S ~ A/{%
— Black hole = maximal entropy object: S < TkpER,

Question: How can black holes have temperature,
it they do not emit anything?

— Look at quantum character...
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Hawking radiation

[Hawking, 1974]

QFT in curved spacetime: black hole behaves like black body

t

Schwinger pair creation near horizon

— thermal radiation with

h K H
T p—
21k B
/1 = identify entropy as
A
S p—
4G nh
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Hawking radiation

QFT in curved spacetime: black hole behaves like black body

t

— thermal radiation with

el JI/ T h/iH
e 2mkp

q 1 = identify entropy as

- {\\\\\ y/ S A
V\\\: . A 4GNh

> r
R+
Two big problems:

e Counting of microstates: what is nature of entropy?

e Information paradox: is time evolution unitary?

L » Schwinger pair creation near horizon

[Hawking, 1974]
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Counting of microstates

Boltzmann: S = In /N [Boltzmann, 1877]

Shannon: S = ). p;log,p;

M=m; =— S~ 107

—— What are these microstates?
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Counting of microstates

Boltzmann: S = In/NV [Boltzmann, 1877]

Shannon: S = ). p;log,p;

M=m; =— S~ 107

—— What are these microstates?

e # ways matter can collaps to form Kerr-Newmann with M, ) and J?

— agreement in string theory for D = 5 extremal black holes
[Strominger & Vafa, 1996]
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Counting of microstates

Boltzmann: S = In /N [Boltzmann, 1877]

Shannon: S = ). p;log,p;

—— What are these microstates?

e # ways matter can collaps to form Kerr-Newmann with M, ) and J?

— agreement in string theory for D = 5 extremal black holes
[Strominger & Vafa, 1996]

e Holographic Principle? S~ A~ R?, S»V ~ R? ['t Hooft, 1993]
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Counting of microstates

Boltzmann: S = In N [Boltzmann, 1877]
Shannon: S = ) . p;log,p;

M =m; = S~ 107

—— What are these microstates?

e # ways matter can collaps to form Kerr-Newmann with M, ) and J?
— agreement in string theory for D = 5 extremal black holes

[Strominger & Vafa, 1996]

e Holographic Principle? S~ A~ R?, S»V ~ R ['t Hooft, 1993]

Degrees of freedom of gravitational system in
volume V is described by quantum field theory
on boundary 0V
— not just for black holes

(AdS/CFT, cosmology, ...)
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e Entanglement entropy?
State of Hawking pair:

eor) = 5 (10me) @ [Oese) + [Tine) @ [Lexe))

Internal part inaccessable — description in terms of density matrix

Pext = Z<¢int|(Wtot><¢tot|)|¢int>

int

Entanglement entropy:

S = —Tr(pext lnpext) — In?2

B. Janssen (UGR) Granada, January 16th, 2015 24/28



e Entanglement entropy?
State of Hawking pair:

eor) = 5 (10me) @ [Oese) + [Tine) @ [Lexe))

Internal part inaccessable — description in terms of density matrix

Pext = Z<¢int|(wtot><¢tot|)|¢int>

int
Entanglement entropy:
S = —TIr (pext In pext) — In?2
State of N Hawking pairs:
[Ytor) = % (‘Oint 1) @ [Oext 1) + |Ling 1) @ |Lext 1>)
®.. 8 %(Mim N) @ [Oext N) + [ Ling N) @ [Lext N>)

S = NIn2
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Information paradox

Where goes information about collapsing matter?

e (lassically: inside de black hole, unaccessable...
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Information paradox

Where goes information about collapsing matter?

o

e (lassically: inside de black hole, unaccessable...

e Quantum mechanically: black hole evaporation — dispersion problem
In-state = (sum of) pure states; Out-state = thermal state
—+ Violates unitarity of Quantum Mechanics!
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Open Questions...

e Are the basic principles of QM (linearity, unitarity, ...) valid to describe a
quantum-gravitational system?
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approximation? Does it contain information in subtil correlations?
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e Is Hawking radiation really thermal, or only in semi-classical
approximation? Does it contain information in subtil correlations?

e What is the end-point of Hawking radiation? A remnant? A naked
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Open Questions...

e Are the basic principles of QM (linearity, unitarity, ...) valid to describe a
quantum-gravitational system?

e Is Hawking radiation really thermal, or only in semi-classical
approximation? Does it contain information in subtil correlations?

e What is the end-point of Hawking radiation? A remnant? A naked
singularity?

e Do black holes really exist, or are they a (semi-)classical approximation of

states in quantum gravity? Black hole complementarity? Firewalls?
Fuzzballs?

B. Janssen (UGR) Granada, January 16th, 2015 26/28



Open Questions...

e Are the basic principles of QM (linearity, unitarity, ...) valid to describe a
quantum-gravitational system?

e Is Hawking radiation really thermal, or only in semi-classical
approximation? Does it contain information in subtil correlations?

e What is the end-point of Hawking radiation? A remnant? A naked
singularity?

e Do black holes really exist, or are they a (semi-)classical approximation of

states in quantum gravity? Black hole complementarity? Firewalls?
Fuzzballs?

Problem:
Incompatibility between Equivalence Principle, unitarity or locality?
— which one shall we sacrifice?
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Conclusions:

e General relativity is coarse-grained, (semi-)classical description of an
underlying quantum system!
— Not just black holes: same in cosmic horizons, Rindler horizons,...
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Conclusions:

o General relativity is coarse-grained, (semi-)classical description of an
underlying quantum system!

— Not just black holes: same in cosmic horizons, Rindler horizons,...

e Holographic Principle: information storage is proportional to A, not V

two-dimensional bounding surface apparantly three-dimensional universe

e Ultimate Question: What are degrees of freedom of quantum gravity?
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Thank you!
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g = 1 — 20 changes sign at r = 2M: ¢ and r interchange roles

t A

;

>

Distancia
>

Distancia

Tiempo

A

2M

e r > 2M: 1 is timelike, r is spacelike: asymptotically flat region

o 1 < 2M: tis spacelike, 7 is timelike: non-static region
— 1 = 0 is spacelike singularity in future
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R R, r

>

e R, <r: tistimelike, ris spacelike: asymptotically flat region
o R_ <r < Ry: tisspacelike, ris timelike: non-stationary region

o r < _: tistimelike, r is spacelike: inner region
— ring singularity is timelike and localised
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Analogue for Schwarzschild black hole:

Energy at infinity of particle at position r:
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Analogue for Schwarzschild black hole:

Energy at infinity of particle at position r:

— Possible to extract all energy of infalling particle and convert to work

= AM =0

— No energy extracted from black hole, but no energy added either
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Analogue for charged black holes:

Canonical momentum of charged particle: p" = myz" + ¢A"
— E < 0 if A* sufficiently negative

i; W>m,

N

— Possible to extract energy from black hole and convert to work
AE = FE(oco) — E(R4)
(Reissner-Nordstrom)

— Extra work done by electromagnetic field of black hole...
... untill black hole is neutralised
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E“Clidean Path Integl‘al [Gibbons, Hawking, 1977]

QFT in euclidean space: periodic time ¢ =t + 3
finite temperature 7' = 1/5

Path integral:
2(5) = [ Do e
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E“Clidean Path Integl‘al [Gibbons, Hawking, 1977]

QFT in euclidean space: periodic time ¢ =t + 3
finite temperature 7' = 1/5

Path integral:
2(5) = [ Do e

Being (very) bold:
Z(B) = /Dg e 58l

— Saddle point approximation, background subtraction, ...
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E“Clidean Path Integl‘al [Gibbons, Hawking, 1977]

QFT in euclidean space: periodic time ¢ =1+ 3
finite temperature 7' = 1/0

Path integral:
25) = [Doer

Being (very) bold:
Z(B) = /Dg e el

— Saddle point approximation, background subtraction, ...
Z(B) ~ TrePH

— Interpret as opartition function in canonical ensemble:

A T — h/ﬁjH

4G nh 2mkp

— Assuming thermodynamic description of some microscopic system:
Same results as geometrical approach!
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